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PREFACE 


Reaction processes are of many kinds and countless approaches have been used to 
model them. Consequently, the scientific literature on the subject has been almost 
embarrassingly superfluous. Yet one comes away from the study of this subject with 
the uneasy feeling that reaction processes aren't really well understood at all. 

Prof. James Keck of MIT once made the remark to me that, with a couple of disposable 
parameters that usually occur In the theoretical models, one can fit experimental . 
data equally well to almost any of the models. This Is particularly true because 
most of our experimental data on any one reaction Is obtained over a relatively 
narrow range of absolute temperature while the differences In the theories become . 
apparent only over a broader- range of temperature. Thus, a semlemplrlcal fit of 
data to a theoretical model- Is a necessary condition, but by no means a sufficient 
condition to. establish some reality In the model. 

Many of our current reaction-rate theories are not very helpful In an engineer- 
ing sense because they are only qualitative and cannot be quantified. Even the so- 
called "absolute reaction rate theory" Includes an undetermined transmission coeffi- 
cient that gives the probability the system will pass through a saddle point In the 
potential surface which controls the dynamics of 'the system, and generally this 
coefficient Is uncertain by many orders of magnitude. Recent work with large, high- 
speed computers can now quantify some of these coefficients using statistical Monte 
Carlo techniques, but the computations are long and laborious brute-force approaches 
that lead to numbers and lack the elegance of analytic methods; nevertheless the.. 
numbers we obtain from this approach will certainly be useful. The problem here is 
that the potential surfaces are not generally known with good precision — though 
these surfaces will also eventually be calculated with numerical quantum chemistry 
methods, using our large computers. 

Even then, precise knowledge of potential, surfaces and the shape of "their saddle 
points will not completely solve the problem. The dynamics of a system are only 
determined by a single potential surface when the particles involved. react as a 
purely classical system; in many cases quanttim effects are important and the transi- 
tions between potential surfaces tremendously complicate the computations. When the 
dynamics of very light weight electrons are involved in a collision process, such as 
in charge transfer reactions, for example, the model must be a quantum mechanical 
one to duplicate the full structure-of the reaction cross sections — though sometimes 
a classical -approach can be devised that will cut through the mean value of the quan- 
tum results. Nevertheless, all classical models of electron colli'slon processes must 
be regarded as semlemplrlcal at best. Similarly, the reactions of molecular partl- 
dlea with photons are treated as. quantum mechanical perturbation problems. 

Reactions involving very large molecular systems, as in organic chemical struc- 
tures or polymers, tend to be in a class by themselves. . Generally, the initiatibn 
calllslon process, whether it be a particle or a photon, merely tends to excite some 
mode of Internal energy in the molecule, and after a long. Involved process of redls-. 
trlbutlbn of energy among some coupled Internal modes, the energy In some critical 
reaction coordinate takes bn a statistical probability of exceeding a threshhold 
Value, and the reaction proceeds long after the causative, event. These reactions 
often appear unlmolecular to an experimentalist, that is, they do not depend on the 
cbncentration of ‘collisibn .partners as in the usual twa- or three-body collision 
event, and the excited states produced by the colllslbns can be treated as steady,- 
state species in thermodynamic equilibrium with .the, lower energy states. Such 
redistributions of energy in complex structures are very involved, the potential 
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energy surfaces are inultidlroensionali and even our best computers are helpless to do 
the type of. numerical statistical computations that could lead to q uantitat ive 
results. 

The wide variety of reaction processes alluded to above cannot be adequately 
treated in a single small book, even If the author had the breadth of experience and 
insight to do that job. I will limit this book to the types Of reactions of engi- 
neering importance that I have encountered in NASA' s program of space vehicle devel- 
opment. These have generally been collision-induced rate-?processes between low mole- 
cular weight particles that occur in hot gases about vehicles entering the earth s 
and planetary atmospheres and in flow about hypersonic aircraft, also some electron 
and photon collision processes that occur in flow near Intense shock waves and in 
gasdynamic and electric., discharge gas lasers. The reactions are primarily rotational 
excitation, vibrational excitation, dissociation, atom shuffling, electronic excita- 
tion, ionization, and photon abaorption. In a few cases, electron-charge transfer 
processes are important; however, they require a specialized quatiti®. discipline and 
this will be treated only in a cursory manner here.. 

Even within the limits set above, the myriad of theoretical models cannot all be 
adequately treated, and frankly, I have chosen to discuss those models which seem, in 
my opinion,, to be the most useful - either in the sense that they yield quantitative 
results that can be applied to NASA's engineering needs, or that they provide a good 
insight into the processes going on in our high temperature gases* Some very simple, 
models are treated here along With some more advanced concepts. The oversimplified 
theoretical models seem to be the moat useful ones, as a matter of fact; most often 
in engineering applications we use a simple Arrhenius formulation to fit and extrapo- 
late our experimental results. However, some of the. more advanced theories do add 
considerably to the understanding of rate processes, even when they can. only be quail' 
tative. Also, they are part of the general background that any scientist or engineer 
will need to read_and absorb rt''earch literature on the subject. 

Finally,, the book makes no attempt i:o catalog the many calculation results that 
aboxmd in the literature — particularly in the last few .years as a result of the 
availability of large, fast, digital computers. Rather it concentrates on the funda- 
mental concepts that are needed to understand the meaning and the limitations of the 
computer numbers. These fundamentals, have been well understood for a number of years 
and there seems to be very little new material of this fundamental type to appear in 
recent literature; thus., the,, references will often seem a bit old, though they are 
in fact valid and up-to-date.. The fundamentals, have .merely been lying dormant until 
the availability of computers could make use of them to give some useful Jiumerical 
results. The bulk of the current literature on reaction processes is of the computa- 
tion type, along with some occasional new experimental .jiata. 

The material, for this book was. first organized for class lectures presented to 
graduate students in. mechanical engineering and in aeronautical engineering at the 
Massachusetts Institute of Technology (1965—66) as a course entitled. Atomic and 
Molecular Kinetic Processes.'! The material has subsequently been expanded and update 
for a graduate course in the Aeronautics and Astronautics Department of Stanford Uni- 
versity (1975, 1978, and 1981) and also for training seminars attended by research .. 
engineers of the Fluid Mechanics Branch, the Magnetoplasmadynamlcs Branch, and the 
Physical .Gasdynamlcs and Lasers Branch of the Ames Research Center of NASA. The 
emphasis in my choice of a small slice of the research material from the vast litera- 
ture on rate processes has largely been determined in accord with the research needs 
and goals of these three branches of NASA. 
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The ref crcncea cited merely ropreaent a few that have became claaaic or that I 
have felt helpful; they fall far abort £>f a full biblidgraphy.. However, the basic - 

theoretical foundatimm of. the subject, have been relatively stable for a decade or 

ao; consequently, the brevity of the bibliography will hopefully not seriously 
detract from the. purpose of the book. This purpose is baaicnlly to help research 

engineers easily digest and understand the literature on rate processes, so they can 

efficiently apply this work to their, engineering problems, and can then devote their 
research time to. other aspects of these problems as required. Reaction rates are, 
after all, onl.y a miner part Of the problems engineers face in dealing with hot gases 
and plasmas.. Engineers . must also-give their attention to heat transfer, to aero- 
dyi^araic design, to boundary; layer, effects in laminar and turbulent flows, and to many 
other factors which may or may not be coupled to the rate processes. Thus, the.engi- 
neer approaches the subject of reaction rates with a willingness to. approximate and 
a need to consider the entire System, which are usually not appropriate for the 
physicist or the physical chemist-devoted to the search for knowledge on reaction 
processes as an end_to itself. 

The present text will take a Somewhat different approach to reaction kinetics 
than found in most other texts. The emphasis will be on -the formulation of rate 
processes in terms, of iiielastic collision cross sections, and tl.2 manner in which 
cross sections of realistic functional shape lead to modified Arrhenius -type 
availablcT-energy formulas for the rate coefficients. The effects of ladder climbing 
a series of excited states leading to. final, reaction will be. treated, which will 
lead to. the master equations for chemically, reacting gas species. Semiempirical 
and simple approximate methods will bo discussed along with some more advanced 
mathematical theory. Since the practical quantitative heeds of . the. engineer are kept , 
in mind along with the need for basic uiiderstanding. of the phenomena and the need 
for comprehension of the literature on the Subject.. Collision induced vibrational 
excitation will be treated in depth because. this represents .the single example of a 
reasonably well analyzed heavy particle collision reaction that exists at the pres- 
ent time. The more difficult problem of collision-induced rotational excitation is 
analyzed by. approximations that are not very good qviantitatively but do provide a 
useful qualitative insight to this process. Finally, the elementary quantum theory 
of transitions at potential surface crossings and quantum scattering theory are 
briefly summarized. 

I am particularly lx\debted to James R. Stallcop and Richard. L. Jaffe, of Ames 
Research Center of NASA, for help with Subject matter in ch!\pters VII, VIII, and IX.. 
In addition, students. at the Aeronautics and Astronautics Department of Stanford 
University • and at the Department of Aeronautical Engineering of Nagoya University, 
Japan, helped uneover a myriad of small eri'ors. 
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CHAPTER I - CRITICAL REVIEW OF REACTI0N=RATE THEORY AND EXPERIMENT 
FROM THE VIEWPOINT CF ENGINEERING NEEDS 

Kl_ SUMMARY 


Reaction rate kinetics is an old science, but is nevertheless judged to be very 
undeveloped- in terms of engineering needs. Fox. example, the theory is not yet 
developed well enough to calculate rates a priori, and is. not even very reliable for 
extrapolating experimental results . Bulk rate experiments are fraught with ambigu- 
ity and uncertainties- are the order o£ factors of 3, often more. Molecular beam 
methods Cannot normally measure cross sections for particles of practical interest 
in the energy range needed. Nevertheless, we are now on the threshold of an era 
when large, high-speed computers will permit . reaction rates to be calculated with 
accuracy better than experiment and Consistent with the accuracy of that of many 
other physical-chemical properties of matter. 


1.2 REVIEW OF REACTION RATE KINETICS 


Chemical reaction theory and experiment have received more attention and 
research study than almost any comparable area of .physics and chemistry. The subject 
has roots reaching back tO 1889 when.S. Arrhenius (ref. 1) proposed to account for 
the temperature dependence of the rate of inversion Of sucrose by postulating an 
equilibrium situation between active and inert reactant molecules ; this led to the 
well known Arrhenius equation for a chemical rate Coefficient, a 

..-E*/kT 

a = Ae (1.1) 


where E* is an activation energy representing an amount of internal or kinetic 
energy required to transform an inert reactant molecule to a. chemically active one, 
and the coefficient A. is a constant or a relatively weakly dependent function of 
temperature. The Arrhenius equation is found to represent the temperature dependence 
of the specific rate coefficients of most chemical reactions reasonably well. The .. 
job Of the theorist has. been. to derive expressions for A and-E!*, while the experi- 
mentalist determines these quantities by fitting Eq. (1.1) to his observed results.. 
This is the form in which most engineers make use of reaction rate relations — only 
one of the inputs necessary to solve the varied. problems of interest to him, which 
often involve mixtures of many chemical species in solid, liquid, and gas phases 
with dynamic motions, heat transfer, mass transfer, viscous dissipation, radiation 
transfer, etc., all coupled tp_the reaction rate aspect of the problem. 

As a general rule, reaction rate results at noxrmal temperatures (the order of 
100 to 1000 K) have been provided by the physical chemistry segment of the scientific 
Community.. With the advent of space travel and instrument vehicle probing of the. 

planetary atmospheres, a number of high temperatuie reactions (at temperatures on 

the order of 10,000 K) became Important. in the analysis of gas-dynamic flow over 
aerodynamic* shapes entering the Earth's or planetary atmospheres at very high speeds, 
of 7 to 20 km/sec. At these speeds the molecular gases vibrate strongly, dissociate, 
ionize, and ..eventually recombine in different species with other constituents of the 
atmosphere, with products of ablation, from the vehicle surface, and with products -of 
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the rocket exhaust, if any. These reaOtlons affect the heat transfer to the vehicle 
structures, the transmission of information through the highly ionized plasma about 
the vehicle, and the radar and optical signatures provided in the wake flow, for 
example, all problems of concern to the -engineer. As a consequence, aeronautical - 
engineers played an active role in high temperature reaction rate research. In fact 
much of the presently Available high -temperature dissociation rate and ionization 
rate data, as well, as some important shuffle reaction rate data, have been provided 
by aeronautical engineers usii\g Shock tubes (ref.. 2). At present, aeronautical engi- 
neers are among the most active research scientists in assessing the effects of 
rocket and aircraft effluents on the upper atmosphere, and they are becoming involved 
in perfecting the. computer modeling of Earth's atmosphere with coupled, dynamic flow . 
and photochemical rate processes. For. all of these reasons and more, the engineer 
is now both. an active user and supplier of chemical rate data and reaction.. rate 
theoretical development. 

One might -presuppose that reaction rate chemistry is a Well matured science by 
now. Research papers on the. subject are legion they fill much Of the space in 
hundreds_of journals published since Arrhenius' time,, and literally thousands of 
chemical rates have been measured.. Yet. today there is nO. reliable method of ea1 cu - 
lating^reaction rate coefficients, measurements are usually limited to a narrow 
region of temperature ..and pressure where the reaction can be Observed in the labora- 
tory, the theory is not yet developed well enough to extrapolate these measurements 
with any degree of certainty, and in most cases the very interpretation of the 
experimental measurements is subject to much ambiguity. For example, the experimen- 
ter usually observes a complex mixture of Competing reactions and by making certain . 
assumptions that some reactions are fast and others are slow, he eventually deduces 
the Arrhenius, coefficients which best fit the assumed model to his data. In this- 
way, many of the reactions of interest to the . engineer have been determined, within 
a factor of about two or three, sufficient for many purposes, but hardly matching 
the precision of other physical chemical data. Extrapolation of the data beyond the 
range of experiment with the simple Arrhenius equation introduces additional uncer- 
tainty; even the most complex and sophisticated theories existent, and there are 
many, have not been able to do much better in this respect. 

Actually, the chemical rate coefficient is not the quantity on which we should 
be concentrating, anyway. Though this coefficient is the most useful. farm for many 
engineering applications, the reaction cross section is a more fundamental quantity. 
The reaction rate coefficient is merely a suitably weighted averageof ’ such cross 
sections which is a function of the state of the gas; the reaction cross section 
itself is a fundamental molecular property,, dependent .only on the collision energy 
with Other molecules. . The problem here is that molecular beam research methods are 
generally limited to very low intensity beams of ionized particles with too large 
beam energy. Thus,, cross sections cannot generally be measured in the important 
region of collision energy at the threshold of chemical reaction where they are most 
needed. Also, in almost all cases,, the particles, which the molecular beam physicist 
can supply in a well-calibrated, directed beam of usable intensity are not those 
particles of interest in important chemical reaction. The theory has been just as 
impotent;, the Born, approximation (ref.. 3) which works, well in analysis of high 
energy collisions breaks down at lower energies where the thresholds of most chemical 
reactions occur (0.1 to 10 tV collision energy), and at this date some less_than 
satisfying semi-empirical methods due to. Gryzinski (ref. 4) are still about-the most 
useful way to estimate low--energy collision ionization and excitation cross sections 
for engineering needs. In fact, if one. takes. a really hard-headed critical view of 
the field, one can reach the. conclusion that only three reactions have been treated 
in any real depth: . first, is the collision-induced vibrational excitation of diatomic 
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molecules (refs, 5. and 6); a second la the simple atom exchange reaction In atom- — 
diatomic collision (refs. 7 and 8), and. the third Is electron charge transfer 
(ref. 9). All of these reactions have recently taken on additional Importance In 
engineering problems with the development of gas lasers; vibrational excitation and 
de-excltatl6n by collision, 


A2<v') + M -»■ A2<v") + M (1.2) 

Is one of the mechanisms establishing the population. Inversions In diatomic gas 
Infrared lasers, and exchange reactions such aS 

F + -»■ HF + H . (1.3) 


are Important In chemical lasera. However, even these well studied reactldns have 
generally been treated only for the collinear collision case, (that Is, the colli- 
sion partners are all cdnstralned to motion along a single line) which is. clearly 
the most- atypical collision one can postulate (collinear collisions occur with zero 
probability), and important effects -of rotational coupling have been almost com- 
pletely ignored.- The reader should not infer from these remarks that the reaction 
rate theory has been useless.; the theory has., in fact, provided some very useful 
functional forma that can be fit to observed data reasonably well. The point is 
that, reaction rate theory ia still very incomplete and has not been suitable for. 
quantitative calculations of cross sections _and reaCtion-rate coefficients of the 
type that would be moat useful to engineers. 

Perhaps the above Comments on .the limitations .of reaction rate theory and 
experiment seem unduly pessimistic in. an age where scientific achievement has been 
so extraordinarily successful in many, many ways,- Indeed, there are many indica- 
tions that we are just now reaching the threshold of a new era of high-speed, large- 
capacity computers that will drastically change the Situation with regard to reac- 
tion rates. Rice and Teller in a delightful semipopular book (ref. 10) called 
simply, "The Structure of Matter" pointed out as long ago as 1949 that one could, in 
principle, determine all the physical-chemical properties of matter, including cross 
sections and rate Coefficients, as accurately as desired, from numerically computed 
quantum wave functions. . The problem is that the labor and expense of accomplishing 
this has been so large that the only practical way of obtaining these prCperties of 
matter has been by experiment, in Combination With some, rather approximate theory. 

This situation may now be reversing itself. The advent of “large-capacity, high- 
speed computers has already permitted the calculation Of diatomic molecule wave 
functions with sufficient precision to determine some properties of these .molecules 
as accurately as by experiment (refs.. 11 and 12). These calculations can be made 
more precise yet,, merely by expanding the unknown wave functions in terms of a larger, 
set of basis functions, exactly analogous to the process Of carrying a series expan- 
sion in terms, of an orthogonal set of functions to still higher-order terms. This 
should be possible with still larger and faster computers. nOw. being developed, such 
as the ILLIAC IV with 64 channels of simultaneous parallel data processing (ref. 13). 
Bigger and faster computer systems being developed for computational fluid mechanics _ 
(ref. 14) will also ..find applications in advanced computational quantum Chemistry 
and will expand the scope and size of the problems that can.be attempted. Very 
likely, the computer will eventually become the fastest and least expensive means Of 
determining many properties of. matter,, rather than experiment. Polyatomic and solid- . 
state wave functions (refs. 15 and 16) will also be .assessed as readily, as the dia- 
tomic molecule wave functions are assessed now. 
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T6 give another example of the impact of large high-speed computers on reaction 
rate calculations, the problem of pure rotational excitation in collision is now 
being successfully attacked for the first time. This problem had never been solved 
correctly because the spacing between rotational states is small compared with kX 
at the temperatures of interest, and small perturbation methods fall. A rigorous 
quantum method of solving this problem was formulated some time ago by Takayanagl 
(refs. 17 and 18), but the solutions expanded in terms of partial waves converged to 
the answer so slowly that as a practical matter the only numerical estimates were 
made with rather approximate methods, using the sudden approximation in quantum 
mechanics or artificially diagonalizing the perturbation matrix obtained in a seml- 
Classical approach (ref. 19). Now Takayanagl and Itlkawa (refs. 20 and 21) have 
succeeded in using the close coupling method to calculate rotational transitions 
at low temperature in simple He - Ha and He -HD collision systems, and calculations 
using their method with larger computers, involving he avier molecules, are. presently 
in^rogress. 

As a final example showing the utility of fast calculators, statistical methods 
of 'calculating reaction rates can be used once the Interaction potentials are deter- 
mined. Most atoms and molecules are heavy enough so that classical trajectories can 
be used with fair precision, and if initial conditions are chosen randomly, by a 
Monte Carlo- method , the computer can nvimerically follow these trajectories and deter- 
mine whether or not any given set of initial conditions leads to reaction or not. 

The problem has been that so many trajectories need to be calculated to get a good 
statistical average overfall possible .initial conditions, that the necessary com- 
puting time becomes exorbitantly long. - Recently, however, Shiu (ref. 22) and Jaffe 
(refs. 23 and 24) have used the method to obtain results for three-dimensional cclli- 
sions involving simple dissociation and atom exchanges such as 

H2 + H H + H + H , H + -Hz Ha + H , 


and 


H + Fa HF + F 

The method is presently being extended to more complex systems using faster 
computers . 

Incidentally, the experimentalist will remain as. necessary as before in this new 
era, only his function will change somewhat. Instead of providing approximate exper-s 
imental results on properties of "matter over’ as wide a range of conditions as pos- 
sible, so that they may be available to the engineer as needed,, the experimentalist 
will devise more precise, carefully controlled experiments that are subject to the 
least 4 > 08 slble ambiguity and that will be used as check points, on the computer codes 
which are developed. The computer will then take over the job Of extrapolating 
results to arbitrary values of temperature, pressure, density, etc. as needed. Even 
With computers that are bigger and faster than those presently available by factors 
of 100 or so, the job of obtaining precise wave functions is so long that approximate 
theoretical models will need to be used for reasons of economy. The codes which 
Incorporate these models will thus need to be checked with some firmly anchored 
experimental points and a few exceedingly long precision calculations. Further 
improvements in computers by another factor of 100 would be needed before the 
numerical wave function calculations can be said to be relatively free of approxima- 
tion. Perhaps this much improvement will be unattainable because of the limiting 
signal speed Of light in computer circuits. However, even if wave functions can 
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never be computed without some approximation • It la presently becoming clear that 
they will be obtained with sufficient precision to provide the best numerical, evalua- 
tion of many Of the properties of matter-needed by engineers. 

Once the wave functions are founds a rather long step remains In the evaluation 
of cross sections and rate coefficients (ref. 8). First, the potential surface must, 
be obtained for all possible configurations of the reaction species of Interest. 

Then the collision trajectories may be determined by a variety of methods from 
classical, serol-classlcal, to full quantum treatments. The latter will always be 
the standard Of precision of course, but In many cases of Interest to engineers, 
the molecular weights are heavy enough and the kinetic motions fast enough so that 
classical or semlclasslcal approximations will undoubtedly provide reasonably good 
results. . 

With these expectations In mind then. It Is the purpose Of this, book to outline 
some Of the present status of. reaction-rate chemistry that Is useful to engineers, 
and also derive some of the concepts that should be useful In the coming era In which 
machine computations will provide the engineer with more and more of the data he 
needs, data which has heretofore often been unavailable to him or available only In 
crude and approximate form. 
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1 . 3 ORDER OF CHEMICAL REACTION 


The rate of a chemical reaction - R is defined as the number of reactions which 
occur, per. "unit volume per unit time. The rate Is generall y expressed. 

~R " a[A][B][C] ... (1.4) 


where a- is the reaction rate coefficient and [A], [B], [C], etc. are the concentra- 
tions of the reactants, involved in the process. The. coefficient is a strong function 
of temperature, but Is independent of the. density or concentratioiL factors. In much 
of the literature, the symbol k is used .for- the rate coefficient j. a Is used in 
this text to. avoid- any ambiguity with the Boltzmann constant-. 

If only one concentration factor appears, the reaction Is first crder; If. a 
blmolecular Collision process Is Involved between. A and B, then the reaction Is 
second order; If a trimolecular collision between A, B, and C, then the reaction 
Is third order; and. so on. In the early days of reaction kinetic studies, much 
attention was given to the determination of the reaction order because .this gave a 
clue to the rate determining Collision process Involved. However, the experimental- 
ist typically observes a total reaction process .which may consist of many steps or a 
series of collision-induced reactions. In such cases, the overall reaction can 
appear to be of fxactlonal order — that Is, the rate may be found to be proportional 
to some fractlot\al power of concentration or density. Thus, the order of reaction 
Is no longer considered to be such a significant parameter. In this text, we take 
the viewpoint that each step In the reaction Is an Individual rate process. In 
which case It generally becomes clear whether the process Is a unlmolecular decay, 
a binary collision event, or a three-body collision event. At usual gas phase den- 
sities, one never need consider higher-order processes than three-bod y collisions. 
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1.4 FIRST ORDER CHEMICAL REACTIONS 


The rate of a reaction that proceeds spontaneously is dependent only on the 
cCnCentratlon of the reacti ng species and is said. to be first order. 

A* A_ _ 

The spontaneous decay of a radioactive material would be one example. The rate 
R of the first order reaction in terms of the reacting species per unit time per 
unit volume may be expressed# 


R = . aiA*i (1.6) 

at cit 

where [A] and [A*] represent -the concentration Of„species A and A*, respectively, 
and a is the reaction rate coefficient. 

Reactions other than a spontaneous unimplecular reaction may appear to. be first 
order. For example, a photon excited reaction in an equilibrium radiation field may 
have a steady-state population of the excited molecular state, which may then-spon-. 
taneously decay back .to. the ground state or to a new chemical state such as a dis- 
sociated state. _ 

AB + hv 6^ AB* A + B. 


In this case, if the spontaneous optical decay back to. the ground, state AB is slow, 
as in quadrupole type radiation decay, the excited molecule AB* may have sufficient 
lifetime for a reasonable fraction to dissociate, and the corresponding rate process 
may appear to be first order 


a[AB] = (i’[AB*l 


dt 


(1.80 


even though the initial excitation process is really a two-body collision process 
between the molecule AB- and the photon hv. The reaction rate coefficients a and 
o' are both constant if the ratio [AB*]/.[AB] is constant, that is,, independent of 
density.. These, so called constants are -typically strong functions_£>f temperature. 

What_is really Occurring in reaction (1.7) involves five separate reactions. 
Three are second order, giving the rate of absorption excitation, the rate of stimu- 
lated deexcitation, and the rate of collision excita tion, ...respectively: 


AB + hv AB* 

(1.7a) 

0,2 

AB* + hv - — ► AB + 2 hv 

(1.7b) 

AB + AB — ^ AB* + AB 

(1.7c) 


Two are first-order reactions, giving. the rate of spontaneous dissflciation and emis: 
Sion, resp^ectiyely: 
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(1.7d) 


AB* 



AB + hv 


(1.7e) 


At equilibrium, where the rates of gain and loss In.AB and AS^ are equal 

diABl/dt Oi[AB][hv] + OaUB]^ 

dLAB*]/dt “ ct2[AB^][hv] + (a^ + as)[AB*] “ ^ 


and 


ai[AB][hv] + UgEABl^ 

[AB*] “ ^ 


(1.9a) 


If- [hv] is large enough to that the first terms, in. both, numerator and denominator of 
Eq. (1.9a) are dominant, then 


"1 

[AB*] =. — [AB] 
“2 


(1.9b) 


and the total reaction appears to be first order when Eq. (1.9b) is substituted in 

Eq. (1,8) , 

R = a’ tAB] = a[AB] (1.8a) 

On the other hand, if the radiation intensity is veiry low, the spontaneous dissocia- 
tion and emission are the principal mechanisms depopulating the excited state. Then 


[AB*] 



[AB]l 


(1.9c) 


and the overall process tends toward a second-order__reactlon 

R ° as) ° 

In an actual case, the reaction may appear, to the experimentalist to be intermediate . 
between first order and second order. This pOssibillt.y exists whenever, the process 
observed consists of_a series, of separate reactions rather, than a simple event. 

A similar result can occur in a particle collision process with a complex 
organic molecule. If the time for redistribution of the collision energy among 
internal modes. of the complex molecule (which involve the .reaction coordinate; i.e. , _ 
the weak link of the molecule) is. long compared with the time between collisions, 
then the collisions can establish a .pseudosteady equilibrivim of the excited state, 
which then decays in a unimolecular manner to the products 

«2 

A + M ^ A* + M (1.10a). 

i 
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A* _^_A*+A" (IJLilh) 

As before, this tnay look like a first order reaction to the experimentalist. 

For. these reasons, the order of a reaction is not of primary concern. Non- 
integer orders of a reaction appear as an artifact because we have grouped several 
reactions together in one overall reaction, and it is the overall reaction that is . 
observed by the experimentalist. However, on the fundamental level where the reac- 
tion is decomposed into its separate rate process, there is no confusion about, the 
order. All of the. fundamental reactions considered here. will be either second order 
or third; that is, they will be the result of either tw6-body collisions, such as 

A. + M ^ A<^ + M (1.11) 


or three-body collisions, such as 


A + B + M ^ AB + M (1.12) 

In reaction (1.12) the third body M is essential in the forward direction as well 
as in the reverse direction, because it is needed to carry away the excess kinetic 
energy of collisions between particles A and B. Otherwise these particles-will have 
more energy than the binding energy of their attraction. Without the third body M, 

A -and B would merely approach one another and accelerate as they entered each 
other's attractive force field, perhaps orbit one another a time or two, if the angu- 
lar momentum is. just right, and then fly apart again. Only when the third body car- - 
ries away some of the excess kinetic energy can the particles remain trapped in their 
attractive potential well. 

A similar type of consideration occurs in the chain r:eactions that are typical . 
of ■ combustion or detonation processes. The reaction is a series of reactions, some 
of which may be. so rapid that experimentally we never observe some of the Intermedi-- 
ate products such as free radicals which are responsible for some of the steps in the 
process (though many free, radicals have been identified spectroscopically in reacting 
gas mixtures). The chain reaction may be a stationary one in which the number of 
chains starting per unit time equals the number of finishing .chains, or it may be an 
escalating rate process, in which each chain terminates with the production of more 
than one activating radical. In such cases, the reaction may be explosive,, unless 
the activating radicals can migrate to a wall where they deactivate by collisions at 
the surface. Then the overall reaction rate depends on the geometry of the container, 
among other factors. 

Let r be the number of active radicals produced on the average in each complete 
chain cycle of reactions, [A] be the concentration of normal unactivated molecules of 
the gas, [A*], be the concentration of the activated molecules of A which starts the 
chain process,, and [B.] be the concentration of 
tlon. For steady state, 

d[A*] , din. 
dt dt 


products produced by the chain reac- 
- 0 (1.13) 


The fate of Change of [B] can be expressed 
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^ - «x[A*l - aalAHB] » 0 


(1.14) 


is the 


where «, is the rate constant for spontaneous decay of. A* to B and - _ 

rate consent for deactivation of. B by collisions with A. Similarly, the rate 
change of [A*] can be expressed. 


dl^ 

dt 


ajt^llA] + rajjiAHB] — a^lA*] - OntAU^l • 0 


(1.15) 


where a, is the rate constant for activation of A by collisions with itse , 
independent of the chain process, ra^ is the rate constant for the produc on^ 
by the active radicals that are products of the. chain paction, and 
cLstant for deactivation of A* by collisions with the normal molecules A. Prom 

Eq., (1.14) 


fBi = ”itA*l 


Substituting this in Eq. (1.15) 


aalA]^ +jrajA*] - a^EA*] - a^[Al[A*] = 0 ._ 


(1.16) 


(1.17) 


Whence, the rate of reaction R is 

R = ajA*] 


UjCj [A3 


OijtA] + Oj^(l - r) 


If every activated product molecule produces Just one reaction, r 
becomes 

aiajEA] 

R = 


(1.18) 
1, the rate 

(1.19) 


CLi 


and the overall reaction can look like a unimoleCular first pder reaction, epn.. 
though it does depend in fact uppn a series of binary collision pocesps. Note 
that if r is greater than one, as often happens in chain reactions, the rpction 

can becoL Sry large as «,(r - 1) approaches n.lAl. In this case the overall 
reaction appears, second order. Once again,, however, when the chain 
posed into^^Us elemental- rate process, each step in the process is clearly defined 

as to its order. 

Kx.rci.e uu u, ■ 

Ti:^%rmlfdTLp6”riororLoi.o;r^;«n^ Eo nitrogen and hoK.ne la typical. The trana configuration of the compound 
acems to be stable — 

CH3^ 

'C-CH, 

CH3 


N 


N 


\ 


9 


ORIGINAL PAGE 18 
OF POOR QUALITY 


CH, 


CHo CHo 

M I >" 

J C c CHo 

\ / ® 
N = N . 


■*■ Cg + N2 


You. have measured the rate of this decomposition. at 270® C and obtain the following data: 


Decomposition of azoisopropanc at. 270* C 


t» sec P, mm Hg 


0 

40,0 

120 

48.8 

240 

55,4 

360 

61,0 

480 ^ 

65,3 

600 

68,4 

900 

73,7 




1.5 SECOND- AND THIRD-ORDER REACTIONS 


Second order reactions are those depending on two body Collisions such as the 
simple dissociation reaction: 


AB + M“^A + B+ M (1.20 

These two-body collisions are very rapid in gases at. normal densities, and such reac.* 
tions can proceed .very rapidly if there is an appreciable probability that a colli- 
sion can produce the reaction. 

The reverse reaction is, of course, a three-body or third-order reaction. In 
the early years of chemical kinetic studies, three-body collisions in gases were 
believed to be so rare that they were always negligible for any practical purposes. 
However, we now know that these three-body processes are responsible for establishing 
the equilibrium condition in cases like the dissociation reaction (1.20). Both 
forward and reverse reactions occur with. rate coefficients and Oj. 

«2 

AB + M A + B.+ M (1.20a) 

and the ratio of the forward to reverse rates _ls: 


-iML 

^2 «2tA][B]tM] %q (A][B) 


( 1 . 21 ) 
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<heru is the equilibrium constant, the ratiq of the forward to reverse reaction 

•ute-cunstnnts. 

l-'Our-body collisions are so extremely rare in normal gases that they seem to be 
;ruly negligible for all practical purposes. . Thus, we shall only need to consider 
'ifst-, second-, and third-order reactions. 


1.6 REACTION RATES IN NONEQUILIBRIUM GASES 


Usually experimental rates are available only for one direction of reaction and 
jeldom in the reverse. The usual procedure is. to then assume that the forward and 
reverse rates., and Oy, are related to the equilibrium constant Kgq, which ean be 
:alculated very, precisely from the part it iOojf unction using spectroscopically deter- 
nined energy levels (ref. 25X* 

“f 

^eq " a (1*22) 


Then the undetermined rate can be calculated from the measured rate. 


The problem bore is that the experimentalist never measures a rate at the equi- 
librium condition. At equilibrium the forward and reverse rates, exactly counter- 
balance and the experimentalist sees only a steady-state population of species. He 
Measures a rate of. species production only when the state of the gas is away from 
equilibrium, such as may occur when two reacting species are suddenly mixed, or when 
an -activating Mash lamp is suddenly turned on or off, or When a shock wave suddenly 
heats and compresses the gas to a nonequilibrium. condition. Thus, the measured 
values of oi are not truly the equilibrium values and we cannot be sure that 
Eq. (1.22) will still be valid for these measured rates. Rice (ref. 26) discusses 
some Of the questions concerning the validity of using Eq. (1.22), with measured 
nonequilibrium rates and concludes that in many cases, even if the gas is not in 
equilibrium, the ratio. Of the observable rates should still equal the equilibrium- 
constant. One illustrative. mechanism that suggests this is as follows; Suppose 
there are substances A and. B. existing in a total of, four states and that transi— 
tions take place only, between adjacent states 


Aj ^ K ^ (1.23) 

This model simulates the-situation where multiple. excited transition states occur^.as 
ill the vibration-rotation .-States leading to molecular dissociation or the excited 
electronic states leading to ionization for example; then A« and B 3 represent. a. 
sort of average of all the- intermediate states from Which the reaction actually 
takes place following a collision event. These activated states are typically 
present only in small luimbcrs. The experimenter usually measures- only. the rate Of 
change in Aj or B^, however, and may be quite unaware of Ap.and Bj. If the system 
is not ill equilibrium, the concentrations of Aj and Bj will not be their equillb- 
tium values, however, we shall later see that In typical cases the. system quickly 
reaches a pscudosteady state in. which these transition states are relatively constant 
and close to their equilibrium .value.. 

If the entire -system were in. equilibrium OulAi] * OjilAj), a^jlAj) - asjtBj), 
and 034133 ] ■ a 4 ,[B 4 ], where is the rate constant for state. 1 to state j. 

The equilibrium constant is thus 
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t®«»] t®i*3 [®s] 1 ^ 2 ! <5*12 ^2 3 ^3H 

^eq ' [AJ “ *. TKJ * ^ 

Now assume the most nbnequilibrium possible initial condition, [B„] 
this case, the bbserved forward-rate, constant is 

-1 dtAj 1 [dBj _ 

“eff “ [All dt " [Ai] dt . 


(1.24) 
0. For 


(1-.25) 


Incidentally-, a plot of as. a function of time, made from the observed [B] 

and [A] as functions of time, is found to be relatively constant for many reactions, 
like dissociation and ionization. The reaction scheme for this nonequilibrium 
extreme is now 


21 ®32 

A, “ r A, B, ► Bu 

^ ai2 023 ® <»3*f ^ 


and. the rate of reaction R is 


d[Bj 


If Bj is assumed to be in pseudosteady state 


(1.23a) 


(1.26) 


tt 2 3 [A 2 ] 


O 32 f® 3 1 


O3 4 t® 3 ] 
( 83 ] 


0 

“23 

fv ■ 4 . rt C — 2 3 

O 32 - ^ <^ 3.4 


(1.27a) 

(i.m) 


Similarly, if _A 2 is assumed to be in pseudosteady state 


^ 12 ^^i 3 ~ <^2 1^^2 3 *" 3 [A2 ] 032[®3 3 0 

ax2[Ai] 


[A2 3 

Substituting (1.28b) in (1.27b), one obtains 

®2 3°12 3 


®21 ®23 


O32 l.®3 3 

“21 “23 


[®33 


®32®2 3 t®3 3 


(O32 +.“34)(“2i + O23) (O32 + 034)(021 + 023) 


or 


® 3 (<? 2 i 032 O21O34 02,30^^^ a. a23ai2tAi) 

Then from Eqs. (1.29b) and (L.26) the reaction rate R is given, by 

o 


R-^Oeff^^ 3 


®12“23®34 


+ a,,a,u 


0*21032 +'“2iS34 '*23'*34 

Now consider the opposite extreme, where 4A^) * 0 


aj2 


O4 3 


o; 


21 


‘2 3 


‘34 


a.28A) 

(1.28b) 

(1.29a) 

(1.29b) 

(1.30) 

(1.23b) 


12 


ORIGINAL PAGE IS 
OF POOR QUALITY 

In an exactly similar way, assuming A 2 and B 3 to be again In pseudosteady 
state, the reverse rate R' and the effective reverse reaction rate Oeff 
given by 


R' 


“< 43 ® 32“21 


“2 3®3*». ^ ‘^2.X®3'» ®21®32 


-•*1 " ^^eff^^**^ 


(1.31) 


Then the ratio of the effective ob s erved f orward and backward rates Is 


®eff ’^12^23^3‘f 
°‘ 21 ® 32®«»3 

which. Is just the same as .the equilibrium constant given by .Eq. (1.24). 


(1.32) 


The simple derivation above Is by.no means a proof that the ratio of observed 
forward and backward rates wilL equal the equilibrium constant for all reactions. We 
have, after all, assumed that a pseudosteady state exists among the activated states . 
that are the bridge between reactants and products, and this means than there needs 
to be a very rapid exchange between the activated states and a rather rapid deactiva- 
tion from the excited states to. the ground, state compared with the rate of activation 
of the ground state to the excited state. In chapter V we shall see that some reac-. 
tlons do-indeed more or less satlsty this condition; for example, the excitation of 
diatomic molecules to a ladder of close lying rotation-vibration states that even-- 
tually lead to dissociation.; similarly, the excitation of excited electronic states 
that eventually lead to Ionization. The activated species A 2 and B 3 in Eq. (L. 23) 
may actually represent an entire group of close lying states in such reactions. 

In many real reactions, the deactivation from B 3 to B,, will be so rapid that 
the concentration [B3] will also be essentially zero as well as [B4] in Eq. (1.23a). 
In this case, one simply analyzes the problem as a three-state system, but as long 
as the intermediate state .between reactant and product Is in pseudosteady state, the 
same result as Eq. (1.32) follows. This is left as exercise (1.2) for the reader to 
solve. 


Exercise 1.2: Cisnsider a three*'State system 





First let lAjl • 0 and .derive the expression for the observed forward rate constant undar ., t hls nonaquilibritSB condition 
with st«ii<ly_itASA_A5 

[A| ] . 

®eff “4 AiT . 


then let [A^ 1 -0 and derive the expression for the observed reverse rate constant under this nonequilibrium condition* 
again with steady state A^^ 

(Ai). 




and show that the ratio. of these- two . rate constants Is-the equilibrium constant 

In chapter V we shall find that when an entire ladder of close lying states exist batwatn the ground state reactants 
and the products, .the states having energy within kT of the final -product state will also be depleted by thermal colli- 
sions so they are nearly zero when the concentration of products is zero, while the lower lying states will be close to 
their equilibrium concentrations and^ll in pseudosteady state. Such reaction aystems will again approximately obey the 
relation of Eq. (1.32). However, we should keep in mind that this Is not necessarily a general relation for all reactions. 
Some caution must be observed in deriving reverse rates using the equilibrium constant with forward rates observed under 
honequi librium conditions i 
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KxcrclHc 1,34 Second order react Iona arc the moat frequently encountered in homogeneoua gas phase. This Includes 
thermal diaaoCiation of Hl» NO^* 0), Cl6, HCHO, CH), CHOt etc., And^lio many comblnstlon preset ions such as ^ I 9 2Hl» 
polymerisation of ethylene, hydrogenation of ethylene, etc, 

Vou have measured Che thermal, dccompos it ion of acetaldehyde, CH|CH0,. at. 520- C and.4»btdln the following data: 

DccompoRitlon of acetaldehyde at 520® C 


8CC 

F, lam 

0. 

400 

60 

455 

120 

495 

180 . 

530 

240 — 

560 

360 

602 

600 

645 


You have determined that Che products are methane and CO, Assume the decomposition reaction Is first order as in 
Exercise 1,1, 


CHjCHa.:*^ CH^ + CO 

Is the rate coefficient constant? Now Assume a second**order reaction requiring Che collision between two acetalde- 
hyde molecules. 


2CHjCH0 -► 2CH^ + 2C0 

Find the relation between Che rate coefficient a and Che measured pressure P and the initial pressure P and - 
calculate a from the above data. Is. a constant with this assumption? VHiat are the units of a? Is it justified to 
assume .this reaction is second order? What is the standard deviation from the mean. calculated rate coefficient, according 
to the above data? What about Collisions between acetaldehyde and the products CH^ and CO? Would these give the same rate, 
coefficient? How would you experimentally .determine what these rate coefficients were? Why, didn’t we need to include cor- 
rections for these alternate collisions in reducing the abo,ye_data? 


1.7 REACTION RATE LITERATURE 


Although the archive journal literature jan reaction rates and rate theories is 
voluminous, not many hooka have been written on the subject. This, is probably a 
reflection of the fact that the subject is not really developed in a totally satis- 
fying. and consistent way yet — At. least not for all types of reactions. Books that, 
do exist are written primarily from the .physical chemist’s viewpoint or a quantum 
scattering viewpoint; engineering texts usually treat reaction kinetics in a very 
simple and cursory manner — for example, texts on combustion and detonation or on 
flow about high-speed vehicles.- Nevertheless, a number, of books on reaction processes 
Are useful to engineers; lust a few of these will be suggested here. Hinshelwood's 
"The Kinetics of-Chemical Change" (ref. 27) covers the concepts of the old, but still 
useful, physical chemistry viewpoints up to 1940. A classical work representing the 
beginnings of a new viewpoint -is "The Theory of Rate Processes" by Glasstone, 

Laidler, and Eyring (ref. 28). . A more recent book by Benson, "Thermochemical 
Kinetics" (ref. 29) gives some methods for estimating rate parameters, particularly 
for. reactions. Involving complex organic molecules, and also gives useful methods for 
estimating the thermochemical data for these molecules so that the equilibrium con- . 
stants and reverse ..rates, can be calculated. Perhaps the moet widely used books in 
Russian, literature .areJsy Kondratiev, and one of these is available in English trans- 
lation (ref. 30). 

Most books on reaction rates seem to be edited collections (refs. 31-34). They 
provide useful updates but generally lack the coherency desirable in a text.. Some of 
the most useful books to the engineer are collections of reaction rate data; these 
save the engineer from the tedious task of sifting through the literature for this 
data. Perhaps the most useful of these collections is the "Defense Nuclear Agency 
Reaction Rate Handbook" (ref. 35). Several other such collections exist, such as a 
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collection 6t data by Kbndratlev (ref. .36) and some kinetic rate data for H2-02’’N2 
systems (ref. 37). Specialist reports by The Chemical Society (ref. 38) summarize 
much of gas kinetic -literature up to 1976. 

A number of good texts exist on the subject of quantum scattering theory. TheyL 
are not usually directly usable to the engineer because they are not quantitative 
theories; nevertheless they are essential background. for understanding much of the 
literature and the physical significance of reaction processes. The classic text Is 
by Mott and Massey, "The Theory of Atomic Collisions" '(ref . 39), and It's still as . 
valid as when first published.. A couple of more recent good books on this subject 
are by Levine (ref. 40), and by Rodberg and Thaler (ref. 41). The theory of quantian 
scattering becomes particularly necessary and useful when applied to electron colli- - 
slons. Two very good texts that give the experlmentallat's viewpoint along with some 
theory are by Hasted (ref. 42) and by McDaniel (ref. 43); these texts are also still, 
reasonably up to date on the subject of electron collision processes,, more than. 15 
years after their publication. 
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CHAPTER II CROSS SECTIONS, REACTION RATES, AND ACTIVATION ENERGIES 


2 .1 SUMMARY 
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Reaction Is dea£:rlbed In terms of transition at a crossing of. potential surfaces, 
reached In the collision process. The Increase In potential up to the crossing 
point Is identified as the activation energy. The energy available to the system In 
reaching this barrier Is the kinetic energy of relative motion In center of mass 
coordinates. The collision cross section and reaction rate coefficient are formu- 
lated In terms of velocity distribution functions, and In particular . the Maxwell- 
Boltzmann distribution functions. The known form of the eross section leads to the ... 
Arrhenius form for the rate coefficient. - The apparent activation energy, (that Is 
the negative slope of an Arrhenius plot) Is found to depend on the shape of the .. . 
cross-section function at. high temperature, but at low temperature It reduces to the 
true activation energy. Independent of the Cross section. The dissociative recom- 
bination of. NO*^ -he Is used. as an example of the analysis of experimental data In 
terms of cross sections and activation energies. 


2.2 INTRODUCTION 


We Consider two particles In gas 
phase, with masses mi and m 2 and veloc- 
ities. and U 2 , respectively, that have 
a collision encounter with one another 
(fig. 2.1). A potential exists between 
the two, principally due to interactions 
between the electronic and nuclear charges 
of the particles. At long range the 
potential may be either attractive or 
repulsive, depending upon how the elec- 
tronic spin functions pair up, but at 
short range the potential is always 
strongly repulsive. The range Of the 
potential is about the range of the outer 
electron wave functions of the particles 
involved; when thesO wave functions over- 
lap, the -forces that result In attraction 
or repulsion are- created. Outer electron 
wave functions for atoms and most simple 
molecules all extend about a few. Ang- 
stroms In their ground electronic state, 
so the size of the total scattering cross 
sections are usually about 10“^® cm^ or 
so. 


“2 

\ 

\ 

\ 


\ 

\ 

\ 



Figure -2.1- Collision between two parti- 
cles In gas phase with masses m^^ and 
m 2 , initial velocities and ‘^ 2 * and. 
final velocities and uj. 
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2.3 ELASTIC AND INELASTIC COLLISIONS 
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Some of the kinetic energy of colllalon may be converted to a change in internal 
energy, AEj^, of one Or both of the collision partners 




m^u| 

'2 _■ 


mi(uj)^ iiijCup* 


+ AE. 


( 2 . 1 ) 


If AEj^ a 0, the collision, is said to be elastic ; if AE^ i‘ 0, the collision is said 
to be inelastic ; if AE^ < 0, the collision, is sometimes termed superelastic . The 
change in internal energy could be due to a change in (1) rotational state, (2) in 
vibrational state, or (3) in electronic state of either One or both of the particles, 
or it might be the difference between the heats of formation of the molecules, if an 
atom exchange takes place between the particles during the collision, or the reaction 
may be any combination of 'these changes of internal state. In the limit as very 
high rotational and/or vibrational, states are excited, the molecules become disso- 
ciated; Or if very high electronic energy states are excited, the particles are 
ionized. la these cases the reaction produces more particles than enter the colli- 
sion. All of. these changes in internal state may be .encompassed in a . simple general 
definition Of. the term reaction,„namely, reaction is the process produced in 
inelastic collision . A reaction which leads to new chemical species (such as .atom .. 
exchange, dissociation, or ionization), is merely a special case of the above. If 
AEi is positive the reaction is said to be endothermic (i.e., it abstracts kinetic, 
energy from the gas); .if AE^_ is negative the reaction is said to be exothermic 
(i.e., it adds to the kinetic energy of the gas). 


2.4 REACTION POTENTIAL SURFACES 


The total energy of the Collision ..process shown in figure 2.1 may be expressed 
in terms of laboratory coordinates of the two particles 


m. 


E = 


(i? 




2l) + + 




(x" 




z? 


) + Ej + V(x3^,.yj^,Zj^, X2,y2,Zj 


. .) 

( 2 . 2 ) 


where E^ and E 2 are the initial internal energy levels of the two. part? c.W.r, and 
the -potential V is the transient change in internal energy Of tlia parcicles-durlng 
the collision process. The interaction potential may be taken to include..the initial 
Internal energies E^ and Ej as the reference base level. In general it will 

include a dependence on internal structure and orientation coordinates as well as 

the particle collision coordinates shown. If the collision is inelastic, 

El + E 2 El + E 2 and the particles may be considered to have made a transition to 
a new potential surface with a different reference energy. The situation is dla- - 
grammed for a simple one-dimensional form of reaction path in figure 2.2. This would 
be the- case for a perfectly spherically symmetric interaction potential, for example., 
but in the most general case the reaction path would need to be described with addi-.- 

tlonal Coordinates involving the internal configurations of the colliding particles. 

Such, a Case will be discussed later when we consider three-dimensional collisions 
leading to coupled vibration-rotation transitions. However, for the present we are 
interested in the general, concepts of a reactive collision which may be treated 
symbolically, at least, with the one-dimensional reaction coordinate model. At 
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Infinite distance apA.rt, the potential is 
a constant t Ex + Ej , the sum of the ini= - 
tial internal energies -of the two parti-' 
cles; the kinetic energy is Ti and the 
total energy is E " T + Ex + Ej. As the 
particles Come together the internal ener- 
gies (which may he rotational • vibrational, 
or electronic) are perturbed and the potenr S 
tial and kinetic energies Interchange suCh 
that the total is -conserved . Another 
potential surface may be defined. for a 
different set of internal states Ex and 
Ej. If this surface intersects,, or comes 
very, close to the first surface at some 
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Figure 2,2- Energy diagram for simplified, 
one-dimensional reaction path. 


value of the collision coordinate r^, and 
the total energy E is sufficiently large 
for the particles to approach one another 
as close as Zq or closer, a transition 
to the new. potential surface may occur. 

The energy difference E* ' between the transition region and the initial potential 
Ex + E 2 will, be identified with the -Arrhenius activation energy. If the transition 
does not occur, _the particles recede from one another along the same potential sur- 
face as the one On which they approached, the collision is elastic, and the total - 
effect of the collision has been to produce scattering. This scattering changes the . 
components of momentum and energy of the twn particles and gives rise to the phenomr- 
ena of mass flux, viscosity, and heat transfer whenever gradients in number density, 
mass. velocity , or temperature occur in the gas, respectively. If, on the other hand, 
a transition to the new potential surface occurs with a certain probability P,_which 
will be unity or less, the collision, is inelastic .and the particles recede from nne 
another at large separation with a. different kinetic energy T' and new steady-state 
internal energy levels Ex and Ej. In general, a multiplicity of such potential sur- 
faces occur with different crossing points r^. and different activation energies 
E*.- Also., some of the potentials may have. attractive regions as well as the purely 
repulsive shapes shown symbolically on figure 2.2. Thus, a. single collision, event 
between two simple gas molecules can lead to a complex multiplicity of reaction 
channels. Although reaction processes need not always be treated as potential sur- 
face transitions (indeed other methods may be preferable in many cases) one can in 
principle always define potential surfaces with which to describe the reaction in 
conceptual terms at least. 


2.5 CENTER OF MASS COORDINATES 


The most elementary question We must first answer is: What portion of the total 

kinetic energy is Available along the reaction coordinate?. The interaction potential 
V. of Eq. (2.2.) will in general be a function of the distance r between the -two 
particles and the internal orientation coordinates of the colliding molecules (such 
as bond, lengths and direction cosines). However, the latter coordinates do not 
relate to the position of the molecules and for present purposes we need concern 
ourselves only with dependence Of V on the Intermolecular distance.- r. Thus, we — 
Wish to transform the labaratory coordinates and Ty used in Eq. (2,2) to 
describe the particle positions in laboratory space, to the coordinate ?, the vector 
distance between the two particles, and whatever additional coordinate R which is 
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needed to diagonalize the kinetic, energy expression such that only squared terms in 
the velocities appear with no cross product- teras. This is the coordinate of the 
center of mass of the two particles, of course. This transformation allows us to 
separate the equations of motion into- two independent equations, one a function only 
Ofl R, the other, a function only of r. 

r ■ tr^ + ■ i(x2 - Xi) + TCya,.,- yO, + ^(zj - Zj) (2.3) 

(m^ + m2)R = (m^ + m2)(iX + + ^Z) » iCmxXj + m ^x^ ) 

+ l(i“iyi + m2y2> + ^(roizi, + m2Z2> (2.4) 


The Inverse transformation given by Eqs, (2.3) and.j(2.4) leads to the expressions for- 

the components of rj and . 


Xi = X - 


yi 


= Y - 


z, = Z - 




+ m^ 


m2 


+ m2 




+ 


r 


X2 = X + 


Y_+ 


Z 2 = Z + 


mi 


“1 

+-m2 




+ m2 




+ m2 


(2.5) 


Vfhen these are substituted in the expression for total energy, Eq. (2.2), one obtains 


E - I (X2 + y2 + z^^) + I (r^ + + V.(r) OJ>) 

where M is. the total mass (m^ + m^) and y is the reduced mass mim 2 /(mi + ia 2 ).. - 
The internal energies Ei and E 2 have been incorporated in the potential V(r). as 
discussed in relation to figure 2.2. 

The kinetic energy associated with the center of mass is a Constant of the 
motion inasmuch as. the potential V, no matter how complex it may be or how nonspher- 
ical it may be, does not involve the center of mass coordinates X, Y, and Z. ,Thi|_^ 
is just the kinetic. energy Of a free particle of mass M and velocity + ^Y + kZ. 
This energy is thus unavailable for. reaction purposes; only the. kinetic energy asso- 
ciated with the relative velocity between the two particles may interchange with the 
internal energy of the particle. Moreover, the. reaction .path may be described as 
though It were the motion of a single particle of mass y moving in the potential 
V(r). . Accordingly, figure 2.1 illustrating the reaction paths in laboratory cOordi- . 
nates is. redrawn as figure 2.3 illustrating the reaction path in the relative 
distance coordinate r. The position of the hypothetical "single particle" with mass 
y may be described relative to an origin that, is fixed at the center of mass and 
an axis AA' parallel to the initial relative velocity vector $. Another, indepenr 
dent coordinate is needed to unambiguously fix the collision geometry; this is the 
miss distance or impOct parameter b shown in figure 2.3. If the interaction potent 
tlal is aspherical, then, a third coordinate, the cylindrical angle iji is needed to 
describe the orientation of the collision relative to the potential geometry. As 
the particles approach one another, the trajectory is deflected by the interaction . 
potential, of Course,. but if the particles were to continue undeflected on their 
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initial path, they would then misa 6 ne 
another by the distance b. Sometimes it 
is more donvenient to consider one of the 
collision partners fixed at the origin 
with fictitious infinite mass -and the 
other. molecule approaching with the ficti-. 
tious mass y«. In either case, r repre~ 
sents the relative distance between the 
molecules at any instant of time, and b 
represents the miss distance if the parti- 
cles were not interactive. Other time, 
dependent parameters may be useful in 
describing the collision process, for 
example, the angle tp between the vector 
r and ..the reference axis AA' . In scat- 
tering problems it is usual to define a 
^ifffitsnt reference, axis, the line between 
the two particles at the point of closest 


dS ^ bdbd0 



Figure 2.3- Collision between two parti- 
cles represented by the motion of a 
single particle with reduced mass 
W ■ m^mj/Cmi + m^) moving in a poten- 
tial field V(r) with origin fixed on 
the center of mass. 


approach,, and then define the scattering 

angles^ relative to this axis. However, for our present purposes.it will be suffi- 

rilatlJe cylindrical coordinates of the initial configuration 

lAhnt the reference axis AA' ; these are the radial distance b aS the angle 
<p about the reference axis. 


2.6 COLLISION CROSS SECTIONS AND REACTION RATE COEFFICIENTS 


sample of gas many encounters occur simultaneously with a distribution 
and 6^ ^ possible velocities u and impact parameters b and (p. All values of b 

^ probable, and the velocities are given by some distribu- 
tion function f(u). The velocity distribution function is normally a Maxwell- 

Quantum effects of gas degeneration are noLally negligible 
f, reactive collisions are important, and the Maxwell-Boltz^nr 

everiSari°?nr'^'’i'"''"" ^ ^as at conditions^risuaJ ^^e^est, 

«.tnbutio„ i„ the-fo«uu- 


^ The number of encounters that occur in a unit volume of 
(rSs!*^l^Ld^ 2 ) distance db, and angular parameter 


gas within a range of 
d(}) may be expressed 


unjn2 

dN = f^(Uj)f^(U2)dt5^ d$^b db d^ 


(2.7) 


where u is the magnitude of the relative velocitv 1^, - S I « v 

f 1 4 . 44 ^ 2 is the number density of molecules of type 2 . f, 

fj. are the velocity distribution functions for molecules of type 1 and tJpe 2 ' 
iectively, and bdbdi) is the e1e^,en^ . 4 _! ^ ^ 


respectively, and bdbdj is the element of cros 7 s‘;;ti;; 7 e 7 sho;."j: figur^ 2 . 3 . 


all different combinations of two particles in a unit volume Is the product n],n 2 If 
the particles are different » It Is If the particles are Identical. 

Normally we need consider only distribution functions that are Isotropic In 
spacei In which case It Is convenient tC express the velocity volume elements In 
terms of spherical coordinates 

duj^ ■ dx^ dy^ dz^ ■ sin 6^ d6^ d(j>^ u|' du^ (2.8) 

and Integrate over all angular orientations. Equation (2.7) then becomes . 

dN ■ (4ir)^ — - — uf x(uj,)f 2 (u 2 )ui duiu| du 2 b db d<j> (2.9) 

s 

At this point we want to transform the laborat ory v elocities ^2 shown 

in figure 2.1 to the center of mass velocity u “ (dR/d^) and the relative velocity 
^ so that it will be convenient to .integrate Eq. (2.9) with respect, to the rela- — 

tive veloclry magnitude, u. The. volvime elements are simply related (see Eq. 2.5) 


dxj^dx2 


9xx 

axj^ 

ax 

3^x 

3X2 

3 X 2 

ax 

K 


-®2 


+ m 2 




+ nij> 


di df^ 


die dr^ 
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( 2 . 10 ), 


= dr dX 


so the Jacobian for the entire transformation is unity, 

dx^ dXj dyj dy^ dz^ dZj ■ dr^^ df^, dr.^ dX dY_dZ 

■ (4tt)^U 2 duxu| du2 “ (4 tt)^u^ duU^ dU 

The total number of encounters. in a unit volume of gas in unit time may thus be 
expressed in an integration of Eq, (2.7) 

(4jr)^* 


( 2 . 11 ). 


N 


■n.n, 


u* du,.b db d(p 


( 2 . 12 ). 


The inner integral in Eq. (2. 12), _ls, a ..function onl y o f \\, We can define a function 
f(u) 


f(u) ■ (4iru)' 




dU .. 


(2.ia) 
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f li 




t i 

: 


which repreaents the fraction of the colliaion encountera which have a relative 
veloi^ity magnitude between u and-u + du« With this definition, the number of c6lli~ 
aion encounters may be expressed 


H 



f(u)u du b db d^ 


(2.1A) 


Only a fraction of the collision encounters results in a given change of inter-- 
nal state or reaction. Let P(4>»b,u) be the probability that a collision, with cylin- 
drical angular orientation 4>., miss distance b, and relative velocity u, results in 
reaction. The rate of reaction is defined as the total number of reactions produced 
in unit volume in unit time 


R =» nj^rtjS 





P((j) ,b ,u) f (u)u du b db 


L^o Wo.#0 




(2.15). 


The quantity in brackets is, by definition, the rate coefficient a for the reaction, 
in question. The integration over the parameters b and 4> yields the reaction cross 
section S(u) 


S(u) “I I P((|',b,u)b db di}> 


(2.16) 


which is- a function only of the relative velocity u. In terns of t^ 
rate -coefficient is 


a = s 


f 


S(u)uf (u)du 


(2.17) 


Thus, the rate coefficient a physically represents the volume swept out in unit 
time by a disc of cross section S(u) moving with the velocity u, all weighted With 
the velocity distribution function f(u) and averaged over all velocities; its dimen- 
sions are cm^/sec. 

The definitions above have been left as general as possible so that the proce- 
dures for evaluating the cross sections and rate coefficients can be visualized even 
for nonequilibrium velocity distribution functions.. The only assumption which has 
been made is that the distribution functions are isotropic, that is, that the gas 
phase in which reaction Occurs is without appreciable gradients.. In practice, it is 
usually safe to assume that the kinetic motions are in an equilibrium Maxwell- - 
Boltzmann distribution at a given temperature T,. since this distribution normally 
establishes itself much faster than the reactions Of interest. In cases where the 
internal .energy establishes equilibrium on the same time scale as the kinetic motions, 
which is often the case with rotational energy of molecules, for example, the reac- 
tion can merely be considered as infinitely fast for most practical engineering needs. 
For Maxwell-Bo It zmann velocity distributions (refs. 1 and 2) then, we have 
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(mjmj) 


3/2 - 


. , ^ 

I -2^ .Idxjdy^dz^dx^dy^dz^ 

] dX dY. dZ dt^dfdt, 

X y z ; 


f.fjduiduj ■ ' (27rkT)l 

(m^tn^) 

" (2irkT) 3 


Integrating Eq. (2.18) over-:all center-^of-Knass velocity components and multiplying. 
by(4iru)^,as defined In Eq. (2. 13) » we obtain 


“M(X* + + Z^) - y(rj + 

^ y 

+ ^z>] 

2kT . 



f(u) - 4tcu! ^ exp(-pu^/2kT). 


(2.19) 


for the distribution function of the encounters between two particles with relative, 
velocity magnitude u. This distribution Is of course normalized; the Integration 
over all _.u yields, unity. 

The reaction rate coefficient of Eq. (2. 17). may now be_expr eased 

.3/2 


a(T) - ( 2 ^) / exp(-wu^/2kT)uMu 

“ 3 (^) ^ exp(-x)x dx 


( 2 . 20 ) 


The second expression In Eq. (2.20) has been transformed to the dimensionless kinetic 
energy variable x = pu^/2kT. The radical In front ...of ....the-lntegral is just the mean 
velocity u 

u ■ ^ uf(u)du - 4 tt ^J^t) ^ J exp(-puV2kT)du ) 

« ( 8kT 

" V iry / 


► 


so the rate coefficient may be expressed 

a(x) “^1 S(x) exp(-x)x dx 

® #0 . . 


( 2 . 21 ) 


( 2 , 22 ) 


The Integral In Eq. (2.22) represents the average cross section weighted by the 
Maxwell-Boltzmann distribution function. The rate coefficient a(T) will vary as the 
product of due to the factor u* and another function of temperature represent- 

ing the functional dependence of this average cross section. To. proceed further than 
this we must know the form of the cross section function* either experimentally or 
theoretically.. 
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2.7 DEPENDENCE OF APPARENT ACTIVATION ENERGY ON CROSS SECTION FUNCTION 


Unfortunately! very little Is knovm about cross sections at low collision ener- 
gies where they contribute most.to the Integral of Eq. (2.22).. Front our concept of 
an Activation energy leading to a potential crossing where the -transition can take ~ 
place with reasonable probability, we know. that the cross section must vanish until 
the kinetic energy of collision at least reaches the activation energy E’^. All our 
experimental experience Indicates that the cross sections Increase very rapidly above 
E* - until they reach some maximum value, which Is less than the total cross section 
for all processes. Including elastic scattering. As discussed previously, this total, 
cross-section Is the order, of "10”^® cm^ for most -Atoms and simple molecules, and for _ 
cases where a single highly probable reaction Is Involved, the maximum In the reac- 
tion, cross section may approach this total. At still higher* energies the cross sec- 
tions decrease again, generally as the- Inverse square root of collision energy, and 
become vanishingly small at collision energies that are two or. three orders of magni- 
tude greater than the threshold activation energy^. The form of a typical reaction 
cross section function is sketched In. figure 2. .4. . 


1 


i 


The simplest functional form we can 
use to empirically approximate the behav- 
ior of real cross sections is a step 
function 


S = 0 , E < E* 
= , E* < E 


(2.23) 


where Sq is some . constant value . The 
rate Coefficient for such a cross section 
is ^ from Eq . (2.22) 

us^ 

a (T) = I e dx 

S _ * 

= — u(x* + l)e ^ (2.24) 

s 



KINETIC ENERGY OF RELATIVE MOTION, log E 

Figure 2.4- Typical form for reaction 
cross section as a function of colli- 
sion energy. 


where x* is the dimensionless activation energy E*/kT. The variation of u(x*+. 1) 
with. temperature is so weak compared with the variation of. the exponential term 
e“^*, that for many practical purposes Eq. (2.24) is the same as the Arrhenius, func- 
tion, where the coefficient in front of the exponential is taken to be constants 
Expressing Eq. (2.24) in terms of the parameter g ® (kT)“^ 


a 



(gE* + l)e 


-gE* 


(2.25) 


one finds the slope of the logarithm of 

d In g ^ p* + E* 
dg " 


n as a function of g 


_ _ j_ ^ _E*ri 

. 1 


+ 1 

1 2g ^ L 

■ 

+ - 
\w) 

+ . . . .j 


,26) 
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For many chemical reactions E* Is the order of 1 eV ^dr more* while the thermal 
energy kT at normal temperatures Is the Order of (1/40) eV; for such cases the 
factor (2$E*)"^ • Is the order of . 10“^, small compared with unity. Thus, the slope Of 
an Arrhenius plot (a plot Of In a vs 3) for the step-function cross section, 

Eq. (2.23), would very, closely be equal to (-E*) , except at rather high temperatures 
where It would become somewhat less negative. 

From this point on we shall treat the interaction potential as spherically sym- 
metric, as this greatly simplifies the analysis. Strictly speaking, the potential 
Is spherically symmetric only for a single electron in collision with an atom or ion 
havlng.outer electrons all In the s state; atomic or molecular wave functions 
having finite angular momentum have lobes, and molecular wave functions are also 
elongated about the interatomic bond directions. Aspherical effects may be particu- 
larly important where strong dipOle moments exist. Nevertheless, it is common prac- 
tice to average the potential over all angular configurations to .obtain an effective 
average spherical potential for use in quantitative calculations. The rationale for 
this procedure is that the effective potential represents an average. for a multitude 
of collisions in which all possible initial angular orientations are equally probable. - 
In practice the average potential gives reasonably good results for many simple mole- 
cules for. which the permanent_jdipole moments are not too strong. __ 

The cross section is not really a step function as assumed in Eq. (2.23), of 
course, but varies as sketched in figure 2.4. Because of. the strong exponential 
weighting of the cross section at thermal collision energies near kT by the 
Maxwell-Boltzmann kinetic energy _dlstribution (see Eq. (2.20)), the important part 
of the function for our purposes is the region just above the threshold E*. In this 
region the cross sections for all reactions, are observed to increase as a simple power 
of collision energy. Part of this increase is due to the requirement that angular — 
momentum be conserved during collision, the remaining increase is due to the varia- 
tion in transition probability at the potential crossing as the collision velocity 
changes . 

The conservation of angular momentum in collision may be expressed in terms of 
the angle ^ of figure 2.3 


yr^ij; = pub 

The energy is also conserved during_co Ills ion, of course 

^ (r^ +. rH^) + V(r) = ^ - 


(2.27) 


(2.28) 


Substituting ^ 


from Eq. (2.27) into Eq., (2.28),. one obtains an expression for f 



2V(r) 

y 



1 / 2 . 


(2.29)_ 


At the point of Closest approach in. the . trajectory, r^, the derivative 
and -we have a relation between the Impact, parameter and r^ 



yu2 


‘ " E 


r vanishes 


(2.30) 


where E is the initial kiiietic energy. Now JLf the reaction, is to occur, r^ must 
be less. than or equal to tc, the potential crossing point. At thl^ point the 
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potential V ia ,1ust the activation energy E*. Thus, the maximum value which the 

Closest approach is to be less than or 


Ik)' 


1 ^ 
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(2.30a) 


All larger values of the impact parameter will result .In. a deflection Of the colli- 
aiou pi\rtnors at distances crontc^r 


Sion partners at distances greater than 
spherical symmetric. cross section 


— — — — V« J 

Thus, we may express the effective 


S *» 


irr-p 


-n-. 


E* < E 


(2.31) 


is analysed, by the Uadau-Zener . theory which predicts a rapid Increase of o 

thrcshcld. (ref. 3). Ihls^hccry will he coSSJdIn " 


* . viwCi.*. oj* i.nxs tneorv will be -fr 

detail later; for the moment we will account for this factor empirically hv 
adding another factor ((E/E*) - l)m-i the cross section ^uScUrJre?! 4) ^ 


- 


If 

E 


■)(^ 


) m-i 


(2.32) 


where is. some constant and ra is the observed slope of the loaarlthm of H,*. 

tl'rcshclf ?,r Of ^he logaritta c£ excess ccllisSLaS^'^ar tSe 

clsc?!;i ‘ “<* sectlcnfrhrarr 

The cross section of Eq. (2.32) can be integrated exactly in Eq. (2.22) to give 


01 ■ uS e 
o . 


-2E* r(m + I) 


(PE*) 


mi-i 


PE* » 1 


(2.33) 


As indicated , the approximation is useful where fiE* l ma« v j ..i. 

additional factor 1 + fm + n / re* an 

have thc^::“r r 

ir^it::; :uuiretTgy?%h::t S!^he:‘’jr''t“rj:n': 

that is'ccslly satl^??^ ”r ^ 


were rc;ils't\rdsy^ptctlJ\itol“rtS^^^ "'alh'' »rtr“Jtl" 


s 



(2.34) 
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Using this upper bound In Eq.. (2.22) one obtains the rate coefficient 


d " uS^ e”^^* • $.E*_<< 1 (2.35) 

The apparent activation energy will be defined as the negative slope of an 
Arrhenius plot (the plot. of In a vs 3)i end In the limiting cases considered this 
quantity approaches 

d )ln a , 2m - 1 

" dg gE* » 1 2g 

1 (2.36) 

gE’»! << 1* 2? 


E*.eV 

N2 + N2 16.6 

N2 + NO 9.3 

Nj + CO 11.9.. 

N 2 + O 2 12.2 . 



Figure 2. S'* Measured Ionization cross sec 
tlons for various collision partners, 
as a function of kinetic energy In 
excess of threshold. 


Near room temperature g 40 eV“^ 
and the correction terms are a few hun- 
dredths electron volt. Thus» where the 
activation energy is the order of 1 eV» 
it is perfectly justified to equate the 
slope of the Arrhenius plot with the true 
activation energy, as Is usually done by 
chemists. However, at high temperatures 
the correction term becomes appreciable. . 

For temperatures near 10** K, for example, 
g =« 1 eV“^, and the corrections are between 
0.5 eV.and 1.5 eV (for m ■ 2) according 
to the above limits. These are not at ell 
negligible corrections. Note that the 
curvature of the Arrhenius plot is not in - 
question here; the curvature will usually, 
be negligible over the temperature range — 
involved in a typical experiment and the 
data may plot as a very nice straight line. 
What is. not generally appreciated is that 
the true activation energy cannot.be- eval-. 
uated from the slope of this line if the 
data are taken at high temperature, with- 
out some knowledge of the form of the 
cross-section function. Normally a is 
not measured over a wide enough orange of 
temperature and with sufficient reproduci- 
bility in shock tube experiments to deter — 
mine, a reliable value for m. Molecular 
beam experiments have. been of limited help 
because accurate measurements are diffi- 
cult to make near 'threshold. A number, of 
heavy particle Impact ionization cross 
sections have been measured by Utterback 
(ref. 5) within an electron volt or so of . 
threshold. These are summarized in fig- 
ure 2.5 on a plot of log S vs log (E - E*)i 
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The values of the slope m generally 
range between 2 and 3 for this filaaa of 
reaction. Kleffer and Dunn (ref. 6) sum- 
marized a. number of measured electron 
impact idnization cross sections, shown 
in figure 2.6, and for this class of 
reaction the slope m is characterized.. 

by values between I and 2. Measured 

cross sections for other classes of 
reaction are not generally ava.llable 
near threshold, but it is likely that 
these will fit the same general type of 
functional dependence, with slopes the 
order of 2. 
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Figure 2.6- Cross sections for ionization 
by electron impact. 


EKcrciSc i.l: 


A cross section often uacvi in reactloiv. rate literature is 





where 


K 


Ml 

;ikT 


6E 


E\»rtluatc the rate coefficient a and the apparent activation energy -(d in a/dO) for this croaa section. Show 

obtained for S * Sod - x*/x)(x/x* - but that the next order tetina In 

give -an Increase in a and a- decrease In -(d Cu n/dg), Don*t forget that u is propovtlonM to 


Exercise 2.2: The ^rbss scctloi\-.abovc diverges unrealistically .at largo coUialon energy. Consider the cross 

section 


which approaches -the limit at large x. Evaluate a and -(d £n a/dft) for this cross section and show that the leading 
term la the same as above, but that, the next order terma in (BE*)*^ decrease the rate coefficient a and decrease the 
apparent activation energy. 


Hint: expand x*”' about x*. 


31 


2.8 DISSOCIATIVE RECOMBINATION OF NO+ + e 
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To give a concrete example Of an application Of sOme of the preceding con- 
cepts , consider the dissociative recombjLnatlon reaction 


NO+ + 


e 



+ 0 


C2.J7) 


This reaction Is one of the dominant mechanisms leading to ionization and electron . 
recombination In hypersonic airflow. The forward rate for this reaction was first 
measured by Lin, Neal, and Fyfe (ref. 7.). Lin. and Tear (ref* 8) proposed the dls-, 
sedative recombination rate coefficient 


» 0.003T“®/^ cm® /sec 


<a.38L„ 


to fit their experimental data. This -value, has been widely used In calculations. Of . 
flow, about high-speed vehicles and of the electron densities in wake flow following 
such vehicles. 


Subsequent experiments indicated . that while Eq. (2.38) may be correct at normal 
temperatures, the rate should be somewhat higher at high temperatures as shown In. 
figure 2.7. The high temperature experiments yield the reverse rate coefficient a 

and at eqdlibrium, this is related to 
the forward rate with, the equilibrium con- 
stant Ko 


T,* 



“f 


r e. 


(2.39), 


Some speculation has persisted about the 
validity of this relation at the nonequil- 
ibrium conditions where the measurements 
are made (the experimenter cannot measure 
a change in species concentration. at 
equilibrium, of course) ,_but Rice (ref. 9) 
has long, argued that the equilibrium con- 
stant is still the ratio of forward to 
reverse . rates under most nonequilibrium 
conditions where reactions are measured, 
as long as the Boltzmann distribution of 
velocities is present. McLaren and Apple- 
ton (ref. 10) have confirmed these ideas 
with measurements of both forward and 
reverse rates of vibrational excitation 
of. CO over a range of temperature. Accord- 
ingly we assume that Eq. (2.39) is valid 
for the reaction of present interest also, 
and that the trends shown by the data. in 
figure 2.7 are valid. Thompson (ref. 11), 
and Frohm and DeBoer (ref. 12) suggest 
that the constant 0.003 in Eq. (2.38). 
should be increased by a factor of 3; 

Frohm and DeBOer point out that an increase by a factor of 2 actually fits the 
original data of reference 8 better. The mean value given by Stein et al. (ref. 13) 


Figure 2.7- Dissociative recombination 
rate for NO*^ + e N.+ 0. Data 
numbered by reference number. 
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is twice as large as that given by Eq. (2.38), and. Eckerman and Stern (ref. 14) and 
Eschenroeder and Chen (ref. .15) both observed that Increasing the rates by factors 
up to 5 are consistent with measured electron decay in the wake of high speed 
models. Dunn and. Lord! (ref. 16). also verified the correctness of higher values at- 
the higher temperatures. However, a number Of low temperature measurements 
(refs. 17-22) agree with Eq.. (2.38) (except for soma estimates of upper atmosphere 
electron recombination (refs. 23 and 24); these latter should probably be weighted 
lightly Compared with the other evidence). This anomaly led Sutton (ref. 25) to 
use Values for wake calculations that are empirically faired between the high and . 
low temperature as shown on figure 2.7. 


dependenc£_as the temperature 


Hansen (ref.. 26) pointed out that theoretical grounds exist for predicting a 
smooth variation of 0 £ from a to a 

increases.. The ionization is presumed to 
occur when the N_+ 0 atoms interact along 
a potential that intersects the. minimum 
of.N0‘^(^Z+) potential, figure 2.8 
(ref. 27). Of the many possible inter- • 
actions at least one crossing, will prob- 
ably occur near this minimum. If this is 
the case,, then the threshold or activa- 
tion energy E* -is -about the heat of 
formation, which is from 0.4 to 2.8 eV . 
depending upon which of the low lying . 
electronic states of the atoms are 
involved in the collision. . 


NC^S) ^ 0(^P) -kN 0+(^Z+) - 2.8 ev 


N(“s) 

N(^D) 


OC^D) 

0(®P) 


N0+(^i+) - 


0.8 eV 


N0+(^Z+) - 0.4 evj 


>(2.40) 



Higher lying atomic states are. ignored Figure 2.8- N -h 0. and N0+ interaction 

because the reaction becomes exothermic potentials.. 

and the population in these states will nor-, 

mally decrease exponentially without a corr? 

responding increase in reaction probability. 


Let r^ be the equilibrium interatomic distance of. the .NOt ion and assume that 
a fixed fraction p of the colliding atoms which reach this, crossing point, will form 
NO , and that the potentials are spherically symmetric. The reaction cross section 
for the reverse reaction of Eq. (2.37) is then written as .in Eq. .(2.32). The frac-- 
tion p will be a function of collision-energy according to the Landau-Zener theory 
(ref.. 3), but we will merely choose some constant value, the order of 10*"^, which 
fits the_function to the observed data. With this assumption the rate coefficient 
is given by Eq. (2.35) 


“r ® 


-E*/kT 


(2.41) 


where Sq is a constant to be fit to experimental data and E* is the activation 
energy, in this case 2.8 eV» If. excited, species are present in their, equilibrium 
concentrations and have the same cross section function as Eq. (2.32), but with 
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approprlacely shifted threshold energy thd same eKpresslon Is obtained for -Oi 

as Eq. (2. 33), with the same activation energy» 2.6 eV» exoept that the constant 
Is multlpjlled by the sum 


g(N**S)g(O^P) t g(N**S)g(0^D) + g(N='-D)g(0^py 4x9 + 4x5 + 10x9 

g(N**S)g'(0^P) 4x9 


4.06 


(2.42) 


where the symbols, g are the degeneracies of. the atomic electronic states Indicated. 
This effect .of excited electronic states will, be Considered later In chapter IV. For 
the present, It Is pointed out that the effect produces a constant factor which can . 
be. merely absorbed In the. empirical constant. Sq» and the reverse rste. coefficient a 
varies as the- product of and .exp (**2.8 eV/kT). 


Now the equilibrium constant for the. reaction in the forward direction is the 
product of 'the partition functions of the products divided by the product of the par- 
tition functions of the reactants, all multiplied by the exponential of the factor 
E*/kT 


N^o E*/kT 
‘^e%0+ 


(2.43) 


To a reasonably good approximation we i:.ay take the electronic partition functions as 
the ground state degeneracies and treat NO'*' as n harmonic oscillator with charac-. 
terlstlc vibrational energy hui = 0.27 eV. The .temperature factors in the transla-: 
tional partition functions all cancel, and the temperature dependence of the NO"^ ■ 
rotational and vibrational partition function remains. Thus, an approximate expres- 
sion for Kg is 


/714 eVA /, -0.27 eV/kl\ 2.8 eV/kT 

e ■ [sr-) ^ 


(2.44) 


Accordingly the forward rate coefficient is, with 


So = Pirre = 3X10"^® cm^ 


O.J 


a K 
r e 


4.8x1Q-Q 

(kT)V2 



-0.27 eV/kT\ 3 / 
e . } cm /sec 


/ 


(2.45) 


Equation (2.45) is shown on figure 2.7 and is seen to follow the same trends as. 
shown by the data. At high temperatures. where kT >> 0.27 eV, of varies as T~®/-^, 
essentially the variation in u divided by the rotational and vibrational partition 
functions of NO"*". At lower temperature the vibrational partition function approaches 
unity and of then varies as T“^/^. The latter variation agrees very well with the 
measurements of Weller and Biondi (ref. 28) at 450 K and 300 K which are the most 
recent data shown in that temperature range. However, Weller and Biondi *s. data at 
200 K is abnormally high in comparison with the theory, which suggests that some 
additional experimental or theoretical effect may yet be unaccounted, for at very low 
temperatures . 


2.9 CONCLUDING REMARKS 


In conclusion, the reaction-rate mechanism, can be interpreted as a potential . 
curve -crossing transition, and the known form of reaction Cross sections leads to the 
Arrhenius form of reaction-rate coefficient. At low temperatures whe»"e kT is Con^* 
siderably less than the activation energy E’*’, the latter can be .accurately equated 
to the negativ e slope of an Arrhenius plot (t he plot of in a vs 1/kT). However, at 
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CHAPTER-III SIMPLE. AVAILABLE ENERGY THEORY OF DISSOCIATION RATES 


3.1 SUMMARY ORIGINAL PAGF IS 

OE.POOR QUALITY 

A simple, available-energy thebry is developed which provides numerical estimates - 
of dissociation rates for diatomic and triatomic molecules, which generally agree with 
experimental data within a factor of 3, over a wide range of temperature and a variety 
of collision partners. Since other theories, even though often rather complex, are . 
unable to provide better results, ,„the available energy theory Will probably remain a 
useful model for many engineering purposes until rigorous computer calculations Of* 
rate coefficients become economically and routinely available. 


3.2 INTRODUCTION 


A sizable number Of theoretical models have been proposed for analysis of simple 
reactions .such as. atom exchange and dissociation. One widely studied model Is the 
activated complex theory developed by Glass tone, Laidler, and Eyrlng (ref. 1). While, 
this theory has been very useful conceptually, describing a short-lived molecular 
complex existing at the saddle point of a potential surface in equilibrivm with the 
normally stable molecular species of which it is composed, the theory has not been. 
very useful quantitatively. . The reaction is described as a vibration-like motion 
along a trajectory crossing the saddlepoint, and the functional- form of. the crossing 
rate is derivable in part, but one is left with an undetermined transmission coeffi- 
cient representing the fraction of systems which approach the saddlepoint that actually 
cross the barrier inta the domain Of the. rSaction products, the remainder is reflected . 
back into the domain of the initial collision, partners.. This transmission coefficient 
is uncertain by many orders of magnitude and its functional form is undetermined, in 
general.. It has been evaluated numerically only in a few special cases such as a 
collinear H + Ha H 2 + H type atom exchange reaction. Thus, for engineering. pur- 
poses we seek a model that can be used for estimating dissociation rates with greater 
quantitative certainty. 

Another theoretical approach that seems helpful is to calculate the flux of 
three-body recombination systems across a given surface S in phase space, which is 
chosen to. separate the product domain from the reactant domain.. In principle, this 

method is appropriate wherever classical mechanics is adequate to describe the motions 

Involved. This flux F may be expressed 

where p is the density of points in phase space, usually chosen to be the equilibrium 
distribution density, S is the given surface defined as a function of the coordinates, 
and their conjugatS momenta, and d^ is the vector surface element. The concept 
"surface" means here a (2m - 1) dimensional subspace in 2m dimensional phase space, 
where m is the appropriate number pf sets of coordinates and their, conjugate 
momenta. The derivative dS/dt. divided by | grad s| is the velocity with which the 
phase points cross this surface. Wigner (ref. 2) shows that if such a surface is 
properly chosen, namely so that the flux across the surface is minimized, then the 
recombination rate is rigorously determined. Keck <'ref. 3) developed the method 
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further by using variational methods to find minimum values for surfaces having plausi- 
ble-functional forms. However, the calculations become Increasingly Intricate as one 
attempts to define this surface more rigorously, and the extension of. the method to 
even trlatomlc molecule dissociation Is dlscouraglngly formidable. A related Classi- 
cal approach has been taken by Light and Arnsteln (refs. 4 and 5), who solve the 
LlOuvllle equation for diatomic molecule dissociation with the somewhat unrealistic 
assumption that collisions are adiabatic.. Once again, the solutions become solntrl-- 
cate that, they must be done numerically, and the extension to polyatomic molecule . 
dissociation does not appear tractable.. A very simple model for dissociation of 
diatomic molecules was proposed by Rice (ref. 6), In which he assumed that only 
molecules with vibrational energy within kT of the dissociation. limit are capable of: 
being dissociated by Collision. This simple concept was extended by Benson and 
Fueno. (ref.. 7), who -consider the recombination process as a cascade sequence of single 
vibrational quantxim Jumps from the top vibrational levels. However, this model over- 
looks the equally Important role of rotational transitions In the cascade 
de-excltatlon prpcess, as well as..the strongly anharmonlc effects which occur In the 
closely spaced vibrational levels near. the dissociation limit, which promote multiple 
quantum transitions that are difficult to Include. 

All of the above models, and others not mentioned, provide certain conceptual 
Insights -Inta the dissociation mechanism, but when the quantitative results are con- 
sidered, one is left with the conclusion that .none of them, no matter how Intricate 
the theory or the calculations performed, are .superior for engineering purposes to a 
simple available energy theory described many years ago by Fowler and Guggenheim 
(ref. 8.).. This model has been found to reproduce observed dissociation rates gener- 
ally within a factor of ten (ref... 9), Which even to the. present day is reasonably „ 
consistent with the uncertainties in experimental data. In spite of Its obvious . 
deficiencies as a modern scientific theory of reaction rates. It Is still widely used 
for making engineering estimates of rates in connection with fluid-flow problems, and 
will probably, continue to be used in this way until precise numerical computer quantum 
solutions of rates become routinely and economically available. Therefore, a brief 
analysis of the model is appropriate for. our 4>urp.oses here. 

The available energy theory is similar in a way to the Wlgner theory mentioned 
above; the principal difference is that the surface S Is nowtaken to be a surface 
in phase space which all collision systems must cross, whether 'reactive or vinreactlve, 
rather than a surface which divides the two as in the Wlgner. approach. The fraction 
of the flux F' In Eq. (3.1) which. leads to reaction is simply taken to be that frac- 
tlcn with energy in a given number of degrees of freedom, n, which equals or exceeds 
the activation energy of the reaction. This fraction Is the reaction probability used 
In Eq. (2.16). 


3.3 AVAILABLE ENERGY DISSOCIATION RATE MODEL 


Conslder-Jthe geMral . collision Induced dissociation reaction 

AB.+ M-^A + B+M_ 
with the rate coefficient a defined - 

-atAB)[M] . 


(3.2) 


(3.3) 
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where the brackets .signify concentrations, 
collision -rate 0 and the probability P 
collision 


The rate coefficient is expressed as a 
that dissociation results from a single 



(3. A) 


the symmetry number s 
the molecules AB. and M 


is the same as discussed in Ohap. Il4- s 
are identical, in which case it equals 


equals uniti unless 

2 . 


For a gas in equilibrium, 6 is given by 


(3.5) 


where p Is the momentem of \ Pa«ners^^ - 

u is the reduced mass of AB and M, and S(p) is the total coins lo 
for both favorable and unfavorable events. 

The rotel cross, section is not precisely known, hot it is not 

:f:ntefflectSn^:«LfebL^thffe:e‘S^ 

for diatomic molecules, such Vro“s nctlon%an°he considered a weak 

'fmomtntr“r=;rh:^osf:e:u:ra;r^^ for eelcmetion of 

viscosity: 


S - S 


^ ¥) 




where 0 is Sutherland's constant 

stant. in this case, Uie ^ rate given by Eq. (3.5) becomes 


0 




(3.7) 


The crucial problem is to evaluate the Pi»b«blllty ^ 

fowler- and Guggenheim (ref. 8) ® colliding particles, which the system 

“rr t! rofu^i:n‘“^h“ “ -^-3 t^l^ surface .iven by 

Eq. (3.1) Is just 


F 


/...;^e-/>'^dp, 




(3.8) 


\u rioneifv n has been taken as the exponential Boltzmann distribution. 

Where the phase density P has oe qnrface element dp^dqu involves 

str:«Ltrs r^ts^^irgiKt :nergr::'Mrh“conmbi»s 

■^:1hrrirci:rro? “rrnvo^l;es^5na^ rtrtfth^^^ or coordinate. 


squared, and that the equilibrium distribution of energy exists among those modes, 
6ne finds that the -fraction. of this flux where the. energy in these n ^iegrees of 
freedom is greater than the dissociation energy D is giv^ by 


P 


/•”(n-i)/2 


exp(=E/kT)dE 


(kT) r[(n+ l)/21 


(3.9) . 


The momenta and coordinates Involved have been transformed to the energy variable E, 
which is . the total energy in the n modes Considered and. includes the kinetic energy 
along the collision path. The factors in the denominator are just the normalization 
constants required so that the total probability goes to unity when both favorable ar . 
unfavorable events are considered.. 

The -problem remaining _is that the number of degrees of freedom Which should con- 
tribute to dissociation is .undefined.. If only one degree of freedom is considered, , 
that is the kinetic energy associated with the momentum of the collision partners 
along the direction between centers, the probability. P is generally too. small. On 
the other hand, if the total number of. degrees, of freedom involved in the two 
particles AB and M is used, P is invariably much too large. In this dilemma, the 
concepts provided by the activated complex theory are helpful. The energy which 
causes dissociation appears, at. least momentarily, in the internal energy modes of 
this complex. Since energy is conserved, we assume, that n is the number of interne 
degrees of freedom which disappear when the complex breaks up, and that the remaininj 
degrees of freedom-carry away their full share of the energy distributed among these 
degrees of freedom at equilibrium. 

In general., the activated complex may include the collision partner, but for th< 
present we consider this partner inert. The interaction, potential in this- case is 
normally approximated by a very steep., short range, repulsive, potential .which is 
spherically symmetric with respect to -the closest atom of the molecule. The collisi< 
process is then conceived as a sudden discontinuity in. one component of the molecule 
internal momentum modes., without change in the other momentum component, or in the 
atomic position coordinates. This model is sometimes . ref erred to as the sudden 
approximation. The activated complex is just the original molecule in Which one com- 
ponent of internal momentum has suddenly taken a new distribution independent of the 
energy residing in the other modes. As in the Eyring theory (ref.. 1), the activated 
molecule is taken to have a Boltzmann-like distribution of internal energies, except, 
that we take the distribution to be bounded by the requirement that the molecule be 
stable before. the collision event. 


Now we choose the surface S, over which the flux Of systems is calculated, Ortl 
onal to the coordinate conjugate -to the excited component of momentum — the compo- 
nent which has suffered the sudden discontinuity as a result of collision. (The. 
momentum, coordinates can always be transformed by rotation to bring, one component 
parallel to the direction between atomic line of centers- at impact). Then the frac- 
tion of the flux crossing S with energy in the excited mode between e* -and s* + d( 
and with residual energy in the reamining (n - 1) modes between e and e + de is 
given by 

jp exp(rg*/kT)de* fc(^ ^^/^6xp(-£/kT)de (3.K 

- r[(h - l)/2](kT)^"‘^^^^ 

The denominators in Eq. (3.10) are just the normalization constants required. 
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A somewhat subtle difference exists between the procedure above and the original 
erslon of the available energy theory expounded by Fowler and Guggenheim. Fowler 
nd Guggenheim .chose a surface S which the systems cross prior to collision In 
valuatlng the flux of systems with sufficient energy to promote reaction; the problem 
n this approach Is that we do not know a priori how many modes of energy will con- 
rlbute to the activation process. In the present development, a surface has been 
hosen which the excited molecule crosses subsequent to collision; In this case the 
umber of degrees of freedom which contribute to the dissociation process Is clear, 
ut We were forced to make an assumption about the distribution of energy In one of 
hese modes, just after. the collision event, specifically we. chose the distribution to 
e Boltzmann. . This Is probably not a bad approximation for about 2/3 of the collision 
vents , where from the geometry of collision one expects a rotational mode-to be the . 
xclted one; a few collisions are known to be sufficient to promote a full Boltzmann. 
Istrlbutlon In rotational states, for example. However, objections to this assiimp-^ 
Ion have been raised In connection with the remaining collisions which promote 

Ibratlonal transitions; the vibrational transition probabilities are very small at 

.snal collision velocities In gases and many collisions are required before a full 
oltzmann distribution Is reached In this case. Perhaps the reason the assumption 
orks as well as It does Is because the dissociation process normally proceeds only at 
emperatures rather higher than the characteristic vibrational temperatures Involved, 
'his means, first of all, that multiple quantian jumps are produced and the process 
>ecomes classical like, in which the entire continuum spectrum of energy can be 
ixclted in a single collision event. More Important yet, high lying vibrational 
tates are available In the Initial state before the collision event, and the dlsso- 
•iatlon reactions occur primarily from the upper states within kT of the dlssocla- 
-lon limit, as postulated by Rice (ref. 6). These states lie close together, with 
.trong anharmonic coupling, and the classical type Impulse approximation becomes a 
‘easonable model in this case. Finally, the corrections for nonBoltzmann excitation 
>£ vibrational modes by the collision would be applicable only in about 1/3 of the. 
■•olllslon events anyway, which is well within the order of the approximation being 
lottsidered with the available energy theory here. 


Exercise 3.1: Ehow that if a portion of a molecuIe'a...energy c depends on n squared coordinates q (which may be 

cither momenta or position coordinates) 


‘ • E ’<■< 

the transformation from coordinate variables to the energy variable, transforms the integration volume element 

n 






Further show that the normalization to unity of a Boltzmann distribution of energy in these n anodes leads to 

(n-2)/2 


£(e) . 

r(f)(kT)"/^ 


In Eq. (3.10) the energy c has an upper bound the order of the dissociation 
energy D, Whereas the normalization constant T[(n - l)/2] (kT) is for an 
mbounded Boltzmann distribution. However, for the temperatures of usual Interest the . 
ratio D/kT Is considerably greater than unity. In which case the correction required 
Ls small. It will be neglected here for simplicity. 

Integrating Eq. (3.10) over all combinations of Internal. energy greater than D, 
<7lth c* unbounded and with e < D, one obtains 
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(D/kT)^^~^l^^-exp(~D/kT) I 

r[(n+J0/2]_„„ I 

This is the same result obtained bx. Fowler -and Guggenheim, (ref. 8), except that higher 
order terms . in kT/D are missing, terms, which appeat.when .£he. energy in each mode is 
considered unbounded and Independent. 

In the dissociation of diatomic molecules, for example, four Internal energy 
degrees of freedom disappear when the molecule breaks apart: two rotational and two 

vibrational degrees of freedom. (Recall .that a single vibrational mode has two 
degrees of freedom. One associated With the kinetic energy of vibrational motion and 
the other with the potential energy term. On the other hand, each rotational mode 
has a single degree of freedom associated, with kinetic energy of rotational motion; a 
potential is not involved in these modes.) . Thus n = 4 in this case, .and the proba-.. 
bility factor to be, used in Eq. (3.4) for the. rate coefficient is 


f e^”'*^^"~6xp(-e/kT) 

r exp(-e*/kT)d.6* 

de 

•0 





r[(n- l)/ 2 ](kT)^*'’^^^/^ 


Two corrections to the preceding model. for diatomic molecule dissociation can be 
included rather simply. The rotation of the diatomic molecule 'conttJ.butes a term 
£^/2pr^ to the effective interatomic potential (jref. 3) , where 1 is the angular, 
momentxim; thus, instead of integrating throughout a domain -bounded by a simple sur-. 
face of constant energy D, one should integrate throughout an ellipsoid-like domain 
in energy space depending upon the rotational state. In addition, the upper limit- of 
the outer integral in Eq. (3.11) should be reduced by the initial energy in the 
excited mode, and the result averaged over this distribution of initial energy. For 
purposes of approximation one can simply add an. average rotational barrier equal to 
kT (kT/2 for each of the two rotational modes involved), and take the initial energy 
in the excited momentum mode as the average value kT/2. Then the probability. factor 
for diatomic molecule dissociation becomes 


-D+kT/2 

/•* 


I exp(-eZkT) 

J exp(-t*/kT).de* 

de 

^0 

/D+kT-e 


r(3/2)(kT)®/^ ? 


(3.13) 


" (M) "" ^ exp(-D/kT- l) I 

The factor 1/2 introduced into the pre-exponential term by these corrections is 
rather negligible, but the factor -1 in the exponent is significant; it represents 
the correction for the rotational barrier, that Is the increase In dissociation 
energy, that occurs when the molecule is rotating. 


Other corrections could be considered. For example enharmonic effects ace -impor- 
tant at high temperature and the energy is no longer well approximated by a sim ple 
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quadratic sum. At. Idw temperatures quantum effects become noticeablet and the Inte- 
grations should ^11 become summations. . However • the approximate nature of the avail- 
able energy model is Inconsistent with a detailed analysis of higher order effects. . 
We expect the model tO provide Only some numerical estimates of rate coefficients; 
precise effects of anharmonicities and quantization should be assessed with more 
rigorous theoretical models. 

Consider next a linear, trlatOmic molecule with a total of 10 degrees of Internal 
freedom (2 rotational degrees of freedom, 4 degrees of freedom associated with the 
two vibrational stretch modes,., and 4 more associated with the two vibrational bending 
modes). The diatomic fraction formed in dissociation preserves 4 degrees of internal 
energy, so the number of active degrees of freedom which disappear and contribute to 
the dissociation -process is taken to be 6. Once again the two rotational modes will _ 
be considered to increase the effective potential along any of the stretching or 
bending coordinates by kT and D + kT/2 will be taken as the bound on the five . 
active modes unexcited by J;he collision. . Then. the.. probability factor becomes 


-D+kT/.2 

J exp(-e/kT) 



J exp(-e*/kT)dc* 

de 


/D+kT-e 



rC5/2)(kT)’/^ (3.14) 

exp(-D/kI-l) . _ 


A nonlinear trlatomlc molecule has 9 degrees of Internal freedom (one more rota- 
tional mode than the linear triatomic molecule, but one less vibrational bending mode 
with its 2 degrees of freedom) . Thus n » 5 for this case.. The three rotational 
modes are considered to increase the effective potential barrier along any stretching 
coo.rdinate by 3kT/2, and the four, active modes which remain unexcited are . accordingly 
bounded by D + kT. In this case the probability factor used in Eq. (3.4) becomes 


-D+kT 

-CO 


j e exp(-e/kT) 

J exp(-e*/kT)de* 

de. 

•0 

. D-f3kT/2-e 



r(2)(kT)® 


(3.15) 


L(±. 

2 \kT 


l) exp(-D/kT - 3/2) 


In the case of triatomic molecules, the collisions might be expected to excite at 
least two modes of_ internal energy. For example, an end on collision with the linear 
triatomic -molecule would. .excite, a component of momentum feeding both the symmetrical 
and asymmetrical stretch vibrational modes. Similarly, a collision normal to the 
molecular axis would simultaneously excite one of the bending vibrational modes and 
one of the rotational modes. Two modes can be assumed to be excited merely by shift-- 
ing One mode from the integration over e (the energy in the unexcited modes) into the 
integration over- e* (the energy in the excited modes). When this is done, the 
results obtained are the same except for some small higher-order terms. These are 
negligible at temperatures of usual interest (kT «.D) as found in the following 
exercise. Thus,, the above model is considered adequate for purpos.es of estimating 
numerical values for dissociation rate constants. 
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Kxcrcl»e 3,2: Aanumc Lhnt colllflionn cxclcc exactly two degrees of freedom t In both linear triatomic molecules and 

nonlinear trlatomlc molecules. In unbounded Boltzmann energy distributions, Calculoto the probability that collision leads 
to dissociation . Show that the results arc the same as when the collision was assumed to excite juat t degree of freedom 
in the molecule, except: for correct Ion terms the order of (D/kT)“*/^ smaller than the loading term, 


3.4 COMPARISONS OF AVAILABLE ENERGY THEORY OF DISSOCIATION RATES WITH EXPERIMENT 


Experimental values of dissociation rates are available for a number of diatomic 
molecules ^nd a few triatomic molecules. Up to 1965 these are summarized by Hansen 
(ref ..-9); some mere recent measurements have appeared, but as far as the author is 
aware none of these have to date significantly changed the situation, either in terms 
of numerical values or experimental scatter. The totality of all these results is 
given in figure 3.1, where the logarithm of the ratio of the theoretical dissociation, 
rate coefficient (given by the available energy theory) to the measured rate coeffi- 
cients ia shown as a function of the dimensionless temperature kT/D.. The effective . 
cross sections have been taken three times smaller than the viscosity cross sections 
when inert atoms are the collision partners, equal to the viscosity cross sectloms 
when stable molecules are the collision partners, and three times larger than the 
viscosity cross sections when the collisions are with reactive atoms such as 0 or N. 
This is in accord with the observed variation of O 2 dissociation with different 
collision. partners, for example. With this assumption, a large majority of the data 
scatters within a factor of 3 about the predicted values. The single points repre- 
sent mean values for sets of data measured under identical conditions by a single 
experimental team; often the scatter in such data sets is the same Orderas the range 
of discrepancy between theory and experi- 
ment. The figure includes dissociation 3r 

rates for. both triatomic molecules such 
as O 3 , CO 2 , N 2 O, NO 2 , and H 2 O and a wide 
variety of diatomic gases such as O 2 , N 2 , 

NO, and the halogens. Collision partners 
Include inert gases such as Ar and Xe, 
the same or other diatomic molecules, and 
0 atoms. The various sources of data are 
cited in reference 9. Without going into 
all the details of each specific case, 
the main point to be emphasized is that 
the available energy theory can be useful 
in estimating numerical 'values of disso- 
ciation rates for a wide variety Of col- 
lision partners and over a wide range of 
temperature. Very likely the model would 
be equally useful for some other types Of 
reaction such as atom exchange, though 
detailed comparisons between the model 
and data have apparently not been carried 
Out for such cases. 
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Figure 3.1- Ratio of predicted to measured 
dissociation rates as a function of 
dimensionless temperature* 


Exiuclac 3,3; You have nm cxperlmontH In h xhock tube unlnp dilute mlxturoa of in Ar, ad that you can asftume the 

Baa Kinetic cdlU^^idna with 6,; arc only with an Ar atom partner, Varloua strength ahdek waved arc produced in thla mixture 
at ' temporaturea which diaaociate the Oj, and the 0,? concentration and rate of change of- concentration aro mcanurcd using 
UV abadrption at U70 A, following the method pioneered by Camac and Vaughan (ref, 10), The shock-excited gaa temperature 
and dennity are determined by meaHuring the shock velocity, using well-known rclattdna between shock prdpertlcH and the 
shock Wave »peed^Xt:iif ♦ U), -In thla way the following datA hAvi» been dbtained: 


f, *K 

cC/mol sec 

T, 

cC/rool sec 

T. "K 

cc/mol sec 

7635 

2.0x10“ - 

5495 

0.0x10’ 

4485 

2.0«16’ 

7635 - 

1.9x10“ 


4.2X10’ • 

4330 

1.2«16’ 

6945 

9.5x10“ 

5180 

3.9x10’ 

4330 . 

8.4x10’ 

6535 

7.6x10“ 

5180 

8.6x10’ 

4185- 

5.6xi6" 

6330 

5.5*10“ 

5000 

6.0x16’ 

4165* 

7.6x10" 

6330 

5.0x10“ 

5000 

3.8xi0’ 

4100.- 

4.6x10’ 

6175 

2.5xlO“* ■ 

4545 

5.8x10’ 

3705 

1.3x10’ 

5880- 

3.2x10“ 

4545 

3.0x10’ 

3576- 

6.0x10’ 

5555- 

1.4x10“ 

4715 

2.4x10’ 

3450 

4.6x0' 

5465 . 

1.2x10“ " 

4610 - 

. 2.6x10’ 

3460 

. 3.9vi0' 


a) Graphically fit this data to a simple Arrhenius formula .a - oxp(-E/kT), find thc^'iilucs of the c6ustii?.Ui, 
and E which provide a best fit. 

b) Now fit a fornmXa for the simple available-energy .theory, to -this data 

a • ao(D/kT)cxp(-D/kT), (3,.l6) 

where the characteristic diasdciation temperature, D/k, is 58,. 970. K. How docs C omp are with the values found above? 

c) Calculate the mean square deviation of the .data from the two formulas above. Is the difference significant? 


In figure 3.2 the data from exercise 3.3 above are plotted 


«,n 




in order to. find a good fit of the data to the. modified available energy formula of 
Eq. (3.13), which was derived to fit this case of Collision- induced dissociation of a 
diatomic molecule. 


[(D/kT) + (1/2)1^/=^ -(D/kT+i) 

° (D/kT)^^ 

0, . 1.59X10“ 109,970/1) 9- ^-(D/kT«) 

(58,970/T) ' 


(3.17) 

(3.17a) 


The factor. 1/2 in the pre-exponential term of Eqs. (3.17) and (3.17a) is rather 
unimportant; however, .the factor 1 in the exponent does make a noticeable difference 

in the value of . Uq. Nevertheless, either equations 3.16 or 3,17 .will ...fit- .the... dat. a 

about equally well. 


Exercise 3,4: Calculate the root mean square deviation of the data from the formula of Eq. (3.1-7A) and also from the 
fit to the formula of Eq. (3,16), Is there a significant difference? Vfliat would need to be accomplishEu! experimentally to 
differentiate between the various formulas?. 

The problem encountered in fitting theoretical expressions to reaction rate data is that all reactions span a finite 
range of temperature over which they can be measured. If the reaction is very slow, the shock tube experimenter will not 
detect any reaction; if the reaction is very fast, the reaction willappcar to be instantaneous In terms of the spattal-or 
temporal resolution of the instrument at ion — In the present example, the finite width of the UV absorption beain through 
which the reacting flow is streaming. A correction factor like 1/2 In the factor (D/kt + 1/2) Is not going to be noticed 
as significant until the tomperaturo T becomes the same order as the characteristic reaction temperature U/k; at these . 
tempcrattires the reaction becomes Instantaneous for most practical purposes. 
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Figure 3.2- Dissociation rates ofOa produced by collisions with Ar. 


3.5 CONCLUDING REMARKS 


The somewhat surprising thing about dissociation rate theories is that verv dif 
f«ent models yield approxlmetely the same sort of, cotrelatlorSS sxpenLnt uoon 
udlolous adjustmeat of some of the seml-eaplrlcal feotors ttat appeS Ih«^mode? 

rulea'’(rS* 7)'*T»uteirS'’“?“lT!; eppUcahillty of opUoal selection 

(rlT of, purely clas^cal behavior (ref. 2), of adiabatic type collisions 

type collisions, etc. Sometimes the morO rigor^s the model 
attempts to be, the worse the correlation becomes (ref. 5),. Thus, agreement with 

® Sufficient test to diff erentiate . between the merits^of on 

sa?i8fied°branrmodel certainly a necessary condition that must be 

satisfied by^any model deserving serious consideration. All of this again noints to 

the elmental stage of development of reaction rate theory, and the cSrent^nJef fJr 
reantimf ’'the provided by modern computer methods. In the 

*ulirsaclsfyln.%ra“lS0rc1f 

The available^energy, theory cannot be expected to fill the need for a aclentif^, 

simplified and tied to puJeirriassLal LnSpts 

t?on aTi?* t for process^ suJh as impact iSa- 

excitation where quantum transitions at a potential Lossing are 

atoms whA processes such as dissociation of molecules composed of\eavi 

almplcavauahle energy theory Lema to ^l^’ 
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CHAPTER IV EFFECTS OF EXCITED STATES ON REACTION RATES - 

4.1 SUKMRV PAG^ 

Reaction cross sections are observed to have the same type of functional dep^n-. 
dence dn excess collision energy. for the excited states as they do for the ground 
states Of molecular gas. species. Approximate expressions for the total rate coeffi- 
cient .including the effects of excited species are derived, and the effects on the 
cates and on the apparent activation energy of reac tion are ass essed. 


4.2 INTRODUCTION 


Usually, chemical reactions are expressed by equations such as 

A + B C + D (4,1) 

jith corresponding forward and reverse rate expressions in terms, of a reaction rate 
:oefflcient and a,, and total species concentrations [A], [B], [C], and [D] 

Rf = a^[A][B] , R^ = a^[C][D] (4.2) 

Such an equation tacitly implies that the reaction takes place between ground state 
species. This can be misleading, for most reactions proceed predominantly from - 
collisions involving excited states such as 

A + B* ->• C + D (4.3) 

The cross sections for such collisions are. generally so much larger than for colli- 
sions involving ground state species, that this more than compensates for the effect 
of the lower species concentrations of excited states that exist in. the usual 
Boltzmann distribution among states. In discussing this problem we will focus atten- 
tion on impact ionization reactions such as 

A + B*-+-A + B‘^ + e (4.3a) 

where A may be an atom or molecule or another electron, and B may be either an 
atom or molecule. This will allow us to make use of some direct cross-section mea- 
surements which are available for this type of reaction, but which are not as 
generally available for other reactions such as rotational and vibrational excita- 
tion, atom exchange. And dissociation. 

A nijmber of Cross sections for. heavy particle-impact ionization have, been mea- 
sured within an electron volt or so of threshold; these are summarized in figure 2.5. 
Similarly, the electron impact ionization cross sections are summarized in figure 2.6. 
Although some structure appears on some of the curves and not on others, and quanti- 
tative differences the order of 10 to 100 appear., all the measured ionization cross 
sections have a similar form when, shown as functions of. impact energy above threshold,. 
E - E*-. Near threshold the logarithm of the cross section increases linearly with 
log(E - E*) with a nearly constant slope, m,. which is typically between 2 and 3 for 
heavy particle-impact ionization and between 1 and 2 for electron-impact ionization. 
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PkEGEDlNG EACE BLANK NOX FILMEff 


The cross-section functions then level off at about 10“*® to 10“^® cm^ at Impact 
energies about 100 eV above threshold. The above measurements are all for ground 
state molecular species , and the crbss-sectlon function for excited state species will 
also be needed_ln order to assess the effect of excited states on a reaction of this 



Figure 4.1- Effect of electronic excita- 
tion on cross section. 


type... Utterback and Van Zyl (ref. 1) found 
that the form of the cross section for ioni- 
zation of Na by impact with Ar(^S) was 
.essentially the same whether the Na was in 
the ground state Na(X^E) or. the excited 
state N 2 <A®E) as shown in figure 4.1. This 
equivalence of ground state and excited 
state Cross-section functions. is not neces- 
sarily universal;, one expects transition 
probabilities to. . depend on the degeneracies . 
of. the potential surfaces, and the gradients . 
of the surfaces at the transition point.. 
Moreover, colliding molecules usually enter . 
a network of transition points involving a 
number of excited state potentials, as in 
figure 2.8. Thus, the total transition 
probability can be a rather complex func- 
tion, which undoubtedly accounts for some 
of the structure and variation in cross^ 
section magnitudes shown in figures 2.5 
and 2.6. Nevertheless, On the average we 
expect all cross sections to have a similar 
functional dependence on the excess colli- 
sion energy,. E - E*, and for_purposes of 
approximating the effects of excited .states 
in reaction processes We Will assume that 
all cross sections for the same species have 
the same slope, m, near threshold, regard- 
less of the state of excitation, but will 
allow the constant S to increase as. the . 
size of the outer electron wave function 
Increases in excited states. 


In accord with the above considerations, we assume that all cross sections for 
the same atom or molecule have a universal form of the following type: 


- a -f)(^ ;*)"■'• 

■ - f ) 


E* < E < 2E* 
2E* < E 


(4.4) 


The factor (I - E*/E) is just that required by conservation of angular momentum and 
the factor (E/E* - 1)®“^ represents a probability that transition occurs between the 
reactant and product potential surface once the collision system reaches the reaction 
corfiguration, as discussed in chapter II. The slope, m, is taken to be the same 
constant for all states, and Sq will be chosen as a different constant fOr. each 
state, increasing with the size of the outer electron wave function. Although the 
function -given by Eq. (4.4) does hot decrease at very large impact energy E as it 
should ,...thl8..dl8cr.epancy will usually occur so far beyOnd the peak Of the Boltzmann 
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cuoi^\y aiwtvibvU.i.oa that tha error la uoRURlhle aa t‘ar aa the rate eoeffleieiU in 
coaeerned. 


Inte^^ratlng the erv’>aa aeea;l.oiV,.of Eq. (4. A) la Hq,. 



(2.22) oao dhtalaa 


(A. 5) 


whore- UmOUi*!) ia glvea by. the aolld Uaea of figure A. 2. Ihuivided the. alope of. the. 
?,a of the crosa aectioa aa a-fuae.tioa of ?a(V. ~ E'^) ia hot ftVoator thaa 3i a govid . 
approxtmatioa for U,„(0E*) ia obtAiaed by Joiaiag th<> aaN-wptotlx limita 


- I 


PE* << 


1 


theae Umita are. the dashed curves la figure A. 2. 


(A ,6) 
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Eigure A *2- Effect of croaft-sectloa shape on the Arrhenius form of the rate coef fie lent. . 
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reverse rate eoeffieieat Uj. for endothermic’ react. 1 iMi.a , hv detailed balaaelag 
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where g ^nd g* are the products of the 
species, respectively. ,Thus 


degeneracies of reaCtant_and resultant 
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the constant factor (Sog/g*) may be interpret ed as a total Cross, section for the 
reverse reaction, with probability of de-ex6 itat ion equal to Hjjj(8E*). 

4.3 EFFECT OF EXCITED STATES ON RATES 

The total rate for. reaction between two molecular species with a multiplicity of 
excited states is given by 


R “ ann* = 




(4.9) 


where n is the total concentration (that is., £ nj^) , 5.s the concentration Of 

excited species in level i, and the primes designate the second species involved. 

The coefficients are given by equations such as (4.5). Although the concentra- 

tions of excited species fall off as a Boltzmann distribution, the cross sections and 
the rate coefficients increase rapidly as the state of excitation increases,, due to 
the decrease in the activation energy E* for the upper states. This more. than 
compensates for the decrease in population density, so that the rate coefficient is 
dominated by the contribution frOm upper states. 

Equation (4.9) can be rearranged to yield an explicit expression for the total 
rate coefficient cx, normalized to the rate' coefficient, for the ground state species 




(4.io: 


The index zero designates the ground state, Q is the partition function, gQ is the 
ground-state degeneracy, and n has been replaced by n^Q/gQ. For the assumed form 
of the cross sections and Boltzmann populations of excited states, Eq. (4.10) becomes 


“oo “^'®ooA®o®oA®m^^®ooV 


(4.ii; 


The constants represent the appropriate asymptotic cross-section limits , and 

Eij is the appropriate activation .energy, in this case I - E^ - E^,. where 1 is. 

tho orminH— .Qt-flf-o -f ^ a ^ 4 An t?. .4-1 * . .. s 


the ground— state Ionization energy and and Ej are the electronic excitation 
energy of states i and j for the two species, respectively^ 

A reaction is observed only when the products are out of equilibrium with the 
reactants. Then the populations are not strictly Boltzmann. as assumed in Eq. (4.11) 
but are given by solutions to a Set. of master equations, such as formulated by Keck 
and Cartier (ref. 2). These solutions will be discussed later; for the time being we 


merely use the result that the rate coefficients are approximately duplicated if the- 
BOltzmann distributions are simply truncated, about kT below the ionization limit. 


The. principal result to note from Eq. (4.11) is that the exponential factors in. 
the population densities and in the rate coefficients have cancelled. Thus,, terms . 
become increasingly larger as the internal. energy of the reactants Increases. The. 
factor gog^/QQ* is near unity, except at very high temperature, and can be disre- _ 
garded. The ratio 8^4 /Sqq is expected to be about the ratio of total . scattering 
cross Sections, other factors being assumed equal. The mean size of atoms or mole- 
cules, that is the-outer. electron wave functions, varies about inversely as the 
ionization energy; thus 



f- 

Vc * ■‘o! 


(I - E^) 


-1 


(I)"^ + 



(4.12) 


where I and I* are the ground-state ionization energies. Values of '2 to 5 are 

typical before Cutoff is reached at kT' below the ionization limit. The ratio 

SiSj/SoSo typically about 10, because excited states usually have somewhat 
larger degeneracies than ground states due to the fact, that in most cares electron 
spins are not as completely paired in excited states. However, the factor which can 
exceed unity by the greatest margin is 


W.13) 

This ratio can be 10^ or more. From 
Eq. (4.8) it follows that when E*j <0, 
the terms decrease as exp(BE*j); thus the 
effects of exothermic collisions are essen- 
tially negligible. 

The predicted cumulative effect of all 
these factors is illustrated in figure (4.3) 
for heavy particle-impact ionization 
involving a number of different collision 
partners. The Boltzmann distributions have 
been truncated 2kT below the ionization 
limit for atoms, and the molecular states 
are truncated kT below the dissociation 
limit in these calculations, the latter 
accounting for depopulation of high molecu- 
lar levels by escape to dissociated frac- 
tions. Although the calculations are not 
expected to give exact quantitative results, 
in view of the various approximations used, 
the conclusion that, a can be many orders 
of magnitude larger than is certainly 

valid. The result Indicates that colli- 
sions involving excited species will dom- 
inate ionization reactions of this type, 
provided that the gas is dense enough so 


TEMPERATURE, K 



(kT)-'’, eV-'* 


Figure 4.3- Effect of ex .'.ited states on 
reaction, rate. coefficients for.heavy 
particle impact ionization. 
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that populations of the excited species .are established primarily by collisions, 
rather than radiative decay. 


4.4 EFFECT OF EXCITED -STATES ON APPARENT ACTIVATlON-ENERGY 


The derivative (-d in a/d$) has traditionally been equated With the true. activa- 
tion energy by reaction chemists (i.e., the negative slope of an Arrhenius plot,, 
in o vs S). However, the apparent activation energy of the reaction is 

• — d|— r; - 51 — ) 

The first term is the true activation energy E* plus corrections for -the shape of 
the cross-section function, if any,.. as discussed in chapter II. The second term is 
the decrease in apparent activation energy due to the increasing depopulation of' 
upper levels at higher temperature.. This is just the slope of the curves on fig- 
ure 4.3. At_10** K these slopes are typically about 1 to 4 eV for the various reac- 

tions shown, which are rather large corrections. At lower temperatures the slopes 
vanish and the correction to the activation energy for the effect of. excited states-, 
then becomes negligible, as does the correction for the shape of the cross-section 
function. Only at these low temperatures is it justified to equate the activation 
energy with the slope of an Arrhenius plot. In the literature it is common to iden- 
tify this slope with the internal energy of some particular . excited species which is 
presumed to be formed in the rate-controlling. step of the total process. However, at 
high temperatures we see that this slope need not correspond with any, particular 
energy level. A case in point is the excitation-ionization of argon. 


4.5 HEAVY PARTICLE IMPACT IONIZATION OF ARGON 


Heavy particle-impact ionization is not a reaction of importance in any practical 
problem; even the ionization of argon itself is rapidly dominated by electron-impact 
ionization as. soon as a small fraction of electrons are formed, so at most, the heavy 
p.article Impact, ionization of argon is significant . only as a precursor event. which . 
triggers the principal ionization reactions as argOn is. suddenly heated in a shock 
tube, for example. Nevertheless, the reaction has. been Widely atudied in shock tubes 
(refs. 3-5) because it is one of the few reactions which can be produced in gas. phase . 
in the shock tube without the ambiguity of competing ^reactions (at least during the 
initial stage while electron concentrations are low) , since there are no other inter- . 
nal degrees- of freedom for the argon atom. . The ionization potential of argon 
(15.68 eV) is considerably lower than that, of He (24.46 eV) and of Ne (21.47 eV) , so 
the reaction is considerably easier to excite in argon with normal shock tube operat- 
ing conditions., than in the latter, two noble gas test specimens. Krypton (ionization . 
potential 13.93 eV) and Xenon (ionization potential 12.08. eV) are even easier to 
ionize, and some ionization rate measurements have been made with shock tubes for 
these gases as well (xef. 5.). Some recent measurements made by Schneider and Park 
(ref. 6) suggest that evea these simple reactions may be masked by ionization Of NaCl 
which is absorbed from the natural atmosphere. On the. shock tube walls and deadsOrbed 
during the test interval, so at this point it is not clear whether the heavy particle- 
impact ionization of argon has even been measured. correctly. However, the analysis of 
the experiment will nevertheless be instructive for our purposes here. Moreover, 
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heavy particle Impact icnlzatlon of argon Is the only reaction measured In the shock 
tube for which a corresponding cross section has ..been measured with molecular beam 
equipment, (ref. 7). Thus, the reaction takes on major significance from .a scientific 
viewpoint, even If not from an applications viewpoint, because It Is the Only reac- 
tion where some kind of comparison can be made between a measured, rate coefficient and 
a measured cross section. Unfortunately,, the Cross sections haVe not been measured 
Closely exiough to threshold to provide a really convincing comparison, but again, the. 
comparisons- which are possible provide some. valuable Insight Into the reaction 
process . 


ThO measurements of -the bulk rates (refs. 3-5) differ from one another by a faC'^ 
tor of about 10 as -shown In. figure 4.4, but all. experimenters find an apparent activa- 
tion energy (-d In o/d$) Of about 11.5 eV. 


The fact that 11.5 eV Is the energy of the 
first excited multlplet.of electronic 
states of. Ar (Including one metastable 
level 4s [3/2]®^ with J »-2, which does 
not have a dipole transition to the ground 
level state of argon) naturally led 

all investigators to conclude that the pro- 
duction of excited Ar was rate controlling 
in the two-step process. 


Ar + Ar —r^ ;> Ar + Ar* , 

rev 

Ar + Ar*-^ — r*" Ar + Ar"^ + e 

a 


E* = 11.5 eV 

(4. 14a) 

, E* = 4.2 eV 


(4.14b) 

If the concentration of Ar* is steady, the 
effective rate constant is 


aa 


eff 


a + a 
rev 


(4.15) 
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Eigure 4.4- Argon ionization rate, 
coefficient. 


Thus, if a' >> ttrev* first step of the reaction is rate controlling, a^ff a* a, 
and the activation energy is about 11.5 eV, neglecting the effects of the shape of 
the cross-section function. On the other hand, if a'« a^ev* then the effective 
rate coefficient Is a^ff a«aa'/arev» and the activation energy is about the sum 6f the 
two activation energies, or the full ionization potential, 15.7 eV. At temperatures 
where the two rate coefficients are about equal, intermediate values of the apparent 
activation energy are expected. 

Incidentally,, the three equations shown for a in figure 4.4 all fit Kelley' t 
data (ref. 4) equally well, and illustrate how the bulk rate data taken over a narrow 
range of temperature are not useful for determining the shape of the cross-section 
function. The three equations with pre-exponential factors 6^'^, and 6“*/^ 

correspond to cross section functions with slopes m ■ 0, 1, and 2, respectively^ 
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The data, would need to be extended over a range of temperature difference of about a 
factor of 10» rather^than a factor of 2 , to differentiate between these functions. 


As. we see,, the first step In the assumed reaction, Eq. (4.14a) Is rate control- 
ling only when oirev Except at very high temperature, we do not expect this 

Inequality to hold, since the second step requires 4.2 eV activation energy. The 
Inequality would require an . abnormally ^mall cross section for the de-excltatlon 
process, Eq. ..(4. 14a) , which would then violate the principle of detailed balancing. 
For" example. If we take the slope of the cross-section functions to be ra ■ 2, for 
both the excitation and ionization processes of Eq.. (4.14) 
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From detailed balancing 



80 for the two level model the ratio o^gy/a* is given by 

a* “ g* E* ® 


/2kT\ -Et/kT_. 
, /2kT\ -Et/kT 


(4.16) l. 

(4.17) 

(4.18) 


(4.19) 


The degeneracy ratio 8*/8 q Is 12 for the case of argon if all states of the low 
lying multiplet are assumed to. participate, 5 if only the metastable state partici- 
pates and the remaining states are assumed to decay by radiative transition. The 
latter assumption would be appropriate at -low densities where the radiative decay 
rate is rapid compared with the collision frequency, the former would be appropriate 
at high densities where the collision frequency is the larger. The cross sections _ 
will again be. taken proportional to the size of the wave function overlap with the 
wave function assumed to vary in size as the Inverse of the remaining Ionization 
energy 


S2 

Si 


2 


/'o + 

V Et. 


) 


Sm 


/(1/15.7) + (1/4. 2) V 
V 2/15.7 . } 



Thus, the product of ratios 


77 < 


!i.!i < 

8o E? E. 


184 


(4.20) 


( 4 . 21 ) 


is bracketed. by the low--and high-denslty. limits, both of which are the order of 100.. 
On the other hand, the exponential factor, exp(E*/kT), in Eq. (4.19) la the order of 
4,000 at temperatures the order of. 5,000 K, and decreases to the order of 100. only at 
temperatures_th^ orderjpf 10,000 K. Thus, we do not expect that the two-step 
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colllaion process assumed In Eq. (4.14) will become important in the heavy particle 
impact iCnizatidn 6f Ar except at temperatures the order Cf 10,000 K.and higher, which 
are at the upper limits of the measurements made (see fig. 4.4). At lower tempera- 
tures and sufficiently high density, so that the radiative decay processes do not 
deplete the upper states, we expect a Collision induded, ladder climbing process td 
occur along the ladder of available electronic, states, which will establish a 
Boltzmann-like distribution in the states of energy lower than about 2kT below the 
ionization limit. This leads to the large increase in observed rate coefficient 
indicated by the dashed line on figure 4.2, with its associated effects on the appar- 
ent activation energy. The slope of the argon curve on figure 4.3 is about 4 eV at 
10,000 K, which gives an apparent activation energy of about 11.7. eV, well within the. 
experimental uncertainty of the data in this case, 11.5 i 0.5 eV. The ground-state 
cross, section Sqq ■ 4x 10"^® cm^, with the slope m -■ 2, provides a reasonably good 
fit to the experimental data in this case, where the Boltzmann limit with a cutoff 
2kT.~below the ionization limit is assumed in the calculations (ref. 8). 

Once again, an ad.justment of coefficients to provide a favorable comparison 
between theory and experiment is only a necessary conditidn, but not a sufficient 
condition to validate the theoretical model. The two step model can equally well be 
fit to experiment.. All that has been demonstrated here is that more factors need to 
be considered than in the simple two step process. In fact, the ionizing argon gas is 
yet more complicated than our models have so far allowed- The fact that radiative 
decay should be included in the model has already been alluded to. Moreover, excited 
electronic states of argon, as well as the other noble gases, .can form stable .dimers 
Ar*, due to the fact that the electron spin functions are not necessarily all paired 
and bonding electronic pairs can be formed between tvro atoms. The spectra from such 
noble gas dimers had. long been observed by spectroscopists , and these. dimers are now 
produced in electric discharge, to provide inverted populations for violet gas lasers.. 
Thus , Ar* should be considered as one of the excited species available in the reaction 
process,, and the Observed activation energy could be as low as the lowest bound state 
energy. At present we do not know what this lowest bound state energy is, but it 
would at least be less than the lowest excited state atomic energy which is 11.5 eV 
for the case of Ar. The increased strength of observed spectral lines, and the 
experience with dimer lasers, suggest that the binding energy increases with molecular 
weight of the noble gas. That is, Xe* is. more stable than Krf 'which is more stable 
than Ar*. Indeed, McLaren and Hobson (ref.. 5) observe apparent activation energies 
for the ionization of these species which are well below -the energy of the lowest 
electronically excited atomic states.. Thus, in spite of all the experimental activ- 
ity and analysis that have been done on noble gas ionization by heavy particle impact, 
the problem still contains several unresolved questions. Our analysis here serves 
primarily to indicate what some of the factors which need to be considered are, and 
what, their qualitative effects may be. . 

One assumption used repeatedly in the above calculations On the effect of excited 
states at high densities, where the population of excited states is collision domi- 
nated rather than radiation decay dominated, is that a pseudo Boltzmann distribution 
is set up in the excited states which is truncated the order of kT below some disso- 
ciation or ionization limit.. In Chapter V we Will show that this is a reasonable 
approximation to the more exact distributions which are found as soltxtions to the 
master, equations of reaction,. involving reaction paths.Jfrom a multiplicity of excited 
state levels. 
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4 . 6 CONCtUDING -REMARKS 


Because of the Boltzmann distribution of collision velocities that exists in gas 
phase, most reactions occur from excited levels that have an activation energy, with 
respect to the reaction products, that is -the order of kT 'Cr less. In an equilib- 
rium gas the excited species number densities. are all related to the ground state 
species by the Boltzmann distribution, and in this Case the reaction rate coefficients 
can.be expressed in a form that is appropriate for reaction involving grCund state 
species, having the full activation energy of these ground state species. . However, 
this formulation fails to Call attention to some important features of the reaction 
process; namely, that rates can be orders of magnitude higher than are. reasonable for 
ground state species, when the known magnitudes of the cross sections are taken into 
account, and that the apparent activation energy can- be considerably less than the 
full activation energy of the ground state species-, except at relatively low tempera- 
tures. Even in nonequilibrium gases,, the reaction probabilities are so-greatly 
enhanced for the upper excited states, that reaction paths will usually proceed from . 
these states; rigorous calculations of reaction rates and activation energies thus 
require solutions to a set of master equations for the nonequi librium distribution of 
an excited state populatio n. 
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CHAPTER V MASTER EQUATIONS FOR CHEMICALLY REACTING GASES . 


5.1 SUMMARY 
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The master equations are derived for. simple dissociating diatomic gases and for 
ionizing atomic gases, for the case where inert particle collisions dominate the pro- 
cess.. Solutions to these equations for the pseudosteady phase of the process are 
discussed, which is usually the phase of most concern to the experimenter. The trun-_ 
cation of the number of excited states involved in the ionization process by various 
perturbation interactions with .other particles in the gas is considered, and sample 
solutions for the pseudosteady, nonequilibrium distribution of excited states. in an 
ionizing atomic gas are given. The results for the ionization rates obtained are 
found to. be duplicated quite well when the nonequilibrium distribution is replaced by. 
a Boltzmann distribution truncated about 1.5 kT below the ionization limit. This . 
simple approximation eliminates the need for. obtaining the solutions to the set of 
master equations, and is as accurate as the current state of theory and experiment 
warrants . 


5.2 INTRODUCTION 


In the last chapter we found that chemical reactions have a strong tendency to 
occur from upper excited states . This means that up to, the point where full equilib- 
rium balancing is achieved, the reaction is a drain on. the population of these upper 
states, and a nonequilibrium distribution of some sort establishes itself . in these 
upper states of the gas molecules as the reaction proceeds to completion. The solu- 
tion for this nonequilibrium distribution. is obtained from a set of master, equations, 
such as those derived by Keck and Carrier (ref. 1), which describe the rates of popu-r 
lation of each molecular state due to reactions proceeding from other states of the 
same molecules, of both higher and lower energy. The reactions leading from one state 
to another can occur either by collision or by radiative transition. In order to 
simplify the analysis we shall assume gas densities that are high enough so that col- 
lision induced transitions are rapid compared with radiative transitions. However, 
the same general equations and procedures apply in either case. The assumption above 
is not a bad one in many practical situations. The fast radiative transition for . 
atoms and molecules ia the resonance transition between the ground state and the 
lowest excited state connected by optical dipole radiation, often the order of 
10® transitions/sec. In this case, the radiative transitions may be much faster than 
the collision frequencies, which are typically the order of 10®/sec, but the optical 
depth for absorption of the emitted photon is so short that except for a thin surface 
layer of the gas sample, where the radiation may escape, the resonance radiation is 
trapped and is in equilibrium with the Boltzmann population of excited states. Thus, 
the collisions involving these lowest states occur with the Boltzmann distribution 
frequency just as though collisions. alone were, responsible for maintaining the popur- 
lation distribution. ~ The remaining strong radiative transitions in the gas generally 
occur between closer lying states. The spontaneous transition rate and the .absorption 
coefficient both vary as the cube of the frequency (that is, inversely with the cube 
of the wavelength). Thus, tha optical depth for the nonresonant transitions may be 
rather large and except for large gas samples,, the photons may readily escape with the 
result that the radiation field at longer wavelengths can be-far Out of equilibrium 
with the Boltzmann population of excited states. However in this Case, the radiative 
trans.ition rates are so much 8ualler_(several orders of magnitude or more) that at 

net 

©W.— preceding page . blank not filmed 




usual densities the collision Induced transitions dominate the population dlstrlbu*^ 
tlon. Only for very rarefied gas flow Is It necessary. to Include radiative transi- 
tions In the roaster equations for chemical reaction. 
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To Illustrate the use of the roaster equations of chemical reaction, we will con- 
sider first the. case where the reacting gas Is a trace species, Ma, dissociating In a 
matrix of Inert gas A, so that essentially all collisions are with an Inert partner. 
Thls_wlll simplify the analysis considerably, yet will serve to Introduce the es sen- 
tlal Ideas of the method. 

TWO types Of reaction occur; one an excitation of the molecule from state m to 
atate n, and Its reverse; 


NaCm) + A ^ Na(n) + A (5.1) 

the other a dissociation from Che level m . 

NaCm) + A ^ N + N + A (5.2) 

The rates of these reactions may be expressed 


dN2(m) 


dt. ■ - 

(5.3) 

dN 2 (m) 


(5.4) 


The quantities P^n are transition rates per unit- time per molecule,, which are the 
product of the rate coefficient o ^n and the mauber. density of the inert colli- 

sion partner. The nvmber densities of the molecules In state m and n are N 2 <m) and 
N 2 (n) , ..respectively, and the term represents the rate of escape from level m 

to the continuum of levels c that exist for the dissociated state. The reason that 
the problem Is easier to solve for an Inert gas matrix Is because the transition rates 
P mn and P^c are .then Independent of the population numbers N 2 (m). We thus arrive at . 
linear equations In N 2 (m) to solve for the population distributions.. The reader can, 
however, appreciate how the nonlinear equations whlch-apply In the more general. case 
could be solved by computer iteration, for example. 

Define the equilibrium transition rates 

^nn “ <5.5) 

mn tnn ^ nni ^ nm . 

(5.6) 

me . me 2 ' cm - cm 

where . Nf'^(m) and N®*^(n) are the. equilibrium number densities of molecular- states m 
and n, and Is the equilibrium number density. of dissociated at6ma..— In addition, . 

define 
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Np(m) 
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sun. aver all 

equated to zero ^ master equations, whlOh for steady state are 

dx^ ^ r/ T 

IT ■ 2 - V *-®nc[(;;!f) ' =<n] ’ » ■ (5.£) 

"« :“”“°“l->^““tlonal levels svallsble to the molecules, and L e,ua- 

tlon lS^^th^ad^io£T "• -1- 

boundary conditions are fixed fo^' and\w/N®qr^ona‘'^°''^ strongest, so. if 

be approximately ^ ^ ^ can see that the solutions wll: 




for small n 


It -fjLy 
" Vs^V 


for large n 


( 5 . 9 ) 


( 5.10 


as shown on the sketch of figure -5. 1, which 
gives the form of the solution for Xn as 
a function of n. The boundary condition 

on is set by the total number of’ . 

molecules in the gas. 


^2 “ ^ NjCn) = 2 X N®'l(n) 

n ..... ^ ^ 


( 5 . 11 ) 



The equilibrium distributions are, of • V t 

course, the Boltzmann distributions } L. 

£i r~ (N/Neqj ; 

Na^(n) g^ 6xp(-E^/kT) ' L f 

" ^2 " Q (5.12) Figure 5.1- Form of the.solutions to the 

, master equations for -diatomic molecule 

Where Q is the partition function. Thus dissociation (■ exact, Squlv 

elent truncated equilibrium 

-P(-E„AT) . 0 (5.13) 

iduK"onfdorthf“ ‘*2nvolveS°“a^d?h°°"“j‘?“, ‘ ‘ thd ^ ^ 

by the fact" 1 + { I ’.ri --“-I”® =<u. including X, 

"■ntely g, . the ground atate degeneracy, and tJ;L'’cLi “‘"’'"’‘I- 
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The total obseryed (that is», 
condition Is 


net). rate of production for a given experimental 


R. 


n=x 


(5. 1.4) 


The back reaction term does not get very 
important until (N/N®*!) grows near 
unity,. so the total net. rate is pseudo- • 
steady. The growth of the distribution 
from some initial distribution to final 
steady state is sketched in figure (5.2).. 
Curves 1 and 2 represent a diffusion- 
like buildup of a pseudosteady popula- 
tion. This is an incubation period in 
which practically no dissociation occurs. 
Keck and Carrier (ref. 1) show that in 
this limit the. master equations reduce to 
a diffusion equation in one dimension, 
and the solution can be approximated by 
known solutions to this diffusion equa- 
tion. Curves 3, 4, and 5 are typical 
distributions during a pseudosteady net 
dissociation rate interval; during this 
period the back reactions are just about 
balanced by the- increasing number of for- 
ward reactions. Finally, as the reaction 
nears full equilibrium, the numbers in 
the upper levels _rapidly fill up to the 
full equilibrium value, where the forward, 
rates and reverse rates exactly balance, 
and no net reaction is observed by the experimenter. Of course, equilibrlvim can also 
be approached from the other direction in which an excess of dissociated atoms exists 
initially. The dashed curve 7 on figure 5.2 is a typical distribution for the case 
(N/N®S) > 1 . - 

For present purposes we are interested in finding a value L* which is less than 
L, where a full equilibrium distribution can be truncated to give the same forward 
rate as Eq. (5.14) 



Figure 5.2- Growth of excited state dis- 
tribution from initial condition 1 to 
final equilibrium 6 , and depletion of 
excited state distribution from initial 
condition 7 to equilibrium 6. 


[‘-fc)]S "nc-S 

n=i n=i 


(5.15) 


This effective truncation point will be found to lie between kT and 2kT below the 
dissociation limit for a wide variety of functional cross section forms, and moreover, 
the net rate is found to be insensitive- to. the total number of levels involved. -This 
occurs because the rate equations all have an Arrhenius form 


R . ^-E„/kT 


mn 


(5.16) 
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in. which the tenpereture dependence of the pre“exponentiel fector A(T) is not very 
significant compared with the exponential term. Thus* the master equations take the 
form 

S - V - .-■>'“ 1^)' - \] -0 (=. na) 

m 

tl — ® 1 9 • • •Li 

: V - - ='n] ■ 0 - <=•”'» 

“ n - 1 , . . . . L. 

One can see that the influence of -the boundary condition (N/N®*^)^ on the. upper levels 
can only extend the order, of kT away from ..the dissociation — limit. 


Since Eq. (5.8) is a set_of L linear equations in L unknowns (the L values 
of- Xjj) , the solutions may be found by standard matrix methods.. The equations are 
first put in the linear form with constant .coefficients 


where 


and 



(5.18a) 


(5.18b) 


(5.18c) 


1 


I 


Then the solutions are 




m ^ . 
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If we had not chosen an inert bath for the collision partners, the quantities . 
^mn (5.3) would -involve summations such as 

in which different excited states of the collision partner ~ N^(j) take part in the . 
process and can be excited or de-excited to other states k. The coefficients ®jjmjk 
will then depend on the state of excitation j of the collision partner, generally 
increasing with the level of excitation because the cross section increases with size 
of the wave function. They will also depend on the final state N^(k) , because, the 
activation energy becomea smaller when the collision partner can be deactivated in 
the collision to a lower state of excitation k. 

Where the dominant collision partners are the same .species that are involved in 
the reaction of interest the transition probabilities _ become dependent on the 

solutions for NjCk) 


P = Xl a , (5.21) 

mn ^ mnkj 2' ' 

artA the reader can see that the master equations then become quadratic in the unknowns 
NjXk). Such equations are solved by diagonalizing the matrices involved and finding 
the eigenvalues. This is a somewhat more laborious task than solving the linear 
equations above, but is within the range of modern computers for a reasonable number 
of levels, at least. 

Normally, the dissociation rate problem is solved using the known number of 
vibrational levels as the limit L. For typical diatomic molecules in the ground 
state such as Ha, Oa, NO, Na, and CO, L is the order of 15, 50, 50, 70., and 80., 
respectively. Halogens such as Cla and Bra have about 20 and 100 levels, respec~ 
tively. Matrices of these sizes are handled reasonably quickly by modern computers. 
Unfortunately, this simple approximation overlooks the effects of all the rotational 
states which are also members of the ladder of excited states leading to dissociation, 
as was. discussed in the available energy theory of dissociation rates. The order of 
100 nr more rotational states would typically need to be included for each vibrational 
level, increasing the matrices involved to the order of 5,000 x 5,000, or larger. 

Even if such matrices could be handled economically , .we do not have reliable expres- 
sions for the rotational transition probabilities at present.. Thus, at best, we can 
perform only an approximate calculation of dissociation rates, even though a sophis- 
ticated set of master equations is used. The number of levels involved in a typical 
Impact ionization problem is far more reasonable, so this reaction will be used to 
Illustrate the type of results which are obtained from the master equations. 


5 . 4 IONIZING ATOMIC GAS 


Consider now the chemical equations for excitation of an atom from state m to 
state n by Impact with an inert particle 

A + Z ^ A + Z (5.22) 

m n 
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and the ionization of the atom from state m in a similar collision 

Ajjj + Z a'*' + e + Z (5.23) 


Of course, the ion A“^ may als6 pCssess a aeries of excited electronic states, but we 
will consider only the ground state of the ion for simplicity. The excited states can 
be reasonably ignored where they lie, as they often do, at very much higher energy 
levels. These equations can be put into the same form of master equations used for ■ 
the dissociation process in the preceding section 



dt 


-(a N )N 
^ mn 2“^ m 


lun m 


(5,24) 


dA 

at me z m 


-P N 
me m 


(5.25) 


where % and.Nz are the number densities of the excited atomic states Ajj^ and of 
the collision partners. Z, respectively. As before, only the inert collision partner 
situation is considered here so that the transition probabilities P are constants. 
This will lead ta a linear set of equations,. for which the principal characteristics 
of this ladder . climbing type of rate process are easier to visualize. The subscript 
c again represents a continuum of kinetic energy states of the "dissociated" pair of 
particles, in this case the. ion and. the electron. These continuum states are, of 
course, actually, quantized, but the quantized states lie so closely tbgether_in most 
practical situations that it is a very good approximation to treat them as a classical 
continuum. 


As before, we define the equilibrium transition rates and use detailed balancing 
to obtain 


R 


eq 


mn 


R 


me 


P N 
mn m 


P 

me m 


P N 
nm n 


eq 


R 


nm 


P._N.N^+ = P N' 


cm e 


cm e 


cm 


(5.26) 

(5.27) 


The^electron density Ng has been assumed equal to the Icn density N^+ in 
Eq. (5.27), so this formulation is valid only for single ionization in a neutral 
plasma. The generalization Of Eq. (5.27) to multiple ionization is left as an exer- 
cise for the reader. The ratios are defined 


X 


m 




(5.28) 


and then the steady-state master equations become 

dX ^ 

■df* Z 

n»i 

At. time zero after some instantaneous nOnequillb.rium state is established in the 
plasma, the derivatives (dX^/dt) are finite and the master equations are a set of 
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dlffuslon-like equations as described by Keck and Carrier (ref. 1). Very quickly a 
pseudosteady population of Is established » however, which Is relatively Insensi- 

tive to the exact value of (Ng/N|^), and it Is the ionization from this pseudosteady, 
distribution which is normally observed by the experimenter. The solutions for this 
pseudosteady distribution have the same Characteristics shown in figures 5.1 and 5.2, 
Xjx is approximately unity, that is the distribution is approximately the equilibrium 
one, up to. about kT from the ionization limit, where the populatiCn is depleted by 
continual, essentially one-way, escape to the ionized continuxim. The rates normally 
observed by the experimenter are essentially the rates of. escape from those levels k' 
below the ionization limit. 


The rates and Srog will be expressed explicitly for cross sections having 

the following, form for the excitation and ionization processes, respectively 


mn 


/ X* \F 

s° (i . 

mn \ X / 


X > 


X* 

mn 


(5.30 


me 




5° (i . 

meV X / 


X > 


X* 

me 


(5.31 


x*j is the dimensionless 
Normally, the limiting 


for the ioni- 


where x is the dimensionless, collision energy gE, and 
threshold energy 3E*j for transition from state i to j 
values of the cross sections, for the excitation process and 

zatlon process are expected to be about equal. The slopes of log S vs log(E - E*) 
near threshold are expected to be the order of unity. In most of the examples that 
follow we assume p = 1, q = 2, and (s Sn /S^,.) =1, but some calculations will be dont 
varying thesa parameters to show that the results are not highly sensitive to their 
values. 


Where X m < x^ , the expression for Rjj,q is 


R = a 
mn mn m 




[uS° e 
mn 


-(Xn-xm) H (x -X )1 

p' - - 




.-xm- 


n 


m' 


N, 




(5.3: 


In the last expression of proportionality. given in Eq. (5.32),. the common factors, 
which are the mean collision velocity u, the atom density N^, the inert particle 
density Ng, and the atomic partition function Q, have all been factored out, as 
these common factors will not influence the solution to the set of simultaneous 
equations -involved. — 


Where x^ > x^, the rates are obtained by detailed balancing with the reverse 
process 


a N 
mn m 


eq 


a N 
nm n 


eq 


(5.3 


t 
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from which we obtain 
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mn nm 


uS°_ - Xj^) ~ 


nm 


uS° H„(x - X ) 
nm K p m n 


( 5 . 


Thus, in this case, the rate becomes 

uS° H„(x„ “ x) 


mn. 


nm. g p^m n' 
m 


Q 


« S e ® 

nm- n p m n 

In a similar way the rates R^c t>ecome 


( 5 , 


R = 

me me m z _ 


.-xm. 


[uS°, H_(x^ - x„)] N, 


-me - *q'"o -m" Q 

« sf, e“''o g H (x^ - x„) 


(5 


'me - q' o m' 

where Xg is the dimensionless, ionization energy, SI. 

The variation in the size of the cross-section limits may be approximated,, as 
before, with the variation in the size of the excited state. wave functions 

2 


mn 


S° /r + r \ 

2.1 


(5 


Since r™ « (I - e^)”^ and r^ « I 


r-l 


‘■m 


2 _ 


mn 


So 


sO .1^ 


nm 


( 5 . 

( 5 . 

C5 



m 


where Sq represents a limiting size for collisions with the ground state, and I is 
the ionization energy. Equation (5. 38c) has allowed for the possibility that this 
limlt-Could be different for the ionization process than for the excitation process. 

For’ simplification, the rates ate all divided by , e and-SQ/4, as well as the 
other common factors, to give matrix coefficients — 


nc 
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o \.o.- n - ' 

2 

i — ^ + 1 ) 8n, H (x„ - x„) , x„ < x„ 

mu Vx " 3 c / p n.. m' ’ m n 

\ O- m ' .. 


2 

/ 2 + 1 ] c g"(*o*"%i) H (x - X ) , X < 

\*o - *n ™./ ^ P m. n^ * n 


m 


Recall that to a good approximation (see chapter IV) 

JLl 


H (x) = , _ X < 


1 , X > (p!) 


(pj)^/(P"^) 
i/(p-i) 


(5.39a) 


(5.39b) 


(5.40) 


To summarize the calculation procedures: 

a) The ratio (Ng/Ng*^) is chosen for the conditions of Interest, and the L 
simultaneous equations of Eq. (5.29) are solved using the matrix elements of 
Eq. (5.39) for Rnc R pm and with the boundary condition Xi « 1. 

b) The values of all obtained. Including X^, are multiplied by the same 

factor, 1 + 6, to normalize the result to the given number density of. atoms, by 
equating the nonequilibrium partition function to the equilibrium partition function 

L L 

(1 + 6) E' X^g^ e“''» - E 8n 

n*i n*i 


c) The total rate for the nonequilibrium gas is then calculated from 

m*i L ' ® _ 

d) Finally, an equivalent truncation of the equillbritim distribution, L*, which 
gives the same rate, is found 



(5.43) 
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The one remaining factor, which has not yet been dealt With is the choice of the 
number 6f levels* L* which should be considered. The ionization problem is different 
from the dissociation problem in this respect; in the latter, a finite number of 
vibrational and rotational levels up to the dissociation limit is. found to exist 
nsturally, but in. the ionization problem, an infinite number of excited electronic 
states exist up to the ionization energy limit. 


5.5 PERTURBATION LOWERING OF THE IONIZATION POTENTIAL - 


Normally, just one electron is promoted to higher energy in excited .states , and 
these electronic states become hydrogen-like in the upper levels for all atoms and 
molecules as the excited electron orbits farther away from the singly charged nuclear 
cluster which remains at the center of ’mass. Thus, a highly excited state with 
quantum number n >>- 1 has a degeneracy of 2n^. and an energy. -Ei/n^ ‘ below the 
ionization limit, where -Ej^ is the ground state .energy of^the hydrogen atom. 
Obviously,, an infinite number of such states exist., 1 < n < », below the ionization 
limit . 


Fortunately, for purposes, of computation, the perturbations of neighboring gas. 
molecules, ions, and electrons perturb the highest electronic states such that they 
become merged with the continuum. Once the electron reaches this continuum, it 
becomes free to wander around from particle to particle as an independent species in 

the gas, with a Boltzmann distribution Of kinetic energies established by the Colli 

Sion encounters with the other particles. This effect is known as the lowering of 
the effective ionization potential .. The magnitude of the effect depends upon the 
strength of the perturbations involved. The effective ionization potential is , 
increasingly lowered as the gas becomes more dense, or as the number of strong per- 
turbers like electrons and ions increase in the gas at the expense of neutral species 
which are weaker perturbing influences. The lowered ionization potential cuts off 
the number of levels of excited electronic states that need to be considered in the. 
gas to a rather reasonable number, the order of 10 to lOO in most situations of prac- 
tical interest, numbers which can be managed with reasonable. efficiency and .speed in 
the matrix calculations that are performed by the computer. The reason that .the 
perturbations truncate the number of levels that need be considered at these values 
is that electronic states increase in energy very rapidly as the quantum number 
increases from small numbers; the bulk of the states occur at energies very Close to 
the ionization limit. 


For present purposes we need only know that the electronic levels are truncated 
at Certain energies by the perturbation effects in order to proceed With sample cal- 
culations illustrating. typical solutions to the master .equations. However, it may be 
interesting to briefly review the several types of perturbation that need to be Con- - 
sidered in numerical evaluation of the lowered ionization potential. A more complete 
review of the ionization lowering effect is given b.y Drawin and Felenbok (ref. 2), by 
Margenau and Lewis (ref. 3), and by Hansen (ref. 4). Other references to original 
work on the. subject. may be found in these reviews. 


First of all, neutral particles perturb the higher excited states whose orbits 
reach out to the . positions Occupied by the nearest neighboring particles. The average 
size of an excited orbit with large quantum number n is 


, n 
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n^a 


Z 


(5.44) 
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where Is the Bohr radlua and. Z Is the charge on the residual nucleus When the 

excited electron Is stripped away. For neutral particles Z Is unity. The maxlmtim 
quantum number can be taken approximately equal to the quantum level where equals 

the average spacing between neutral particles In the gas 

n Z^/^ 

[a^N(4Tr/3)]^''“ 





(5.45) 


where N is the gas number density and IS th density at standard, conditions 

(1 amagat).. One can see that the cutoff 'level Is very weakly dependent on density, 
varying Inversely as the one-sixth power of density.. At one amagat the. cutoff Is 
njjjgjj = 6. . This is a rather high density at the high temperatures where ionization 
rates become appreciable, the order of 10** K, and a more typical density would be 
10”® amagats, with a cutoff at %iax “ 62.- 

Although the cutoff found above illustrates some of the general concepts 
involved, the static particle perturbations are not usually the ones which limit the 
number of excited levels. At the usual temperatures and densities of interest, the 
collisions cause a broadening of energy levels, and where these levels merge together 
the electron may be considered free, able to enter the Boltzmann continuum through a 
sequence of small energy transfer collisions. Recall that heavy particles transfer 
kinetic energy very inefficiently to the light weight electrons; only when Collisions 
with other electrons become frequent is a fast relaxation to a Boltzmann population 
at the equilibrium electron temperature observed, and this temperature may remain, out 
of equilibrium with the heavy particle temperature fox relatively long intervals. The 
half width of a collision broadened level is given in energy units by an expression 
of the following form (ref. 5) 


= h9 = hNSu 
c 


(5.46) 


where 0 is the collision rate, or NSu, the product of the number density and. cross 
Section and mean collision velocity. VThen this broadening equals half the space 
between levels, the lines merge _ 


thus 


, dE 
n 

2 dn 


Z^ e" 

2a n^ 
o 


hNSu 


n' 


m 


Z,2(e2/2a^) 

wJSu 


(5.47) 


(5.48) 


For the hydrogen-like excited states the collision cross sections will be 
approximately 


■ ^ 


and a final expression for the excited stat«-level at cutoff ia 


eV2a^ 

- IT 2. 

^ N a^uh 

o o ~~ 
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(5.50) 


This expression. varies more, weakly with density than even Bq. (5.45) » inversely as 
the one-seventh power of N.. The dependence on temperature is even weaker; n^ 
varies as the one— fourteenth power o.f temperature. For typical gases and temperatures 
of interest p/kT is -the order of 1 to 10 atomic mass units per eV, and the value of 
%ax the order of 9 at -1 amagat density. In other words, at high densities the 
collision broadening effect is not as important as the static perturbation effect dis- 
cussed. previously. However, because of the weaker dependence on density, the colli- 
sion broadening becomes, more important -as density decreases until it -typically equals 
the static peri:urbation effect at- 10“® amagats, and becomes dominant at lower 
densities.- 


However, the perturbations produced. by ions and - electrons are so much stronger 
than those produced by neutral gas particles, that these charged particles dominate, 
the ionization lowering effect whenever they are present in appreciable numbers, 
which is usual in most experimental situations where ionization rates' are observed. 
The nearby positive ions may be. treated as static perturbers. with long range coulomb 
attractive .potentials -Ze^/r.. When the electron is excited to a level which equals 
the. energy of this . long-range potential well, it is swept away from its bound state _ 
into the well where it can then slide from one ion field into another, into another, 
etc. , and becomes essentially a free electron, able to enter the continuum Boltzmann 
distribution of .free electrons. The nearby ions cause a lowering of the ionization 
potential 



(5.51) 


where n^ is the number density of positive ions in the gas. In the case of single 
ionization in neutral plasmas, this equals the number density of electrons, of course. 
When this change in ionization potential is equated to the spacing between levels , 
the maximum bound state quantum number is. obtained 



where f is the fraction ionized, and equals Nf or Nq(N/N )f. Once again n_ 
varies weakly with density, inversely, as density to the one-sixth power. For a 
typical case near full ionization, and Z ■ 1, the cutoffs are % ■ 3 at 1 amagat, 
and 26 at 10“®,. which would be more important, than either of the previous two cases 
considered. At 1 % ionization the static positive ion perturbations ara typically 
about equal in importance to the neutral particle perturbations, and become less 
important at lesser degrees of ionization. 
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Still other, effects occur in plasmas that. can dominate ionization potential 
lowering) however. The ions» either positive or negative* exert, long-range coulomb 
fields, Z^e^’/r, which cause Stark broadening of. the energy levels. An expression for 
the Stark broadening of a hydrogen- like level is 


AE - 


ia 

2 


(n - 



(5.53) 


When the distance to the ion, r, is. replaced by the average distance to the closest 
ion neighbors, and AE is equated to .the spacing between levels at the quantum state 
n^, one obtains the expression 


n 


m 



(5.54) 


where Z is the charge on the nucleus of the excited particle and Z± is the charge . 
on the perturbing ion, and again, f is the fraction of particles singly ionized. At 
1% ionization and 1. amagat the cutoff occurs at Uj^ about 6, at 10“® amagat the . 
cutoff occurs at about 4L. 

Next we have a Debye shielding effect to consider. The range of a. nuclear 
coulomb field is essentially limited in plasmas of reasonable density by the shielding 
of surrounding charged particles. The effective range of a charged particle's poten- 
tial is given by the well-known Debye fomula 


D^ = 


kT 


Are^^n^ + E z[n^) 


(5.55) 


where n^ is the electron number density and nj[^ is the density of. ions with charge 
Z^. The maximum radius of a bound state is equated to the Debye length, where the 
nuclear potential is nullified, and therefore, where the electron becomes free. 
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(5.56) 


In Eq. (5.56) it has been assumed that only one ion perturber with charge Z^ exists. 
For single ionization nf neutral particles, both Z and would be unity. The 
Debye shielding effect gives the strongest density dependence, so at very low densi- 
ties the values of obtained are always much higher than the previous effects 

discussed. However, at high densities and relatively low temperatures , where the 
Debye length becomes small, the Debye shielding effect, on lowering of ionization 
potential Can become dominant. 
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Finally, on^ more effect: needs to be considered, namely, Che electron Impact 
broadening oKenergy levels. _ Because electrons are very lightweight and move with 
high velocities in plasmas, they can dominate Che broadening of energy levels.. A. 
suitably simple analytic- approximation for electron impact broadening (ref. 6), . 
equated to the spacing between levels at quantum level n is 
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(5.57) 


This results in the expression for the cutoff bound state quantum number 
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(5.58) 


This effect is generally slightly more dominant than ion broadening except at high 
temperature, kT > 1 eV, in which case .Stark broadening by the positive ions dominates. 

In a numerical calculation procedure, one would need to Investigate each of the 
above limits . separately and choose the lowest value obtained for n^ as the cutoff 
levxil for the solution of the set Of master equations for that particular plasma 
condition. Each time one considers a different plasma condition, the process is 
repeated to determine a new Cutoff appropriate to that condition. The theoretical 
models of ionization potential lowering need not be highly accurate because the 
results are so weakly dependent on density and temperature that a rather approximate 
model will do for the present purposes. Th« point to note is that all the theories 
predict Cutoffs which range from excited level quantum numbers the order of 5 

to lOO at the usual conditions where ionization rates are important.. We can, there- 


fore, illustrate solutior.s to 
problems, choosing values of 
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2 2 
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the master equations which are realistic for ionization 
within this range. In figures. 5.3, 5.4, and 5.5 

solutions are shown where- L, the total 
number of levels used, is 6, 18, and 54. 
For these values the ionization potential 
has been lowered 0.277 eV, 0.0377 eV, and 
0.0045 eV, respectively; the lowering may 
have been produced by any combination of 
the effects discussed previ.ously: static 

neutral particle perturbation, neutral 
particle collision broadening, static ion 
potential perturbation, ion-electric 
field Stark broadening, Debye plasma 
shielding, or electron impact broadening. 
In any case, the solutions to the set of 
master equations .are. the same for a given 
Cutoff level L. 


(I - i j)/kT, EXCITED STATE IONIZATION 
THRESHOLD, UNITS OF kT 


Figure 5.3-. Effect of maximum quantum 
level L on relative net rate E; 
kT * 1 eV, ion de nsity (Ng/N|^) = 0.0. 
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Figure 5.4- Effect of. approach to equllib- Figure 5.5- Effect of temperature on popu- 
rium on the-relative net rate R; lation distribution; (Ng/N|^) => 0.0,. 

kT = 0.3 eV, maximum quantum level L = 18. 

L = 18. 


5.6 CALCULATIONS OF NONEQUILIBRIUM DISTRIBUTIONS FCR IONIZING GAS 

Some sample calculations for the case where (Sq/S.) » 1, p ■ 1, and q = 2 are 
shown In figures 5.3, 5.4, and 5.5. Figure 5.3 shows the effect of lowering the 
effective ionization potential, for the case where the ionization level, Ng/Nf^^, is 
zero, and the temperature kT is. I eV. The solution for truncation at quantum level 
l8, corresponding to an effective ionization potential 0.0377 eV below the. full ioni?- 
zatidn potential, is shown as a relative rate of unity. The relative rate is 
decreased by a factor of about 3 at higher densities where the perturbations limit the 
number of bound states to quantum level 6 and lower- the effective ionization potential 
0.277 eV below the. full ionization potential; the relative rate is increased by 1.5 
at lower densities where the cutoff occurs at quantum level 54 and lowers the ioniza- .. 
tion potential by only 0.0045 eV. Thus, the total rate has changed only by a factor 
of 5, whereas the total number of bound quantum states involved 

L 

£ 2n^ - L(L + 1)(2L + l)/3 (5.59) 

n»i 

has Changed by a factor of 590.. One can see that the character. of the solutions 
requires to approach unity near the ground state and drop off rapidly at levels . 

in the region kT below the ionization limit. The effective cutoff for a truncated - 
Boltzmann distribution giving the same total rate, according to Eq. (5.43), is shown 
at about 1.5 kT below the ionization limit. 

Figure- 5.4 shows the effect of changing ion density, in other worda increasing 
the level of the reverse reaction ..rate, for conditions where the distribution is 
truncated at level 18 and kT is 0.3 eV. Increasing the ion density has the effect 
of leveling out_£he values Of Xj^ in the higher excited states. at (Ng/N|^)^, but the 
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total forward rate la net affected very much until (Ng/Nl^l) grows larger than 0.3. 
Thus^ the experimenter, can expect to observe a relatively constant rate as long as 
the Ionization has not proceeded beyond this point. Again,. the effective cutoff for 
a Boltzmann distribution Is essentially constant, 1.5 kT. 

Figure 5.5 shows the effect of changing temperature on the population distribu- 
tion. In the Case where the distribution Is truncated at level 18 and the Ionization 
Is vanishingly small. As temperature Is Increased, the ratios are decreased In. 
the upper levels. ^Of course, the equilibrium number densities are Increased In this 
case, so the actual densities In the upper levels are not affected much. Again the. 
effective truncation, point for a Boltzmann. distribution Is about 1.5 kT below the— 
Ionization llmlt.fox all cases. 
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Finally, figure 5.6 shows, the effect 
of changing some of the parameters In 
the cross section functions, for the case 
Of zero Ionization and kX " I eV. The .. 
distribution functions are not changed 
very much by changes In sJ/Sq or in _ 
the exponent q. The total rates are 
essentially the same for all these cases. 

Only when the exponent p on the excita- 
tion cross section Is changed are the 
distribution and the rate affected 
appreciably. As p Is increased to 2, 
the cross section Increases less rapidly 
near threshold than for p <■ 1 and the 
population of all the excited states Is 
depressed somewhat, with a .corresponding 
decrease In net Ionization rate. The. 
escape from the upper levels Involves 
such a small activation energy that the 
shape of the cross section near thresh- 
old doesn't make very much difference, 
and thus the results are .less sensitive to the value of q, the logarithmic slope, 
for the ionization cross section. However, if "the ionization cross section limit is 
depressed, Sq/Sq "0.3, the distribution Is dammed up in the upper levels. Con- - 
versely, if the ionization cross-section limit is enhanced, Sq/S^ ■ 3..0, the distri- 
bution is depleted in the upper 'levels . Actually, the results are not highly sens!-, 
tlve to any of these parameters , In. view of the usual uncertainties that exist In . 
both theoretical and experimental values for rate coefficients. .... 
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EXCITED STATE IONIZATION THRESHOLD, (I p/kT 


Figure 5.6- Effect of changing, cross 

section function on population distri- 
butions, X^, and relative rate R. 


Exerriso 3.1: In calculations Involving upper electronic excited states It sometimes becomes convenient to group 

together close lying states that fall within an energy band AE, Derive the expression for the sum of degeneracies within 
this band 




AE 



assuming that the levels are hydrogen-like with • 2n^ and EJ^ ■ -En/n^', where -E^ is the energy of the ground-state 
hydrogen atom and n is an average quantum number representing all the states within the band AE. Note that in grouping 
levels together in this way AE must be much less than kT» otherwise the efi'ective spacing between these collected states . 
becomes artificially large and the grouped levels then represent a barrier to the flow of systems through these states. 

The numerically calculated dlstributiona, such as shown In figure 5.3, then flatten off at a larger value of for the- 
lower quantum state, and then suffer a discontinuity In the slope at the point where the collected states are assumed, 
leading to artificially low values of for the higher quantum states. 
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Exercise ^.2; 

a) Calculate the effective quantum cutoff of excited stAtes -for hydrbgeh-llke systems due to static neutral particle ... 

perturbations for particle radius do.- 0,53^10-^ cm, Z And particle densities N -1,10 and 10 aroagat. 

b) Calculate the effective quantum cutoff of excited states due Xo neutral particle collision broadening for the sArae 

conditions as above and for temperaturea of 6,1 and l.O eV. 

c) Calculate the effective quantum cutoft of excited states due to static ion perturbations for the above densities 
and for 1% and 10% ionised fractions. ■ 

d) Calculate the effective quantiim cutoff of excited states due to Debye shielding, again for the above densities And 
for 1% and 10% ionized frActions. Vrtiat Are the charactdristic Debye lengths at these conditions? - 

e) Calculate the effective quantum cutoft of excited states due to electron impact for the Above densities, for 1% 
ionization fraction, and for electron temperatures of 0.3, l.O, And 3.0 eV. - 

f) Calculate the effective quantum cutoff of excited. states due to ion Stark broadening for the above dfinaltles And - 
for U and .10% ionized fractions, assuming singly, charged 4 >erturbing ions. 

What is the lowest quantum cutoff at each of the above densities and temperatures? What is the total sum of excited- 
states considered at each of these cutoffs? 


5.7 CONCLUDING REMARKS 


In conclusion, the ionization process starting from some nonequilibrium transient 
increase in temperature, such as produced in the shock tube, is visualized as occur- 
ring in three stages. First, a diffusion- like solution to the master equations 
describes a rapid buildup to a pseudosteady population distribution in the excited, 
states, which is Boltzmann-like in the lower levels, and is almost depleted in the 
upper levels near the dissociation limit. Observed rates may be very small in this 
initial excitation stage Interval. In the second stage, the rate of. ion. .product ion is 
relatively constant, and is determined largely by escape from the levels around _ kT 
below the dissociation limit and repopulation of these same levels by recombination. 
Finally, as the ion level builds to about 30% of the equilibrium value, the rates are 
slowed in the final exponential approach to equilibrium. 

The form of the solutions for the pseudosteady, second-stage nonequilibrltim 
population distributions in an ionizing gas can be obtained quite well from. the. master 
equac-i.ons because, in this case, the excited-state energy values, the sizes of the 
wave functions for -these excited states, the effective lowering of the ionization 
potential by perturbations which truncate the number of bound states, and the shape 
of the cross-section functions, can all be estimated within -reasonable limits. From 
a practical engineering point of view, the important result is that the net rate, of 
ionization can be estimated by truncating an equilibrium Boltzmann distribution 
1.5. kT below the ionization limit. The results are relatively insensitive to the 
exact form and size of the cross sections used, at least in terms of the uncertainties 
that presently exist in. both theory and experimental results for reactions of this 
type. The most sensitive parameter appears to be the shape of the excitation cross- 
section near threshold.— 

The nonequilibrium populations have been deduced for the case of an ionizing 
atomic gas, but the results should be qualitatively valid for an ionizing gas of small 
(diatomic) molecules as well, since the excited electronic, states at high quantvun 
levels tend toi be hydrogen-like in either case. Where electron cdllision partners, are 
the important ones in the excitation and ionization. process, the theorist must take 
care to differentiate between the electron temperature and the heavy particle 
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:emp6rature, if thes6 differ from one another as they often do in realistic plasma 
situations. The electron temperature must be used in the express 16ns foi collision 
/eloclty and cross-section function; the heavy particle temperatures are to be used 
wherever the equilibrium heavy particle number densities are involved. 


Ejtercise $.3: Tabulate the degeneracies ano the Ionization potentials for the 10 lowest lying levels of neutral argon 
given by C. E. Moore (ref. 7). Use the approximation that the cross section of each level is inversely proportional to the 
ionization pdtenti&l from that state tnd comp^are the product Of degeneracy and cross section for each level with the ground 
state value as an indication of the relative collision frequency for electron detachment. For collisions with the ground , 
state-atoms, whOt are the factors (S^o/Sq^) ( gj^/go) required in the formula of Eq. (4.11)? 
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CHAPTER VI COLLISION INDUCED VIBRATIONAL EXCITATION 

6.1 SUMMARY 


C6lllsl6n-induced vibrational transition theory la reviewed, first In the classi- 
cal Approximation, and then in the semlclassical approximation where the collision - 
trajectory -is assumad to be classical nnd establishes a time-dependent perturbation 
which transforms the quantum wave functions to new steady state eigenfunctions. 
Analytic approximations can ba carried through with this model all the way to a 
threa-dimensional transition probability, collision cross section, and reaction rate. . 
These approximations thus, afford valuable insight to the total problem and serve as a. 
guide for more rigorous numerical calculations performed with digital computer. 
Although this renders the vibrational transition reaction. the only completely develT’ 
oped rate problem, so that it serves. as a .good model for the problara of rate pro- • 
cesses in general, vibrational transitions are not yet complately solved. In particu?- 
lar, coupled rotational transitions are found to occur with the three-dimensional - 
collision perturbations,, and the number of closely coupled equations, required for a 
complete soluti on is too large even for modern computers to handle... 


6.2 INTRODUCTION 


The rates -of vibrational transition- produced by molecular collisions, are. import - 
tant in a '.lumber of practical problems. For. example ,. vibrational excitation influ- 
ences the-structure of .shock waves. and produces variations in the equation of state 
which are important in gas dynamic flow. Vibrational excitation causes . absorption 
and dispersion of sound. Recently, nonequilibrium vibrational excitation processes 
have become important means of effecting population inversions in. upper vibrational 
states for the purpose of producing high power, gasdynamic lasers. The. principal 
reason we are interested in the problem here is because it is the only reaction which 
has, to date, been analyzed, by analytic approximation through the entire sequence 
giving transition probability, three-dimensional Collision cross section, and rate 
coefficient as outlined in chapter II. Thus, it serves as a good illustration of the 
kind of analysis we. wish it were po.ssible to perform for reaction rates in general. 
However, as we shall see, some, of the approximations involved leave more .work to be 
done, even. for the vibrational excitation process, before we can say that, this problem 
has been adequately treated. 

So many, studies of vibrational excitation have been published that it is practi- . 
cal to recall only a few of the principal landmark papers here. A clas ..xc' paper by 
Landau and Teller (ref. 1) in 1936 analyzes, the one-dimensional...collision excitation . 
of. harmonic oscillators in connec*"ion with dispersion of sound. Landau and Teller 
deduce the result that the vibrational relaxation rate varies as exp - (0/T)^/-®, where 
9 is. a characteristic, temperature; this result is derived using purely classical 
arguments about the form of the impulse. produced in collision. Almost every set of 
vibrational. relaxation data over obtained has been compared with this result, gener- 
ally with reasonably good agreement (refs. 2-5). The Laundau-Teller model was 
refined by Bethe and Teller (ref. 6) in 1945, but little else was accomplished until 
1952. when Schwartz, Slawsky, and Herzfeld (ref. 7) published a quantum treatment of 
energy exchange in one-diir.ensional collisions with harmonic oscillators. This work 
was . based on methods derived by ZenCr (ref. 8) and by Jackson and Mott (ref. 9), and 
has been widely accepted as the most rigorous analysis of the problem which seems 

page is 

QI'AUTY 


original 

OF POOR 


83 


practical. Schwartz and Herzfeld (ref. 10.) followed with a three-dimensional treat- 
method of partial waves (ref. 11). They were unable to deduce the. 
dross sections, but did conclude that thermally averaged transition probabilities In 
three-dlmenslOns have the same form given by the one-dlmenslonal models. Essentially, 
the same results for both one- and threeirdlmenslonal collisions were published Inde- 
pendently by Takayanagl (ref_12). 


Most of the work subsequent . to the above has. employed the semlclasslcal approach. 
In. this method the classical trajectory for motion, between the . collision partners Is 
used -to . obtain a tlme.-dependent perturbation potential; then transitions produced by 
this perturbation are calculated by quantum principles. The deBroglle wavelengths cf 
heavy gas particles are normally much smaller than the scale distance for potential 
changes Involved,, so the classical trajectory. Is a good approximation, as accurate as 
needed for many practical purposes. In fact,. Rapp (ref. 13) shows that a complete 
classical treatment of one-dlmenslonal collision excitation of harmonic oscillators 
from the ground state to the first excited level leads to the same result as the. 
quantum treatment by Herzfeld (ref. 14). The semlclasslcal method was used by Rapp_ 
and Sharp (refs.. 15, 16) to Investigate vibration excitation produced in very high 
energy collisions, and -by Rapp and Golden. (ref. 17) to analyze resonant vibration 

Kerner (ref. 18) developed relations between quantum .and clas.slcal transi- 
tion probabilities of hanrionic oscillators subject to large perturbations where multi- 
ple quantum jumps occur, and Treanor (ref. 19) showed that Kerner 's results are. 
consistent with the numerical results obtained by Sharp and Rapp (ref. 16). An 
excellent survey of the results to 1968 is given by Rapp and Kassal (ref. 20). 


6.3 CLASSICAL HARMONIC OSCILLATOR EXCITATION 


A harmonic Oscillator subject to some arbitrary impulse function of time, f(t), 
such as caused by collision, obeys the inhomogeneous differential equation 

y + .U,iy = (g 

where y is the displacement of the oscillator from the equilibrium position, co is 
the oscillator's resonant frequency in the absence of the perturbing impulse, and y 
is the reduced mass. There are two linearly independent solutions to the homogeneous 
part, and the general solution when f(t) = 0 is a linear combination of these 

y(t) » Ayi(t) + By 2 (t) (6.2) 

where the constants A B are chosen such that the value of y(a) and Its t.lme 
derivative y(a) are specified at some reference time t “ a. If y, and v, are 
chosen such that 


yj(a) » 1 yi(a) -0 

(6.3). 

72 (a) “0 y2(a) “ 1 

then 

y(t) - y(a)y^(t) + y(a)yj(t) (6.4) 
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The normalized equalities specified In Eq. (6.3) can, of course, be fitted to other 
numerical values by merely.stretchlng the y and t coordinates appropriately. , 

Now let f(t) be finite in the Interval | - 6 < t.< 5 + 6. Integrate Eq. (6.1) 
with respect to time to obtain 


eC+6 -C+6 

y(5 + 6) - y(5 - 6) + 01 ^ J y(t)dt ■ J dt (6.5) 


Let f(t). Increase as 6 0 in such a way that the Integral on the right remains 

unity 



y 


( 6 . 6 ) 


If y(t) Is finite and continuous at t.® C,. then. 

y(C + 6) -,y(C - 6) -► 1 (6.7) 

This means that y Is discontinuous at. t = C and that the Increment Is unity. 


Now a general solution to the Inhomogeneous equation, Eq. (6.1), Is the general 
solution to. the homogeneous part yg(t), which satisfies the boundary conditions, plus 
the Green's function G(t,5) 


y(t) “ yo(t) . t < 5 

“ yo^^) + G(t,5) , 5 < t 


( 6 . 8 ) 


where Green's function Is that solution to the homogeneous equation which vanishes at 
t = g and whose derivative there Is unity 


G(g,g) ■= 0 
G(g,g) = 1 


(6.9) 


To construct a solution of Eq. (6,1) for any arbitrary function f(t), superpose 
all the Impulse solutions 


y(t) 


yo<"> + 



G(t,5) 



( 6 . 10 ) 


Exercise Verify that Eq. (6.10) is a ablution to the inhomogeneous equation, Eq. (6.1). 
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By inspection, one can aee_that Green’s function is 
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GCt.O ■ Re 


^ia)(t-g) sin liJ(t-S) 


iod 


( 6 . 11 ) 


Thus,. the general solution of the impulse excited harmonic oscillator is 

t 


y(t) - y^Ct) + 


= 


sin ui(t - .C) dg. 


a 




f 


sin (i)t r f (S) 


cos 0 )^ dC 


cos ut I l<il 


0) 


a 




sin u)^ dC 


a 


y^(t) + Re 


r 


f(g) e 
y 


iu)(t-5) 


lo) 


dC 


( 6 . 12 ) 


Generally, we are interested in the state of excitation after the collision event has 
been completed. 


y(”) = yo(~) + Re e 




itjjt f f (g)e 


-icd? 


iojy 


dC 


(6.13) 


Consider now a diatomic molecule subject to the Uneariss^^^ perturbation potential 

U(t,y) =■ Ug + (1^) y + . . . (6.14) 


where Ug and (3U/9y)g are the potential and its gradient at the equilibrium value, 
y “ 0, both functions of time. The force on the oscillator is just 




(6.15) 


Starting from rest at time t ■ the amplitude y at time t is 

.t 


I 


OU/3y)^ 


yo) 


sin ai(t - C)d5 


(6.16) 


and the maximum amplitude Y, excited by the collision at time t, may be expressed 



The net amount of vibrational energy excited is, in units of hto, just the square of 
the Fourier transform, of f(t) or (9U/3y)g divided by ,2yhw. 


M . « 1 j /iU\ iwt 

hoj 2hu " 2vhto J \9y/_ ® 

—00 

As we shall see later, this quantity is exactly the same as the transition probabil- 
ity Pqi, for transition from the ground state to the first excited state given by 
small perturbation quantum theory. However, the strictly classical model is not so 
simply related to transition probability when transitions from excited quantum states 
are involved. 

Interaction potentials are typically taken to be exponential in character during 
collision 

U(y,t) = Up exp (y ~ (6.19 

where r is the distance between centers of mass of the .collision partners, a func- • 
tion of t, Uq establishes the magnitude of. the interaction-potential, and L is a 
potential scale parameter. In this case 


2 

(6.18 


3y 


u(y.t) 

L 


/^\ ^ 

V9yA “ L 


-r/L 


(6.20 


If the collisions are not too energetic, that is, if gas temperatures are not too. 
high, the vibrational amplitudes y induced by collision are small compared with the 
potential scale parameter L, which is typically the order of 0.2 A,, and the exponen- 
tial- potential may in this case be linearized and the expression for (3U/8y)_ from 
Eq. (6.20) substituted in Eq. (6.18). 


Exercise 6.2s Use u"‘ for the units of t end .(h/uu)‘/* for the units of y, and show that the osciHatbr differ- 
ential equation reduces to the dimensionless form 


i + y " a(t) - (1^) 


Show that the solution for y(t) for the forcing function 

a(t) - 0 , t < 0 


MW 
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is, fbr,tlie-case yp(t) • 0, 


, t > 0 


y - b , 


-a^(l “ cos-1: ) 


t < b 
0 < t- 


The he 


‘ cos-t; , u « t 

negative impulse force represents a force which compresses the oscillator to a new equilibrium position -aQ, The 
oscillator is seen to oscillate with the amplitude ... Oo about this new equilibrium point as Idng as the impulse exists 



Pr 


Show that if the constant forcing function is termin4ted at t. • 2mi 

y(t). • 0 , 2nii < t 
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wheteas, if the forcing function la terminated at t (2n + Dm — 

y(t) • 2a^ cos t * (2n + l)ir < t 

which has the amplitude 2aQ, and U in phase with the forced oacillatlons. Finally, show that if the impulse lata for 
the interval (2u + l)tr/2 


yXt) ■ a^^cos t ± ain t) , . (2n + l)n/2 ^ t 

where the 1 sign obtains 1£ n . Is even and odd, respectively. This osclUatlon has an amplitude /Tao 

In phase by it/4 or 3n/A for n even and odd, respectively. Thus, we see thit impulse functions of varying length can 

produce quite different amplitudes and phases for the oscillations induced. 


Exercise 6.3; Find solutions for y(«) and y(t) for the impulse function 

a(t) «-a ■ 

What is the character of the solution up to t « 0? How. does this differ from the solution. for t > 0? 

Exercise 6.4: Show that if the impulse is very short compared with the oscillator* s period, w the solutions for 

y(®) depend only on the total impulse, 1, 

y “ ^ “*" 

where 

I « f f(t)dt 
^—00 

Note that this solution is independent of the shape of the Impulse functlor, f(t). 


6.4 QUANTUM OSCILLATOR EXCITATION 

The time-dependent Schroedinger equation expresses the manner in which the com- 
plete wave function ij; of a system of particles changes with time 

Htj< = ih ||- (6*21 

Where H is the Hamiltonian operator for the system. In the perturbation method of 
solving this equation, the Hamiltonian is written as the sum of a steady state part 
h” and a time-dependent perturbation H’ 

H = H° + H’ (6.22 

The unperturbed wave functions satisfy the equation 

8°/ - ill ^ 


and since Is Independent o£ time, the wave funotisns which are eigenfunctions 

of this equation have the form 


tm 


This set of eigenfunctions forms a complete orthogonal set;. thus* any arbitrary func- 
tion* for example the solution to Eq. (6.21) which we seek* can be expanded Into a 
sum of these functions 


<l'(q»t) • 53 a (t)i|/®(q*t) (6.25) 

T " oniGmni p«-- . 

OF pooB w 

Substituting Eq. ^(6^25) into Eq. (6.21),, we obtain ^ QUALITY 

E + E « E Vn + E »n ^ 

n n n . n 


The first term on the left side equals the last term on the right* In accordance with 
Eq. (6.23)* so 


u 




Ih 


E 

n . 


a Ip® 
nTn.. 


(6.27) 


If the number of energy levels Is finite* as Is the case for diatomic molecule oscil- 
lators* this. leaves, a finite set of coupled equations to solve for the unknown 
coefficients an. Explicit expressions for the time derivatives in may be obtained 
by using the orthogonality properties of the eigenfunctions multiply both sides 

of Eq. (6.27) by and Integrate over all coordinate .space to obtain 

“b ■ - K E 

(6.28) 

■ - K E 

n 


where the circular frequencies a> are 

mn 


03 

mn 



(6.29) 


and the matrix elements H mn (t) are 

-/<fr*(q)H'(q,t)^^(q)dq 


(6.30) 


At time zero » the system Is specified to be In one particular eigenstate so that 
®m("") ■ 1 and an(-*) ■ 0 for all n m. The set oficoupled Eqs. (6.28) does not 
Involve any approximation* and in a general case, it can be integrated, numerically 
with modern computers* if the total number of levels Is not too large. This is known 
as the c los e-coup ling method of solution. The solutions can be performed for anhar- 
monlc oscillators, as well as for harmonic oscillators if the eigenfunctions* (p^* for._ 
the unperturbed state of these oscillators are. known. In this xase* the matrix ele- 
ments Hjjjn may need to be determined by numerical integration* but where the_pertur- 
batlon Hamiltonian H* (t) has a known form separable in q and t* this can be done 
Independently and the results tabulated In computer memory before the numerical Inte- . 
gratlons of the coupled set of equations Is performed. Also* the perturbations can 
be of any arbitrary size in this method; they are not limited to small energy 
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compared with the steady state •.unperturbed energy levels of the oscillator as In the 
small perturbation method which _foH<^ws. . . 


The small perturbation .method Is limited to cases where H' ~ Is much smaller than- 
but this Is a condition which Is satisfied -In many practical cases of excitation 
of molecular oscillators In gases • as Idng as the temperature Is not too high. In 
this case the solutions- can be carried, out In analytic form» Which gives us a great 
advantage In understanding the process and In efficiently programming the more exact 
numerical solutions of the coupled set of equations. In the small perturbation 
method we let the system be In state m. Initially, %(-") ■ 1 and ■ 0, 

and neglect all terms on the right side of Eq. (6.28) except the term n ■ m. For a 
short Impulse then the equations become 

ORIGINAL PAGE IS. (6.31) 
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®n^^^ ^ " E (6.32) 

for which solutions are 




1 

h 



H 


mm 


(t)dt 


(6.33) 


a„(t) 


^ J 

^—00 


H (t)e^‘^’^*^ dt 


mn 


(6.34) 


Exercise 6.5: Show that if H' is a constant in time* the perturbed wave function is a steady-state wave function 

«0j. 




and the time dependent factor contains the first -order energy eigenvalue, 6ts required by the time independent 

perturbation theory. Also show that the coefficient for a short constant impulse of duration At is 


E - E 
n m 


[■- 


-d/hXEn- 




and the probability that the system will be found in state n after such an impulsive collision is 


Exercise 6.6: . Show :hat if varies slowly in a time interval 2n/wnm the matrix element and the transition 

probability nearly vanish. This type of collision is thus adiabatic. If on the other hand varies rapidly and 

remains constant at time t > to» as a step function^ the integral diverges. This can be handled by integration by parts 


a 


n 





dt 


.. J.. 


The first term vanishes at the lower limit because * 0. At the upper limit it is Just the steady-state perturba- 

tion solution to level m; the time dependent part of the transition probability is the square of the second term. Show 
that if the derivative. is <latge , thot is, the step function perturbation la applied very quickly on the time scale 
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The probability that transition to another state n has occurred. at any time t 
Is a^, or ajan ®n should be complex, 
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The probability of transition Induced by the entire collision, event Is glveii when the 
upper limit of the Integral Is +»; that Is, . .the probability Is the square of the 
Fourier transform of the matrix element 

Consider now a harmonic oscillator subject to the linearized perturbation of 
Eq.. (6.14) 


"■ • (?) > ‘ 


(6.36) 


where y is the dimensionless oscillator displacement of Ex. 6.2 

>‘e> 


(6.37) 


and p and Pg are the dimensioned values of. the oscillator coordinate. In this case 
the wave, functions are the well known solutions to Schroedinger*s equation with the 
potential V = yu)^(p - P^)^/2 


(v) « N e 


- y ^/2 


\(y) 


(6.38) 


where Hn(y) is the nth order Hermite polynomial and Nj^ is the normalization 
constant required 




(6.39) 


such that the integral of <j>^ over all displacement p is unity. The transition 
matrix elements n+i case 


n,n+i 




y+n+i 


\v»/ Vyi"n”n +1 J 


*■’' Wn+i '“y 




(6.40). 


The circular frequency for thia tranaltlon in the harmCniC oscillator is Just the 
fundamental frequency of course 


w_ 


n,n-tA. . 

and the transition prCbablllty thus becomes 


(n -f Dtuij - nhtti 


« -u) - 
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(6.41) 


n^n+i 




(6.42) 


All other transitions except a. change in vibrational quantum number by ±1 vanish for 
the linearized perturbation of Eq. (6.36). Of course, in real collisions -higher order 
terms in the Interaction potential are present and multiple quantum jximps will occur, 
with finite probability, even though with much smaller probability than the jumps to 
adjacent levels given above.. For transition from the ground state to the first . 
excited state, the collision-induced transition probability for the' linearized 
potential is 


P 


OJ. 



(6.43) 


which is exactly the same expression obtained for AE/hco with the classical harmonic 
oscillator model, Eq. (6.18). 


Exercise 6,7: Use the recursion relation between Hermite polynomials 

yH^ * i H + nH 
n 2 n+x n-i 

and the orthogonality relation 


to derive the result of Eq. 


6.5 


/Vi 2 

(6.40). Also show that vanishes for the .linearized perturbation ». except for 

SEMICLASSICAL APPROXIMATION, COLLINEAR COLLISIONS 


m “ n 4 I, 


In a strictly quantum solution, the incoming particle colliding with the oscil- 
lator is treated as a wave function with wavelength (E - U)/hc, where E is the totaL 
energy and U is -the interaction potential. The perturbation method outlined in the 
last section then proceeds using the total wave function for the entire collision, 
system rather than just the oscillator, wave function alone. Although such wave func- • 
tions can be obtained numerically, once the interaction potential is specified, the 
semiclassical approximation is a somewhat simpler procedure, which for an exponential 
interaction potential leads to analytic solutions which conveniently express the 
important parameters of the process. In the semiclassical method the classical tra- • 
Jectory for motion between the colliding particles is used to obtain a time-dependent . 
potential perturbation; then the transitions produced by this perturbation are calcu- 
lated by the quantum methods used in the previous section. The deBroglie wavelengths 


of heavy gas particles are normally much smaller than the scale dimensions of the 
potentials Involved, that Is, the distance over which the potential changes by an 
appreciable amount, ao the classical trajectory Is a good approximation and the seml- 
ciasslcal results are. In principle, as accurate as needed for many purposes. 

For the present, we will restrict the collision to a one-dimensional, colllnear 
event, which Is a collision that Is sO atypical as to occur with zero probability but 
nevertheless lllusi.. : tcs all the principles Involved, Later we will consider the 
full_three-dlmenslOnux case. The colllnear Collision Is diagrammed In figure 6.1. 

0 — 0 — 


CENTER OF 
MASS OF 
DIATOMIC 
MOLECULE 
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Fla. 6.1- Colllnear collision between diatomic oscillator, and inert collision partner. 

The^diatomlc oscillator consists. of atoms of mass mi and ma, x is the interatomic 
distance of the oscillator, and r is the distance from the center of mass to the 
center^ of an inert collision partner which approaches the oscillator along the molecu- 
lar axis and strikes the atom with mass The interaction potential is commonly 

expressed as the sum of two exponential, repulsive ...terms 




(6,44) 


Expand this about the equilibrium oscillator separation, Xg 

U . A exp^- , e*p^- .jS^expj^- — -]| 

"A/ta, + m,). L« the constant 

Uq represent the value at r = a and x = Xg 


(6.45) 


’(■ E)“p(;JrTr)[‘ + f p-(- r)] 


Uq - A . exp I 

Then to terms of first order in x. - Xg. the interaction potential becomes 

U - Ug expl 


(6.46) 


m 


(6.47) 


iLtbr^and^ tV ^ J distance of closest approach in the classical tra- 

^ the -potential at that point, which for the colllnear collision Is 
the total kinetic energy of the collision pair. In a three-dimensional collision 


CL ^ 
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there would, of course, be some residual kinetic energy at the point of closest 
approach, but in the present case the kinetic energy is completely absorbed in the . 
Interaction potential at this point. . 

To obtain the classical trajectory, the potential is averaged over all values, of 
X and the trajectory is assumed to be that which obtains for this average potential. 
Because- of.' the orthogonality relations of the normalized harmonic oscillator wave 
functions, the first term in Eq. (6.47) is multiplied by unity, the second, term 
vanishes, and the ave rage pot ential is simply 


0 


(6.48) 


The value of the collision. velocity r as_a function of time is given by 


i . ]/| (n^ - to - l/^ [i - '' 


(vi.49) 


mass m is the reduced mass of the collision pair 


m 


m. + + m 2 


(6.50) 


Let time zero occur at the point of closest approach and integrate Eq. (6.49) to 
obtain 


1/5 ..... f 


dr 


[1 - exp -(r - o/L)] 


1/2 


» 2L tanir^jl - exp^- ^ ^ 
Thus the exponential term in Eq. (6.48) becomes 




exp 




“ 1 - tanh 


2 lit 
2L 


sech?|| 


(6^ 


and the interaction potential of Eq. (6.47) can be expressed as the time dependent 
function 


The transition matrix .elements Hmn of Eq. (6.30) vanish for the first, term of 
Eq. (6.52) because of the orthogonality relation between the oscillator .wave func- 
tions, and only. the. second term in (x - Xg) contrihute.3 a finite result. 

The transition probability of Eq. (6.35)_may be expressed 

F? (6.53) 

OF POOR quality 


n,n±i 


2 

^n,n±i \hu)/ 




la the matrix element average 


Y 


n,nii 




/ n + 1/2 t 
\ Am^wL^/ll / 
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(6.5A) 


and . F la the dimenalonlesa Eourier—tranaferm of the time-dependent part of the 
perturbation 


F 



sech^(at)e^“*^ 

CSCh(f) 


dt .. . 


(6.55) 


where a --u/2L. The first term of the potential of Eq. (6.52) contributes nothing 
to the transition probability because all the matrix elements for this term vanish _ 
due to the orthogonality of the oscillator wave functions, whether harmonic or not. 
The matrix elements Yn,n±x only finite elements for harmonic oscillators 

with a perturbation term proportional to (x - x^); all other elements vanish unless 
higher- order terms in the expansion -of the potential are retained or enharmonic 
oscillator wave functions are used. 


Except at very high temperature the ratio ww/2a is normally much larger than 
unity, and to a good approximation 


|F|“ .. 


— iro)/a 


Then the total transition probability is 

P 


p - 2 / S-±J-/2, .1 1 / 2 V E_y / mV 

V 4m,.L^/h 


.-iroi/a 


If a characteristic energy E„ is defined 


E^ ■ Air^mw^L*' 


and a dimensionless characteristic energy x,, is defined 


(6.56) 


(6.57) 


(6.58a) 


„ _ c, _ 2n^ip(i).^L‘ 

c 2kT kT 


(6.58b) 


where m is the reduced mass of the collision pair, the transition probability 
becomes the simple expression 


P 


n,n±i 




where x is the dimensionless collision energy mu*/2kT. 


(6.59) 


Note that if- the gaa la a pure -gaa of homonuclear diatomic molecules m^ ■ raj ■ m# 
If the oaclllator la heteronuclear, ..the transition probabilities are greatest when 
the cdlllalon occurs with the light atom end of* the oaclllator. With HC1» for 
example • the transition probabilities are about 35 times greater when the H atom of . 
the molecule la atrudk than when the heavy Cl atom .is Impacted by the collision 
partner. 
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K » w 1 Bcdi’ (nt)c^“* dt ” 


Note that polos exist for the integrand iit Jk(tir/2), i(3in/2, i(51a/2)* etc. Choose a ^)ath of integration around the 
singularity ift/2 and integrate in the complex plane along the real axis x and back along the axis x + ifi. Show that 
the integral vanishes at the limits,, then equate the lntcgi*al to the residue at the polo enclosed. 


At. this point the one^dimensidnal theory is. made three-dimensional by taking the 
transition cross section equal to the product. S^P, where Sq is. a constant suitably 
chosen to fit the magnitude of vibirational relaxation rate data. The rate coefficient 
is the cross section averaged over a Boltzmann distribution of collision energies 

uS 

a * j P(x)e ^ X dx (6.6 0) 

•o 

where P is expressed in terms of the dimensionless collision energy x or E/kT* 

The rate coefficient a thus becomes 


“n.nji + I * j 


X e 


-(xc/x)^/^-x 


dx 


(6.61a) 


The Integrand of Eq. (6.61a). has a sharp peak near the minimum of the exponent 
X + (Xj,/x)^/^, which occurs where Its derivative vanishes. 


1/2 


1 - 


2x 


3/2 






m 


m 


The exponent is, now .expanded about the point % 




31/a 
m 


(6.62) 


■ * 25" + • • • 

m 


while the pre-exponentldl terms In the. integral are pulled outside the Integral hnd 
evaluated at x,„. 
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uS 


(” + I * i)(^)(c) «m J dx 


(6.61b) 


Since x„j la normally very large compared to unity, the integral can be performed 
over the entire range from to “ without introducing appreciable errdr, which 

yields (2nxju/^_^^^ for the definite Integral and a final result fdr the rate 
coefficient. 


uS 




jj3/2 g-3Xj^ 

m 


(6.6lc) 


This is the final result for the rate coefficient for harmonic, oscillator ■ excita- 
tion in the usual one-dimOnsional collision, approximation. The dominant factor in. 
the above relation is the. exponential term exp (-3%), and so the logarithm of a is 
seen, to vary primarily, as (kT)“^' ^ 


fg An a ~ -3Xjjj 

0.- i'OCR Quality 

where 



0 = 27 




(6.63a) 


(6.63b) 


This is the famous result originally obtained by Landau and Teller (ref. 1). However, ^ 
for Our purposes here we shall want to include, corrections for.: (a) conservation of 

energy in the collision process, (b) attractive .long-range potential Interaction, and 
(c) the 3— dimensional collision effects, all of which are missing in the above . 
derivation. 


6.6 ENERGY CONSERVATION IN VIBRATIONAL TRANSITION 


It is easy to see that an allowance must be made to account for conservation of 
energy, otherwise the rate coefficients and an+i,n will be the same,, in 

violation of the principle of detailed balancing at equilibrium. Rapp (ref. 13) lets 
the effective collision velocity u be the average of initial and final velocities, 
(^i ^nf)/2, and Herzfeld (ref. 14) points out that this substitution is necessary' to 
reconcile the classical and quantum results. To terms of. second order, this is the 
aame as letting the effective collision energy be the average of initial and final 
energies 


^ “ ^i ^ 2W~ (6.63c) 

The ± sign is used 4epending upon whether the transition is to the adiacent lower 
or up.per vibrational state, respectively. The cross section is assumed to be a func- 
tion of the energy at the' turning point, and thus it will be convenient to Change the 
variable of integration to x rather than x^, in which case' 


'Hit 


- J exp(? 


^00 


/- hu3\ 
V 2kT^ 

J* S(x)^x ± 


hu/2kT 




dx 
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The factor exp($hu/2kT) Is lust that required s6 the ratio of the forward rate to the- 
-reverse rate Is the Arrhenius factor exp(-hu/kT) which preserves detailed balancing 
at . equilibrium • The lower. "limit of the Integral « J!q. (6<61d)» Is the same for either 
excitation or de-exCltatlon, since, the excitation cross section vanishes for coll:^slon 
energy less than -hu. 


6.7 EFFECT. OF- LONG-RANGE INTERACTION POTENTIALS ON VIBRATIONAL TRANSITION 

Still one more correction can be added very simply for the usual case where a 
long range attractive potential exists as well as the short-range • steep » repulsive 

potential. A typical form of the potential 
is shown in figure 6.2, where the short- 
range potential decreases exponentially with 
the intermolecular distance r , while the 
long range potential Increases Inversely as 
the nth power of r, leading to a poten- 
tial minimum e below the free particle 
potential at Infinite separation. The 
Fourier transform of the collision perturba- 
tion, Eq. (6.35), is still almost totally 
determined by the exponential character of. 
the perturbation near the turning point; 
only the Initial and final. velocities which 
the system senses at the turning point are 
all increased by an additional kinetic 
energy amount e. Thus, the effective col- 
lision energy is now related to. the initial 
interaction energy, which appears in the 
Boltzmann distribution, by 



X 


hu) 

2kT 


e 

kT 


(6_.63d) 


Figure 6.2- Typical intermolecular col- 
lision potential. 


In other words, the Maxwell-Boltzmann dis- - 
trlbutlon of kinetic energies Is shifted by 
the amount e, at the point where the col 11- 
slon systems climb the repulsive InteraC'^- 
tion. To account for this, Eq. (6.61d) is modified as follows, again changing the 
variable of Integration from x^, the dimensionless initial kinetic energy, to x, the 
dimensionless effective kinetic energy at the turning point. 


‘± " s 2k1 ii) J 


(hw/iikT)+(e/kT) 


(x)(x ± ^ dx (6.61e) 


Except at extremely high temperatures beyond the range of usual interest,, the 
value of Xg is so large that the -approximation of Eq. (6.56) for the Fourier. trans- 
form Is fully justified. Also, the value of x ± hu)/2kT - c/kT may be adequately 
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Simply x„j, when this quantity la pulled outside df the Integral, and 
limit of the Integral can be .adjusted to give the entire Gaussian 
definite Intepal without serious error. Then the final expression for the rate 
coefficient given by the One-dimensional collision model, including the effect of an 
attractive potential and of energy conservation^ is . 


uS. 




(6.61f) 


6.8 


RELAXATION RATE OF DIATOMIC, HARMONIC OSCILLATOR-XJASES 


®*P®rlmenter does not measure transition rates to and from a sinele 

tiviS affLd!riv in cases with the extreme ael!c- ' 

tivity afforded by laser absorption measurements, but rather he typically measures a 

total relaxation rate for the flow of energy into Or out of the vibrational modraf ter 
a sudden disruption of the equilibrium state, such as provided in. a shock tube or a 

-a^’^wraL^inSresterin^th ''i^h the experimental results in this 

-ase we are interested in the relation between the .different rate coefficients 
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Vi,n " + ^><*xo 


(n + Ua^o e 


-hw/kT 


(6.64a) 

(6.64b) 


merely reflect, the dependence Of the matrix ele- 
mcnts Y on the cjuantinn number > of . course* 

..4 relaxation process in the gas is described by a set of master eaua- 

tions, which for inert collision partners with number density N^, is ^ ' 

-dN 


“dF " <“01^0 - “ioNi)N^ 


-dN, 


"di“ " <“i2Nx + «ioNx - «2 iN, - 


(6.65a) 


-dN. 


dt ^“n,n+i\ “n,n-i\ " “n+i,n\+i “ V-i,n\-i^\. 

oscillators in the nth quantum level. Each of these 
aJHdded "F app^rl.t. qu antum numb er n. and all 

-if nH„_. (f . f 


a. 
(6.65b) 
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The suminatlons can all be started at n ■-!, of course, without changing the equality. 
Collecting like terms In the first and fourth stsns and In the second and third sums 
of the rlght..slde of Eq. (6.65b), by appropriate changes of the summation Indices, we 
obtain 

- ^ 2 "»n ■ (S ‘ t “„.n+A)"a- «.65o) 

Now Introducing the relations of Eq. (6.. 64) 

- ^ t "«n - [f: - t Cn + 

“[«10 E - «61 ^ 

The sum hu]^nNu Is just the total vibration energy, E^, and ]^Nn is just the total 
number of oscillators N. Multiplying Eq. (6.65d) by hu, we obtain 


dE 

“ "df “ " %i'>% - 
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10 


- - 


htoN 
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The relaxation time t is defined as the constant 


( 6 . 66 ) 


T 



1 


a 


01 



(6.67) 


and the constant term huNaQ 2 ^/(ajQ - a^^) is just the equilibrium vibrational energy 
in N harmonic oscillators given by the Einstein formula 


. Nhx . eq 

" 1 - e-WkT ■ V 


( 6 . 68 ) 


thus, Eq. (6.66) may be written 


dt 



(6.69) 


which can be Integrated to give 


\it) - E®** - [E^(0) - E®‘*]e’^/'' - 


(6.70) 
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The pressure and the relaxation times are measured by the experimenter) and the 
product of these two Is related to the rate coefficients for 0-^1 transitions by 
Eq. (6.67), with Ng ■ p/kT. 
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kT _ kT 

“lo " “ox “xo^^ “ exp(-hu/kT)] 


(6.71) 


The dominant factor In this relation Is the exponential variation of «xo with 
exp[-(6/T) ^'*] as given by Eq, (6.63a). Thus, a Landau-Teller plot of In(pT) vs T*"^/® 
yields essentially a straight line over a wide range of T. However, the temperature 
dependence of the pre-exponentlal terms and of the additional exp (-hw/2kT) result In 
a nonlinear Landau-Teller plot at very high and very low temperatures. This addi- 
tional temperature dependence must be accounted for If one. seeks to deduce an accurate 
value for. Ec, and therefore of the potential scale factor L, from the slope of the 
Landau-Teller plot. For example, the total temperature dependence of oiq given by 
the one-dimensiOnal. analysis leading to Eq, (6.61f) is 


®xo ' ^-(9/T)^/®+(hu)/2kT)+(e/kT) 


(6.72) 


where 0 is 27Ec/8k. Note. that in the pre-exponential factors of Eq. (6.61f), the 
temperature dependence of u just cancels the dependence of or (Eg/kT)®'/®. 

However,. in a subsequent section on 3-dimenslonal colllslons.it will be found that the 
quantity Sq is not really constant, but varies as velocity u or (kTx)^/^. Then, 
evaluating Sq at Xj^, for purposes of Integration, leads to the corrected expression 


a ^ ~ ^-(6/T)^/4(ha)/^T)+(e/kT) 


(6.73) 


Thus the product 


pT given by Eq. (6.71) varies as 

. 1/5 


PT « C(T/6)^/^ 

^ sinh hio/2kT 


-(e/kT) 


(6.7A) 


This is the expression that, should be compared with the slope of a Landau-Teller plot 
to obtain a quantitative value of 0 and L. If we let C = (kT)“^/® 

px ~ sinh exp[(k0)'^^^5 - e?®] . (6.74a) 

. „th^) (6.7W 

Thus, we see that if kT is neither too large nor too small, the slope of the Landau 
plot Is Just (k©)®-/'®. However, if kT is large enough to compare with k0,. the slope 
is reduced by the.second term in Eq. (6.74b). On the other hand, if kT la small 
compared with hw or e, the last term in Eq. (6.74b) can reduce the slope consider^ 
ably. Thus, in(pT) will follow an S-shaped curve when plotted as. a function of 
(kT)~i' ® over a wide enough range of temperature. 
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Figures 6.3(a)* 6.3(b)* and 6.3(c) show some examples of Landau-Teller plots fo 
Na* 0i>* and CO for various collision partners. The theoretical relation Is fit to t1 
range of experimental data on each plot. Within this range* the plot Is generally 
linear* though at low temperatures some curvature has been observed. The values of 
the constant coefficients 6 and C* defined by Bq. 6.74* which fit these experimental 
data are summarized In table 6.1. The potential well-depths* e/k* are those deter- 
mined for Lennard-Jones potentials that fit viscosity data for the pure gases; for _ 
unlike collision -partners 1 and j the well-depth has been taken as the geometric 
mean* that Is e ■ (e^^cj)^'^. The characteristic length L of the potential Inter- 
action Is calculated from (see Bq. 6.58a) 


,2 2 

4ir mu 


2 2 
27ir mu 


(6.75) 


The values of L are seen to He In the range from 0.2 to 0.3 A; this Is about 30% 
larger than the values obtained by fitting simple linear expressions to a Landau- - 
Teller plot* that Is* neglecting the corrections for ~ the Impact velocity Increase due 
to the potential well and also for the energy conservation leading to - detailed 
balancing between and oij^o* Such llneat_f lts_are shown_by the dotted cuirves In 

figure 6.3.- 
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Figure 6.3- Landau-Teller plots. 
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Figure 6.3- Concluded. 


TABLE 6.1.- CHARACTERISTIC CONSTANTS WHICH FIT 3-DIMENSIONAL 
THEORY TO MEASURED VIBRATIONAL RELAXATION TIMES 


Relaxing 

oscillator 

hu)/k, K 

Collision 

partner 

e/k, K 

C, atm-sec 

0, K 

1 

..A 

Na 

3395 

Ni. 

95.9 

7.01X10“>^ 

3.12x10’ 

C 

1.27 

Oa 

2297 

Ar 

118.7 

2.75x10"^^ 

1.47x10’ 


.24 



Oa 

118.0 

7.58x10““ 

8.60X10® 


.19 

1 


He 1 

29.5 

1.49x10“® 

2.26x10® 


.21 



Ha 

60.2 _ 

9.63X10““ 

1.43x10® 


.23 

CO 

3122.5 

CO 

101.6 

3-. 83x10“^^ 

1.66x10’ 


.21 



He 

27.4- 

1.78X10““ 

6.38x10® 


• 26 



H. 

55.8 

U28xial“ 

4.37x10® 


.30 





The values of A giving the magnitude of the repulsive potential In Eq. (6.44) 
can be derived from the constant C; typical values are the order of 1000 eV. How- 
ever* the value of A Is extremely sensitive to the exact fit to the data which Is 
chosen* and considering the scatter In the data and the narrow range of temperature 
over which data Is available* these values are uncertain by at least factors of 3 
or more. 


6.9 SEMICLASSICAL APPROXIMATION, THREE-DIMENSIONAL COLLISIONS 


The perturbation potential Is commonly assumed to be a linear superposition of 
exponential repulsions (refs. 21* 22)* as previously done for the one-dlmenslonal 
model.. Mies (ref. 23) suggests that this may be an acceptable approximation for 
heavy atom- harmonic diatomic oscillators * but shows that such a potential does not 
closely reproduce the time Interactions for the He-H 2 collisions. Thus* although the 
linear superposition model will usefully Illustrate the procedures Involved* the 
quantitative results must be viewed with some skepticism. To proceed* we consider a 
homonuclear diatomic oscillator .impacted by an inert collision partner and let the 
Interaction potential be 


U - ACe"’^!^^ + e‘ (6.76) 

where again A determines, the scale size of the potential and L is a characteristic 
length. The distances rj^ and are measured between the atoms of the diatomic 
oscillator and the inert collision partner. Figure 6.4 illustrates the geometry of a 
three-dimensional collision with miss distance b and with the cf.nter of mass of the 
diatomic molecule at the origin. Only one atomic nucleus is shown; the other is 
diametrically placed. The relative motion between the oscillator and its collision 
partner Is assumed to be determined by the spherical part of the interaction, poten- 
tial. With this assumption* the collision trajectory lies in a single plane (the XY 
plane of fig. 6.4) and the distances r^^ and are 

(6.77). 

where r and x contain the functional dependence on time involved* and p is the 
distance between the atoms.. of the harmonic oscillator. We assume the collisions, are 
weak enough ^at (p/r) < 1 for all r. Then reasonable ap pro ximations a re 

^ sin 6 cos((|) - x) (6.78) 

U.»5 2A e 5.^.?. .coshj^j sin 6 cos(^ - x)j (6.79) 

The bond length p is very nearly equal to its equilibrium value. Pg* and the 
angle x is small in the region near the turning point where the perturbation con- 
tributes most to the. Fourier transform of Eq. (6.35). Accordingly* the p ertur bation 
is expanded to_terms of first order in (p - Pg) and x_ 

0 aln 9 cos((}> - x) =« P© sin 6 cos (j> + XPg sin 0 sin ♦ + (p - pg)sin 8 cos ^ 

(6.80) 
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z 



Then if we let 6 ® Pg/2L 


U =« 2A e 


-r/L 


+ 



|^cosh(6 sin 6 cos <^) + sin 0 sin ^ sinh(6 sin 0 cos 
sin 6 cos.<|) sinh(6 sin 6 cos <|») + . . •! 




(6.81) 


The spherically syimnetric part .of the potential used to. determine the collision 
trajectory is obtained by averaging U . oxer all configurations of 6 and 


U «. 2A e*’’^^^^cosh(6 sin 0.cosjji)^ (6.82a) , 

Strictly speaking, this average should be performed weighted by appropriate wave 
functions. For example, in small perturbation type collisions where the perturbed 
wave function remains essentially in the initial state, the average would be performed 
weighted by its initial state wave function. Unfortunately, the rotational states of 
molecules are strongly perturbed during the collisions of Interest, that is, those 
collisions with sufficient energy to. promote vibrational transitions. The asstimption 
most often used in the literature to get around this complex and mathematically 
awkward situation. Is that the rotational wave functions are so strongly mixed during . 
the perturbation over a variety of angular momentum quantum numbers I and their 
projections m, that the rigorous average is approximately the simple spherical 


1U5 


average aa though the molecule were In Ita ground_r6tatlonal state durlnr the 
collision . 


Tt oa alnh _6 

u 2A. jet.- - g 


ORIGINAL PAGE fS ,, 

OF POOR QUALITY (6. 82b. 


Stallcop (ref. 24) has further analyzed this type of approximation, weighting h 
interaction potential with the initial wave functions for transitions from I to 
I I ± 2 and i + 4 for all possible values of the projection quantum nwnber m anc 
aieragiig ?he resulting probabilities over all values of m. He finds that the tran- 
altlon ofobabilities are decreased by factors the order of 2 for typical molecules 
cSlCon of Inter.. t! For simplicity we will f e spherlcel ever- 

age of Eq., (6.82b) to determine the classical trajectory;_this will suffice to 
illustrate all the methods involved,, at least. 

Let the distance of closest, approach be r » o; then the po tential can be 
expressed 


U “ U... |cosh(6 sin .0 


P - P. 


cos (()) + x5 sin e sin ^ sinh(6 sin 8 cos 

6 


] 


+ — sin 9 cos <|; sinh(6 sin. 6. cos (j>) + . . . • |sinh. 6 

where Uq is the spherically averaged potential_at_the point of-. 

.V -a/L 2A slnh 6 .-o/L 
Uq « 2A(cosh-(d sin 0 cos i|))/e “ ^ e 


(6.83; 


(6.84 


Exercise 6.9: Derive Eq. - (6.84). 


The first two terms of Eq. .(6.83) are functions only of the rotational angular 
coordinates and are responsible for elastic scattering and pure rotational transitio 
only. The third term, linear in (p - pg) , leads to single quantum Jump vibrational 
transitions in the case of harmonic oscillators.. The higher order terms or anharmon 
terms in the. wave functions would, of course, introduce multiple quantum jump 
transitions . . 

Since the third term of the perturbation, Eq. 6.83, is the only one which. con- 
tributes strongly to the vibrational transitions of interest, this is the Only term 
which needs to be considered in the perturbation for present purposes. We will 
expand this potential to terms of order 6® 

U - a 2x7 ^ (d sin® 0 cos® f sin** 0 cos'* <j» ainh T 

' (6.85 

and use these terms. as the total perturbation. The full series is convergent, but. 
converges slowly, so. the truncated series above no longer exactly represents the sm~ 
of exponential terms postulated in setting up the problem, Eq. (6.76). However, the 
true interaction potentials are not exactly of exponential form anyway, so the 
approximatlcn involved is not conceptually important; its use will greatly simplify , 
the nidthetndtlcs required and will suffice to illustrate all the methods used* 
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When rlgld-rotator • harmonic-oscillator wave functions are used with the pertur- 
satlon of-Eq. (6.85) • the transitions are limited to single vibrational quantum jumps 
(Av ■ ±1) and even numbered rotational and magnetic quantum jumps. (A1 ■ 0« 12, ±4 and 
Am ■< 0, 12, l4). Note that the symmetry of the rotational wave function Is preserved 
In these transitions, consistent With the expectation that collisions are unlikely to 
change nuclear spin. In this case,, rotational symmetry must be preserved to maintain 
antisymmetry of the total wave, function. 

The time dependence of the. perturbation Is contained In the factor 
8xp[-(r - a)/L]. If energy and angular momentum changes. In the Internal state of the 
nolecule are negligible compared with the kinetic energy and angular momentum of the 
collision partners, the latter two may be treated as conserved. quantities. The das-? 
slcal trajectory In this case Is defined by Eqs. (2.29) and (2.J0). When the colli-- 
slon Is head on (b ■ 0) the trajectory Is that given by Eq. (6.51). Expand a solution 

of this form about the point b ■ 0 and stipulate that It must have the correct 

first- and second-order time derivatives at the point of closest approach (r o, 
t ® 0). Such a solution Is 


g-(r-a/L) 


sech^ at 


( 6 . 86 ) 


where 




e 



(6.87) 

( 6 . 88 ) 


This value of a gives the potential the correct fora near the turning point at the 
expense of some mismatch in the asymptotic behavior. However, the Fourier transform, 
Eq. 6.55, is but slightly affected by the slowly varying part of the potential far 
from the turning point; it is primarily determined by the region where U changes 
rapidly, that is, near the turning point. _ 


The transition probability may now be expressed in the same fora as for the one- 
dimensional colliuear collisions 




(6.89) 


except that e the fraction of total kinetic energy E which is converted Into per- 
turbatlon potential at the turning point, Eq. (6.88), Is now Included In the pre- 
exponential term. .Also the matrix element Is for -a specific transition Including not 
only a transition In vibrational quant\im number n, but also. In rotational and 
magnetic quantum numbers i, and m 


^nlnrm'i’m' 



^6 sln^ 


0 COS^ 



6 cos'* 



6 

slnh .6 
(6.90) 
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Indices P, Yi and u Indicating the specific transition have been dropped for 
economy of notatlOnt but these will be introduced later, At the moment, we wish to 
obtain an analytic expression for the cross section. Let P^, Sq, and Oq denote 
the particular values of P, a». and o for head On collision (b "0). The cross 
section for transition may then be expressed 
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According to Eq. (6.89) 


"o 


^ - 0 ] 


(6.92 


and from Eq. (6.87) 


T- a - -f)J 


For the exponential form of the Interaction potential assumed here 


O . - 


In which case (see Eq. 2.30) 


b^ = 0^(1 - e) , 2irb db * -iro^ll + 




(6.93 


(6.94. 


(6.95 


With change in the variable from b to 0, the cross section of Eq. (6.91) becomes 


S - P. 


1 

Jt 


+ (2L/o) [(1 - e)/e] 


^-(iru)/ao)(ao/a-i)^g 


(6.96 


Since. (ifu)/ao) » 1, the major contribution to the integral of Eq. (6.96) comes 
from the region a a. Sq and e 1. The Integrand Is therefore expanded about this 
point to terms of first order in (1.- e): 


2 1+ (2L/0 )(1- 6) + . . . 

TTG 2 ^ 

1+ (2L/a)t(l- e)/e] 1+ (2L/a-)(l- e) + . . . 


(6,97 


while from Eq. (6.93) 


To this approximation the cross section becomes 
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1 exp[-(iKij/2aQ)(l = 2L/a^)]. ''^‘=^ 0^0 

“ ■“ (W2a^)[l - (2L/a^) ] » [ (irw/2a^) [1 r (2L/a^)T 

®o 

The factor (2aoOo/io)(l - •2 L/Oq)“^ 'is the effective total cross section for vibra- 
tional transition to be used with the one-dimensional collision transition probability 
This factor is not constant,, as was assumed in the one-dimensional model, but is 
approximately proportional to ao or the collision velocity u. 

Next , the cross section is averaged over the Boltzmann distribution of collision 
energies to obtain the rate coefficient a. As in the one-dimensional case, we 
approximately account for conservation of energy during collision by letting the 
effective collision energy be the average of initial and final energies, as in 
Eq. (6.63c), and express the rate coefficient as Eq. (6.61e). The cross section has 
the form 




where the constant S* is 


( 6 . 100 ) 




( 6 . 101 ) 


Substituting these relations in Eq. (6.61e) one obtains 

'2 . . 1/2 


uS* ?(ho)/2kT)+(e/kT) 

“± s 


- 


Xhu+2£)/2kT 


Ax\ ho) g \ -x-(xc/x) , 

1 - (2L/Oq) ^x^j (*“2kT"kT)® 

(6.102) 


where. 0 + gives the rate coefficient going to the adjacent higher vibrational level 
while a_ gives the rate coefficient going to the adjacent lower vibrational level. 
The integrand is. evaluated at the maximum just as before, including the distance of 
closest approach 0 ^ 


us* K ] 

“1 ■ s 


•m 


,-3xro?(lito/2kT)+(e/kT) 


Performing the integral and noting that 4x^ ■ Xg this becomes 


{. 


g-(3/2Xm) (x-Xm)‘^.^j^ 

hu+2c)/2kT (6.103) 




»- 3Xjji ^(hu/ 2kT)+( £ /kT) 


(6.104) 


To express In terms of the temperature T, use the relation expressed by 

Eq. (b.84). 


o^.L-tnfi A-2ASif-i 




m . 


Ej.' (kT) 


(6.105a) 

(6.105b) 


Then the cross-sSctlon factor becomes 

2 


/ \ 

V-2W«o/x "l- 

m 


ttL^ ln^[2A/Ej^^(kT)^^*] 
2/Jlnt25/Ey^kT)^^®] 

c 


(6. 106) 


This logarithmic dependence on temperature Is very weak» so the pre-exponentlal 
factor In a varies essentially as the product of ~ u and x^/ ^ (see Eq. 6.104), or In 
other words as the product of T^/^ and T“^'®. Thus, the overall variation of a 
with temperature is taken, to be 

a~ T^/^ exp[-(6/T)i''® + (e/kT) ? (hw/2kT)] 

as In Eqs. (6.73) and (6.74), and.-in calculating the values of 6 and C in Table 6.1 
and the curves of pr in figures 6.3(a-c). 


6.10 VIBRATION-ROTATION EXCITATION 


Now recall that the matrix element y is a function of the initial and final 
quantum numbers.. Consequently, the rate coefficient a describes the rate of transi- 
tion only between those two. states. In order to compare with vibrational relaxation, 
data, a total rate coefficient for the vibrational transition n> n ± 1 is needed; 
in particular for the 1 0 transition. The matrix element is viewed as a function 

of the differences 


An = n' - n , A*. * S,' - H and Am ■ m' - m.. 

(An, AH, Am) » Y^(n,&,m;n + An,J. + Ai,m.+ Am) (6.107) 

where An * ±1, A£ » 0, ±2,. ±4, and Am • 0, ±2, ±4 for the perturbation used here 
and rigid rotator, harmonic oscillator wave functions. The total rate coefficient for 
a given vibrational rotational transition is found by summing y^ over all possible 
magnetic quantum number Changes Am and. averaging over all initial values of m. 

i 

YhAn,AJl) - ^ ^ Y^(An,At,Am) (6.108) 

m*-)l Am«o,± 2 ,±«»_ 

Hansen and Pearson (ref. 25) evaluate these matrix elements for. the perturbation of 
Eq. (6.85), as given in appendix 6A. 
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Y^(tl.o) - + ^Vcosh(6 sin 0 cos ^)y [E + . CV?; .. * . ( . UPiN (6.109) 

' • ' ' ' \ 8mL oj/li / 

■ (p + ti + *>y (" * 

y2(±1,±4) - ( 2^){co8h(6 sin 0 cos (6..U1) 

\ 8itiL u/h / 

The sperhically averaged angular part of the potential may in. a first approxima- 
tion, be equated to (sinh.6)/6, as in Eq. (6.82b), but in more rigorous fashion would 
be a sum over all i and m, which would depend somewhat on vibrational quantum .level 

n. 


Stallcop (ref. 26) derives similar expressions for a complete expansion of the 
interaction potential and finds corrections for the higher order terms in 6 


Y^(tl,0) 

Y^(±1.±2) 

Y^(±1,±4) 


\15 ^ 35 ^ 378 ^ 7128 ^ 

(± + + 176 ^ 

V30 ^ 105 4536 249480 ‘ 

Y_^ + -J-1- + N 

\22680 166320 • 



( 6 . 112 ) 


It can be seen by comparison with the relations above that the results are the same 
as for the truncated potential up to teinas of order 6^' but are larger in the higher 
order terms. Stallcop (ref. 26) also develops corrections for some of the other 
terms dropped in the expansions leading to the rate coefficients and finds that for 
realistic values of 6 and L these can change some of the values by factors the 
order of 2. The general results are, however, similar to the above. 

Perhaps the most important correction to include is the change in circular fre- 
quency u that occurs at different rotational levels. To terms of second order the 
energy eigenvalue of a given state is 

®n,)l “ *‘“o(" l) + 1) + . . . (6.113) 


where Wq is the harmonic oscillator frequency and B is t he rotational energ y 
constant. To terms of first order in i 



(6.114) 


The rate coefficients (Eq. (6.104)) are proportional to exp(-3xn>). (The expo- 

nent on 0} is incorrectly given as 7/3 in ref. 25). Note that the circular fre-= — 
queocy that appears in y^ in Eqs. (6. 109)-(6. Ill), is the uncorrected value, or 
Uq — and corrections to the first-order rate coefficient can be expressed 

R(4A) - — ^ (6.115) 

“o Vo/ 
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where Ug Is Che rate coefficient obtained.. when u Is equated to ug. Expand to 
terms of first order In X — 

which Is typically less than 0,01 for realistic, molecules and |m| ■ 4, to obtain 

R(41) «« (1, - + (1 + (6.117) 


2B|M| 

hWo 


(6.116) 


The correction factors are now averaged over all Initial rotational quantum numbers 

{r( 4H)) -1^ 2 R(A)l)(2)l + i)e"BA(«.+i)/kT (6.118) 

Hansen and Pearson (ref. 25) use an approximate Integral expression and Stallcop 
(ref. 26) uses a Laplace method that gives a better approximation at .high temperature; 
both find that the correction for this dependence of w on the rotational quanttim 
number 1 can Increase the total rate coefficient by about 50%. 

The potentials responsible for vibrational excitation are not necessarily the . 
same as those responsible for scattering. For example. If the total electron spin., 
and orbital momentum are not zero for the colliding particles, these can couple in 
different ways. to yield a multiplicity, of 'Interaction potentials such as shown in 
figure 2.8 for collision between two atoms. Then scattering could largely be due to 
long range potentials with larger values of total electron spin, and therefore larger 
multiplicities; presximably these would have larger effective values of L. On the 
otherhand, vibrational excitation would be dominated by steeper inner potentials 
resulting from lower total spln^coupllng. In such cases the potentials deduced from . 
vibrational relaxation and from scattering represent different weighted averages of 
more than one Interaction potential. However, In the case of N 2 the ground state is . 
^Ig, that Is, a state with zero total spin and zero total orbital momentum; one thtts 
expects a single potential surface to apply to N 2 -N 2 or N 2 -Ar collisions (unless the 
simple LS coupling scheme Is broken In very strong collision perturbation). How- 
ever, even this single potential Is not necessarily fit by a single-exponential func- - 
tlon over the entire range of Interaction. L ^ 0.27 A was deduced to fit vibrational 
relaxation data to. the. steep part of the N 2 -N 2 potential, whereas Meador (ref. 27) 
calculates that L ■ 0.4 A for the longer range part of the potential that contrib-. 
utes most to scattering. Viscosity measurements on. the other hand suggest that the 
N 2 -*N 2 potential also has a Van derWaals attractive well with a depth about 0.1 eV, . 
and It Is not clear how all these trends .fit Into a single potential surface. 


6.11 HIGH ENERGY IMPACT VIBRATIONAL TRANSITIONS. 


Up to this point the vibrational transitions have been treated as a small per-^ 
turbatlon problem. At. low. collision energies this Is justified because the transi- 
tion probabilities are all very small. However, at high collision energies the 
transition probabilities become large and may exceed unity, at which point the 
theoretical model obviously breaks down. In fact, Rapp and Sharp (refs. 15-17) per- 
formed some numerical calculations 4islng a close-coupled set of equations .such as 
Eq. (6.28) and show that the small perturbation falls considerably before transition 
probabilities reach unity and that -multiple quanttim jvimps occur. Moreover, , they found 
that It was necessary to Include a much larger number of vibrational levels than were 
excited at the finish of the collision event, because some of. the higher levels were 
transiently excited during the peak of the collision and then transferred their energy 
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back to the translational mode and to lower-lying levels as the collision ®^ent 
completed. Such. numerical solutions can be accomplished on any - 

digital Computer, but an analytic solution for multiple quantum vibrational transl 
ticns, which is due to Kerner (ref. 18), is more, helpful in understanding the process. 
Therefore, Kerner' s method will be.butlined here. 

Kerner sets up the SchrPedinger equation starting from the classical equation of 
motion of a one-dimensional harmonic oscillator subject to an external force f (t) 


py +_Hy ■ 


( 6 . 119 ) 


where y is now_the displacement from the oscillator's equilibrixim position. — As the 
oscillator moves, it does work against the external force 

( 6 . 120 ) 


W J* f(t) • dy 


Note that if f(t) is in the negative y direction, W is positive as y increases 
and this, amount. of energy is lost by the system. If f(t) varies slowly compared, with 
the period of oscillation in y, this work may be approximated by 


3W 

W “ f (t)y “ y 




( 6 . 121 ) 


The Hamiltonian of the oscillator system is thus 


(6.122) 


Replacing the momentum p with the derivative operator ih3/3y, Kerner obtains the 
Schroedinger equation 


h^ 3^ 
2P 3y 


y£(t)|» 


) ’ 


ih ^ 
in gj. 


(6.123) 


He then proceeds to construct a solution from the unforced solutions which are known. 
Make the transformation 

(6.124) 
The elements 


'I' ® iKy r u,t)e®^ 

where u and g are functions of time to be determined., 
in the Schroedinger equation then become 


Let z ».y — u. 


34 . 2 !|. + 2 g If + sF 

3y^ 3z^. 

>s£.!«i + kuz+.is|i 

yf “ (z + u)f 


(6.125) 
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and the. transformed Schroedlnger equation Is 

’ h ” V) +-0^u - f - ih8)z + ^ - fu - iriug - <)> - H 

(6.126) 

Now choose g and u such that the coef f Iclents _ln 9<j>/3z and .z all vanish 

-pu ■ Ihg . 

ku - f— lhg. “,0 

From Eqs. (6.127a and b) we observe 

vii +.Jsu “ f (t) , 


(6.127a) 

(6.127b) 


C6..128), 


In other words u is just. the solution for the classical oscillator subject to a 
forcing, function, which we considered in section 6.2. The Initial conditions are 
u(-oo) a 0, u(-») “ 0. The Schroedlnger equation now reduces to 


l!i 4 . /kz^ . ku=" ■ U 

- ^'“‘8 - - Ik ^ 


(6.129) 


Now let 


6(t) 


ku 


,2^2 
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ku^ . y^U^ 


2 - fu + (fu - ku^) + ~ 2 ^ 


yu'^ ku^ 


2 - 2 

thus 6(t) is just the classical Lagrangian. 


T - V 


(6.130) 




(6.131) 


Next separate the variables z and t _ 

^ - <j)(z)e(t) 

Then 


(6.132) 


^ d^C Q . /kz^ A . 3e 

liT'^ « + + V*® - 3t 


®+Tdt' 


(6.133) 


Initially at t*-», u"0, z*y, and ^ “ 'll, 



hus, the constant in question is Just the initial vibrational energy ■ C^+J-/2)ho) 
id the functions J|>(z) are the harmonic osclllator-Mave, functions 




(6.135) 


lere 




I \^‘^/ 
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m 

h 


(6.136) 


le function 9(t) Is the solution to 

^ [E^-HMt)]e 
dt “ ih 


(6.137) 


Ich is 


0 “ exp 




(6.138) 


Ihus* we have a class of solutions formed from the stationary states of the unforced 
problem and with a phase / (E^ + 6)dt 


Bv , iyuy/h . ipy/h 
1'„(x,t) = ij)„ e®y « <|)j^ e - A = 


^ne 


= \ i[py ■ (6.139) 


where p(t) is the classical momentum yu(t) and u(t) is the classical displacement 
of the Oscillator starting from rest and subjected to the forcin', function f(t). 
Next we expand this wave function in the orthonormal set of harmonic oscillator wave 
functions 


Let m be the initial state designation 


(6.U0) 


n»o 


(6.141) 


Multiply both sides of E^. (6.141) by V^(y,t) and Integrate over all y 

^mn^*"^ “ / V„(y.t)V*(y,t)dy (6.142) 

^—»6o 


1 
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then the traneltlon probability* at time t» that the oaclllator finds Itself In the-- 


unperturbed state n* after starting from Initial state m. Is b 


mn 


b ■ 

mn 


[v - 

J* exp^-| wuj^exp|- “ (y - u)* - " u)]Hj^(ay)dy (6.143) 




mu m n 


f explj yuy - ■^(y - u)^ - " u)]Hj^(oy)dy 

U . - <isi • 


(6.144) 


Transform variables to x ■ ay, vj!L au, » yto/h and define 


I = 
mn 


f “Pff - 


(6.145) 


then the transition probability may be expressed 


mn' 


mn o®+n • . 
tt 2 mint 


(6.146) 


The Integral Is evaluated using the Hermlte polynomial moment generating 

functions _ 


S “ exptx^ - (s - x)^) 


V 

nt 


(6.147a) 


T ■ exp{(x - v)^ -.[t - (x - v)]^} 




(x - v)t 


m 


ml. 


(6* 147b) 
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00 

Jsi „p(i^ ^ f * XV - ^)h„(x.-v)H„(x,4x 

" mm 


n m 


EE 

n m 


(6.147c) 


Complete the square, of the exponential term In the Integral bn the loft side of 
Eq, (6. 147c) .and Integrate to obtain 
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J exp|-^x -t. ^8 +. t + IJJ + 2st + 8v - tv - + — Jdx 

- exp^2st + av - tv - ^)exp|~ ^s-rt t + exp|-|x - 


a + t + 


yx - (s + t+f)]|d[x-( 


S -+ t +- 


(6.148) 


The Integral on the right side of Eq. (6.148) is just /tT exp[-(v/w)^/4] . Thus we 
have 


expl- i (v* + ^) + ^ + 2st + (v + ^)s - (v - •^)tj m!n 

^ n m 


Now . V ® au, = pu/h, and k .“ yw^,. so 


ii 4 . - yu^ + ym^u^ 

0)2 ho) 


(6.149) 


(6.150) 


where e is the ratio of the classical energy excited to the vibrational quantum hu 
Expanding the last three exponential factors on. the left side of .Eq. (6.149), .we 
obtain. . 1 , . 0 


— \ s^ K — \ 


vTo)/ 

I li 


V V n^imn 


(6.151) 


For purposes of evaluating the integrals we are interested only in those terms 

of the product where j + k - n, j + 2. * m or k » n - j, 2 » m - j. Let m < n 




A ^ ^ U \tJ U nJ 

/ J jj(m “ j)l(n - j)f mini 


(6.152) 
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thus 
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TT e ( • 


V + 2' 

^ 2o) 


f-i)J 
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omGlNAU 

QF poOIt QUAUTY 

) /^jtj:tn - j)l(n- j)l 

n^o 


/v? . N 

VTiS/ 


/ #\2/ i\2 .m-Hi/sin+n, 

« (ml (nl )^TT e e. 2 


I 

J-O 




jl(tn - j)!(n - J)l 


The final result for the transition probability is 


mn 




mini e-^ e"** 


m 

Z: 

j=0 


(-l)^s~^ 


j!(m - j)l(n - j)!. 


(6.153)_ 


(6.154) 


Equation (6.154) relates the quantum mechanical transition probability to the class!-, 
cal energy change £. in the oscillator^ subject to the forcing function f(t)», in 
units of hw. Recall that e is the energy gained by a classical oscillator starting 
from rest (see Eq. (6.150)), that is, it is identical with AE/h(u given by Eq. (6.18) 
When e is very small, the transition Pq^ reduces to the usual small perturbation 
value 

P = e e"^ ^ e (6.155) 

01 . , 


but at large e, Pqx becomes vanishingly small due to the exponential term in 
Eq. (6.155). The probability of adiabatic collision Pqo also falls off as the 
exponential 

P „ >■ 1 - e (6.156) 

00 _ , 


rather than remaining unity as given by the small perturbation theory.. As e becomes 
large compared with unity, the transitions Pq 2 » Po 3 » ®^c. grow, larger, and each goes 
through a maximum at a characteristic value ol e. These harmonic oscillator transi- 
tion probabilities are graphed in figure 6.5. . Values of P^]^ are shown in fig- 
ure 6.5(a)j The small perturbation value of Pqj^ is shown as a dashed line for 

reference. The Sum of all probabilities is unity as it should be 

QO ^ 

k-o k“t) 

The classical oscillator energy gain e is, of course, related to collision. velocity. 
Increasing as. the velocity increases. 

Figure .6.5(b) shows the transition probabilities - P^k* The probability Pk, is 
the same as Pq^. The small perturbation value of Pi 2 is. just 2P(ji as ..given by . 

Eqs. (6.53) and (6.54) and is also the limit Of Kerher’s value for small e 


’.18 


Pq i ■ f . SMALL PERTURBATION •*1-2 * 2 f < SMALL PERTURBATION 
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Figure 6.5- Harmonic oscillator vibrational transition probabilities. 
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- ae e"'=(l - l) ► 2c - (6a58) 

' e « I 






The adiabatic tranaltlon probability Is | 

P^i - e‘®(l - fi)2- K -1 - 3e (6.159) j 

C_« i 

The transitions Involving excited states are seen to have nodes at characteristic 
values of c and several maxima. The number of nodes equals the lowest value of 
m or n. This Is characteristic of the solutions to the coupled set of equations * 

Eq. .(6.28)>and shows up In the numerical Integrations Of Rapp and Sharp (refs. 15»16) , 

For these numerical solutions one wants to truncate the number of equations Involved ’ 

at as small a level as possible to conserve computing time. The number of levels I 

required can be determined by observing the minimum number Which leads, to a pronounced _■ 

dip In the solution approximating the nodal point with sufficient accuracy. Addi- | 

tiOnal levels will need to -be retained if solutions are -desired at higher collision |! 

energies, where the second- and higher-order nodes occur. Tteanor. (ref. 19) has com- i 
pared Kemerls solutions with the numerical solutions of Rapp and. Sharp, and finds- 
satisfactory agreement. Figure 6.5(c) shows some of the transition probabilities 
Pjit* showing the two nodes in the solution involved in this. case. The sum of all pps-- J 
sible transition .probabilities, startin g from a g iven quantum number, is always 
unity, of course. | 


6.12 INELASTIC COLLISION EFFECTS ON VIBRATIONAL TRANSITION 


Up to this point the classical trajectory has been treated as though it were i 

obtained in an adiabatic collision, and as a consequence the impulse functior is taken > 

to be perfectly symmetric. as it would be in adiabatic collision. The conservation of 
kinetic energy before axxd after collision was treated in a rather approximate manner ■ 
by assuming that the effective collision energy Was the average of the initial and .. ;■ 

final kinetic energies. However, one additional sink of energy, is the upper vibra- I 

tlonal modes that, become excited, during the collision process. excitation may r 

only be a transient one; that is, the energy is transferred back, fc the kinetic energy i 


mode as the collision partners recede from one another; out no attempt has been made . 
to account for. the conservation of energy during the peak of the impulse. Rapp _and 
Sharp did account for this in their numerical solutions, but the simplicity of 

Kerner's formulas cannot be utilized unless one uses a corrected expression for c. 

Hansen and Pearson (ref... 28) developed an analytic approximation for e that is 
useful for this purpose. This will be carried through for the one-dimensional collln- 
ear collisions, and the corrections for three-dimensional, effects can be added by the 
methods Of section 6.6. 

When a transition to another, vibrational state occurs, the classical trajectory 
is distorted. The symmetrical part of this distortion has been accounted for to first 
order by letting the .collision velocity be the average of the final and initial 
velocities. However, an asymmetrical distortion is also involved. A skewed perturba- 
tion which conveniently,, fits the boundary conditions is 

U - Uq sech^(at) (6.160) 
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The relative velocity between colllalon partners Is In this case 

^ ■ 2a tanh(at) - b - (6.161) 

and .the constants a and b which fit the limiting conditio ns at | t | * » are 


^ ju. 

4L " 2L 

u. - u. 


b ■ 


*1 

2L 


(6.162) 

(6.163) 


The transitions of harmonic oscillators Involve just one quantum of vibrational 
energy, so 


1 

2 




" ±hui 


b 

a 


u? “ ui f , 

2 — ^ Uhl 

(Ui + Uf)! ’ 


(6.164) 


Vibrational transitions occur with sizable probability only when collision energy is. 
large compared with hui; thus (b/a) << 1 in most cases of interest, and the pertur- 
bation has nearly the same shape as for the adiabatic type collision trajectory 
assumed previously. The dimensionless Fourier transform to be used in Eq. (6.53) is 
now, however, 


F 


(!) r e'*^ sech^ (at)e^'^*’ dt 


(6.165) 


In appendix 6B the square Of this transform is shown to become, for small, w/a, 

•* i > ..2^ 


ui/a « 


7 


(6.166) 


This result Is the same as obtained before (see Eq. (6.5b)), except for the factor 
(1 + b^/w^) ,. which represents ihe corrections for skewness in the impulse shape. In 
terms of the constant E^ 



(6.167) 


Normally,, the ratio hw/Eg » 10”^ and fuo/E < I for the collisions of Interest, thus 
(b/(o)^ 'is the order of 10"^. We conclude that the effect of skewness of the pertur- 
bation potential on the. transition probability is small. Thla small Correction can be 
accounted for by evaluating b/w at the v.alue of collision energy ^ which maxi-- 
mlzes the integral of the rate coefficient 
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(6.168) 
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1 -+ 


Tr^(hai) 

Ey*(kT) 




z 

TJl 


Since this correctlbn Is small it will be ignored in the following, in which effects 
of transient storage of energy in upper vibrational levels during the collision 
process are analyzed. It could, however, be carried along without undue mathematical 
complexity. 

For. transitions from the ground .state, which are of Interest here for purposes of 
comparing theory with experimentally observed relaxation-rate data, the classical 
energy excited in a harmonic oscillator, at any time t by the perturbation potential 
U(t) may be expressed 


V(t) 




,(t)e^“^ dt 


(6.169) 


where Yqi is the harmonic oscillator matrix element of Eq. (6.54) when, n 0, and 
Ug(t) is the perturbation when. -the oscillator is in its equilibrium position. The 
subscripts on these terms wlll.be dropped from this point on. for convenience. 


The value of V and all its derivatives at t ® 0 can be deduced from 
Eq. (6.169), and to terms of first order in u)”.^ (see appendix 6C) 



(6.170a) 



(6.170b) 


(6.170c) 


The subscript o refers to t » 0. . These results are independent of the exact form 
of. U, provided the duration of the impulse is long compared with iiT^, 

Now assume that the collision perturbation has the form given for adiabatic. 
elastic collision but with a correction factor (j>(t) which will be adjusted to 
satisfy conservation of energy near, the turning point 


U ■ Uq g"(X“0)/b «.u^(j,(t)sech*(at). __ (6.171) 

Note that. 4>(t) would include the asymmetry factor e^*^ discussed above, if we 
wished to carry this term along. For the present, however, we will be concerned with 
only the symmetrical expansion of <)> . about t > 0. If U is considered symmetrical 
about the turning point (6 q » 0), (|>. and its derivatives at t. - 0. deduced from 
Eq. (6.171) are 
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When these values are matched. with the values given b.y Eqs. (6.170), we bbtain expres- 
sions for U- and its derivatives at the turning point which, in turn, determine the,... 
expansion about this point, Eq. (6.172). 

First match Eq. (6.170a) with Eq. (6.176a) to obtain a quadratic relation for 


for which the solution is 
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(6.177) 




(6.178) 


The positive root is the one of interest- here. . The quantity 4Y.^E/h(D is normally 
small compared with unity. For the homogenous diatomic molecule harmonic oscillator 
matrix element Yoi» (6.54), 




2 2 
m^^o) L 


fe) 


(6.179) 


typically (m/mi) s 1 and E/E,, is the order of O.OOL. Thus 4Y^E/ho) is the order 
of 0.04, and approximate expressions for Uq and Vq are 


U =* E 
o 




hui. 


(6.180a) 


(6,16 


With Uq and Vq determined, the remaining derivatives of U at t = 0. are easily 
found . by matching the remainder of Eqs. (6. 170).. with. Eqs. (6.176) 




VdtVo 


O - 


.* 3 

© 


These derivatives may alternatively be expressed in terms of the collision energy E, 
and the characteristic energy E^, or 4ir^mco^L^ 


4ir^a)^U? 


4ir^.o)^E^ 


(6.181a) 


/ d**U \ / 8 it^(i)‘*E^\/8'it^E y^e \ 

Vdt^/o V A^c: ’W 


Now a Taylor series expansion can be constructed for 
order In time 

(|>(t) ■ 1 + a(at)^ .+ eCat)** 
Where the coefficients a and. 3 are 

„ ‘^6 ^O ^0 ifE 

(V S — B 1 — — B — Ck I ■ M 

2a^ E E . hw 
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(d‘*-(()/dt‘*). 


I m‘ ■ ‘] 

■ ^(a) 


V_1 = 
hu) 




3611 hu) 


(5u.L8lb) 

to terms of fourth 

(6.182a)_ 

(6.182b) 


(6.182c) 


The order of. magnitude of’ these coefficients is easily estimated from the one-, 
dimensional collinear collision case where y is given by Eq. (6.54) 




^(10"^) 


(6.183a) 


3=<- 


m 

72p 


(«?(-3xl0“l) 


(6.l83b) 


These magnitudes indicate that (|> is indeed well behaved in the interval |at| <2, 
as required. The correction <J) flattens the usual adiabatic— like impulse near the 
turning point but makes the impulse steeper in the region |at j s 1, where the-con.^' 
tribution to the Fourier transform is largest. This transform is now 


f 


[1 + a<at)^ + 6(at)‘*isech^(at)e^';^^ dt 


(6.184) 


which in the limit (to/a) >> 1 is found.in appendix 6.B to yield 


4ir 


tr)“ 


^•"TTOj/a 


V ~ ^ 16 ^ 


(6.185) 


Again this is the same result as for adiabatic elastic collision trajectory at the. 
velocity u except for 'the last factor, which ig the correction tot distortion of 
the impulse shape required by Conservation of energ y. 
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For one-dimensional collinear collision matrix elements y* the correction factor 
to be applied for the effect of energy conservation during the collision Impulse is 
approximately given when the relations of B<iSi (6.183) are used for ot and 8 


R =* 



(6.186). 


Normally , ,_E/Ec is somewhat less than 1/144, so the result is but weakly dependent .on 
collision energy and primarily depends on the ratio of collision-reduced mass to 
oscillator-reduced mass, m/y. 

For calculation of the rate Coefficients a or relaxation times t, the correc- 
tion should be evaluated at the collision energy ,Ejn given by Eq. (6,. 61) 



where Xa is the relaxation time and is the rate coefficient obtained theoreti- 

cally for the adiabatic-like collisions. Similar, results obtain in the case of 
three-dimensional theory, only the expression for . is then somewhat more complex. 

The total correction for both symmetric and asymmetric distortions of the colli- 
sion impulse is just the product of two separate corrections. This result is 
obtained when the Fourier transform is performed on the perturbation potential 

U(t) = Uq e^*^[l + a(at)^ 

+ 6Xst)‘*]sech^ (at) (6.188) 

The fraction of the collision 
energy transiently transferred to the 
vibrational mode at the turning point is 
just the coefficient a, which is typi- 
cally the order of 1%; the permanent 
energy transfer is typically the order 
of 10%. Although the amount of tran- 
sient energy transfer is small, it 
causes transition probabilities to 
decrease by factors of about 1.5 to 2 
because of the high sensitivity of the 
Fourier transform to the shape of the 
impulse function. Figure 6.6 shows the 
ratio x/xa given by Eq. (6.187) fox 
OarAr and N- 2 -N 2 collisions where the 
logarithmic potential gradients are 
0.24 and. O h. 27 A, respectively. The. 
correction is plotted as. a function of 
T~i 7* to show the departures from 
Landau-teller theory, as illustrated by 
the small curvature that appears at the 
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Figure 6.6- Correction to vibrational 
relaxation times for N 2 .-N 2 and Oa-Ar . 
collision. 
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high temperature end.of the plot. The. effect Is also aho^ In the dashed theoretical, 
curve of figure 6.7. The data on this figure are those of Appleton (ref. 29), and _ 
curvature of about the predicted. magnitude. appears at high temperatures, near 
10,000 K. This is the only data p^sently known at these high temperatures where th 

effect is observed. 
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Figure 6.7- Landau-Teller plot, N 2 -N 2 vibrational relaxation. 


6.13 CONCLUDING REMARKS 


A large amount of theoretical and experimental research has been invested .in the 
vibrational relaxation problem, so much that one-would think the 

been completely solved by this time. However, a large amount of additional work is 
still poLible on the problem because of the various approximations and limitations 
involved in previous work. We have devoted ourselves mainly to the semiclassica 
treatment because this method is conducive to the derivation Of analytic approxima- 
tions that lead to better . insight about the meaning of 

problem. In principle, numerical solutions of the coupled set of differential equ 
tions Involved can be performed as accurately as desired. In practice, most, of these 
solutions have been devoted to one-dimensional colllnear collisions because 
exorbitant amount of. computing time, required for the three-dimensional case.- Howeve 
the semiclassical results furnish a convenient, though ®PP’^°’^J“®^®» 
the one-dimensional and the three-dimensional case which can be applied to the more 
rigorous, one-dimensional calculations. Many Of the one-dimensional calculations are 
still based on the sech(at) type Of interaction potential, which is ®PP^°*?;“ 

mate; others are based on the exponential interaction and ^h® 

motion are numerically integrated for this interaction, including the effects of step 
by-step energy conservation. However, the real, potentials are unknown, and until 
these are available, from fundamental quantum calculations there is not “'^oh 

point in being carried away with long computations of rigorous solutions. The 



present semlclasslcel results are perhaps as aceurate as needed cbnslderlng our state 
6f knowledge.of the Interaction potentials. _ 

Two prdblems which are df current interest merit comment. One is that transition 
between upper vibrational levels is of great concern to scientists analysing gas- 
dynamic lasers. These transitions are responsible for establishing the nOnequilibrium 
population of exOited states that Occur in these lasers, particularly the Vr>V tran- 
sitions where both the •oscillator and its. collision partner change vibrational state.- 
This problem requires that the vibrational wave functions and transition matrix ele- 
ments for the collision partner be included.. In the upper levels, the enharmonic 
effects become stronger and can produce, sizable phase shifts in the probability ampli-: 
tudes because of the extreme sensitivity of the Fourier transforms to phase. Finally, 
after all these consider.itions, we must admit that the problem has not even been 
solved correctly yet, because the effects of coupled rotational transitions have not 
been properly included. We observed how the dependence Of the perturbation potential 
on angular coordinates led to coupled vibration-rOtatiOn transitions, predominantly 
With A£. = 0, ±2, and ±4, when the three-dimensional aspects of the problem were -con- 
sidered^ However, this analysis wasvonly performed in the small perturbation limit, 
whereas multiquantum rotational transitions occur in normal collisiona with high 
probability and these cannot be treated by small perturbation methods. To be done 
correctly, the problem should be performed with every rotation-vibration eigenfunction 
available to the molecule represented by one equation in the close-coupled set of 
equations discussed in this chapter.. This method becomes too large a computation 
problem even for modern computers, because of the large number, of 'equations involved 
and the three-dimensional characteristics of the problem. What is needed is a set of 
approximate expressions for the rotational transitions produced in collision as a 
function of "time, which can be coupled into the equations for vibrational transition 
as a reasonably fast subroutine. 

The physical picture we have of the collision process and the elements necessary 
for the solution of transition probabilities are quite clear at this, point, however. 

The diatomic molecule starts in a known vibration-rotation state. Given the interac- 
tion potential with an incoming collision partner, the eigenfunction is first dis- 
torted to include a number of unperturbed rotational eigenfunctions in the expansion; 
the. coefficients of these eigenfunctions- squared being the time-dependent probabili- 
ties that the molecule would be found in these rotational states if "the perturbation 
were suddenly removed. From these rotational states, the transitions to the nearby 
vibrational levels take place with much smaller probability. Under the influence 6f 
the perturbation, the transient internal energy surges back and forth between the 

various rotation-vibration states, eertain states on occasion being at maximum while — 

others are at nodal points. As the perturbation recedes, some of this internal 
energy flows back into the kinetic-^energy mode, leaving the molecule with a distribu- 
tion of probabilities, smaller than at the peak of interaction, among the various 
unperturbed vibration-rotation stupes.. The transitions to other vibrational states, 
will generally occur as given by small perturbation theory, but the rotational ampli- 
tudes will wander around the ladder of available states both in the initial vibra- 
tional state before transition amplitudes have Changed appreciably to the final state, 
and also in the final vibrational state after the transition amplitudes in these 
states have grown appreciably. Since rotational Changes jwi 11 both climb and descend 
the ladder under the perturbation influence, we are able to get by with the approxi- 
mate solutions where the two effects are decoupled. However, the strong dependence 
of the Fourier transforms oti the value of the circular frequency oj suggests, that the 
most frequent path of transition will be where w is minimized; namely, where the 
rotational state is demoted to lower levels in the transition process, though it may 
subsequently be promoted to a distribution of rotational levels in the upper state, 


128 


okiginal page is 
OF POOR QUALITY 


This whndei'ihR Around in the various rointional states during the impulse should be . 
particularly noticed in the V-;.V type transitions important in laser gasdynamica.. 
Thus, the Cull solution to. the collision induced vibrational transition problem awaits 
the solution to the collision induced rotational transition problem, a solution that 
has~not yet been satisfactorily accomplished. 
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VIBRATION=ROTATi0N TRANSITION OVERLAP INTEGRALS 


The overlap Integrals y (E<1. (6.90)) are evaluated using rlgld-rotator , hairoonlc 
oscillator wavefunctlons 

where ij/y is the normalized harmonic-oscillator wave function and Yjij„ Is the usual 
spherical harmonic functlbn.. -Then. y. may be expressed 

y(v,«,,m}v + Av,)l + M,m + Am) - Ij^ (Av)!^ (Al,Am) (6.A2) 

where 


Ii(Av) 


5^ 

slnh 6 





v+Av 


P - Pg 

—2L- V dp 


(6. A3) 


I,(Al,Am) = e cos^^ ^ dO .. (6.A4) 


The Integration Of (6.A4) extends over all elements of the solid angle dO^ 

The integral Ij^ is easily found by usual methods, and it is nonzero only where 
Av = ±1 „ 


Il<±l) 



(6.A5) 


An elegant way to evaluate I-, is to expand the perturbation in terms of spheri 
cal -harmonic functions. Then I^ is the sum of integrals of triple products 
^Jl'm'^jl'V^im wl^i^h are given in terms of Clebsch-Gordon coefficients (ref. 30). 
However, we will sketch the derivation in terms of commonly known relations between 
the associated Legendre functions.. 


I 2 can be expressed 


Is ■ 


fKi/f-” 
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i(m-m*).4> 2 . j. 

e cos <fi d(}i 
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(cos 0)P™(cos 0)sln® 6 d0 
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i(m-m')4. _4 
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cos'* ^ d(f p”,_(cos 0iE^(cos 0)sin® 9 d0| (6.A6) 
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where and C^, are Che usual normalizing constants 

c”-. IHt - 

S I - 2(l+m)l 1 


original PAGti 
OF POOR QUALITY 


(4.A7) 


and m Is understood here to represent the absolute magnitude of the magnetic quan- 
tum number.. 

Ultimately, we are interested in the limiting values of I 2 when I » I, and . 
it simplifies the algebra enormously if we use limiting forms for the recursion rela- 
tions between associated Legendre functions right from the beginning, rather than use 
the exact, recursion rslations and then take the limit at the end. The results are -the 
same in either case. The limiting recursion relations are 




(1 - x2)l/2p®(x) 


^(x) + a + m)P®_^(x)] 

(6.A8), 

- a - 

(6.A9) 

[p^:;(x) - p?!;(x)] 

(6.A10) 


Whenuthese are used with the orthogonality relation 


1 


(6. All) 


the integrals I 2 (A/l, Am) become 


T /n nN _ 1 + m^ . 6 ^ 31 ** + 2iV + Sm** 

12 ( 0 , 0 ) — 


1,(0, ±2) = - -i- 


1 - m^ 


8 64 gj* 

I (o,M) = Hi liijLJllii 

i2<.u,.‘f; 768 . st,‘* 

X /*o AN _ 1 “ m^ - m** 

i2<±2,o) - - j -- 2 ■ ■ - — pr— 

I,(±2,S2) - X t If 

^ io yo jl** * 
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(6.A12) 

C6.A13) 

(6.A14) 

C6.A15) 

(6_.A16) 

(6.A17) 


Ia(±2,±4) 


6" a + m)^g^ - m^) 


(6.A18) 



I4<±2,?4) 


(6.A19) 
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l2(±4,0) 
l2(±4,±2) - - 


6^ a - - ro^) 

384 ~ 

36^ (i^ 

" 768 ji**- 

6^ (I + 

384 


l2<±4.?2) 


6^ , (& - - m^) 

384 . jl** 


l2(±4,±4) 

l2(±4,?4) 


6^ (i -f m)** 
L536 £*» 

a - m)** 
1536 itV-_ ■ 


(6.A20) 

(6.A21) 

(6.A22) 

( 6 .A 23 ) 

(6.A.2.4) 


For all. other values of Li and M, I 2 vanishes, so the selection rules for the 
assumed perturbation are A1 • 0, ±2, ±4; Am >> 0,. ±2, ±4. Next, the l\ (Al, Am) are 
averaged over all 2J!, + 1 Initial values of m to get the total value Ij (All) for a 
given change In angular momentum. 


-ttVt l|(A£,Am) 

m Am 


(6.A25) 


Recall that m signifies here the absolute value of magnetic quantum number, but 
there are 21+1 terms. To terms of first order In 1, the average value of m^ la 




and the averages given by Eq. 


!>>i 
(6.A25) become 


,n 


n + 1 


1 ^( 0 ) 


-15 . 35 630 


=-L + iL + lil 

l2(-2) 3Q + + 2835 


l|(±4) 


22680 


(6.A26) 


(6.A27) 

(6.A28) 

(6.A29) 


If the next-order term In the expansion of the perturbation had been Included In 
Eq. (6.85) It would contribute nothing to terms of order 6*^ and 6^ In the Integrals 
I 2 ; It would Increase the terms of order 5**, but by less than a factor of 2. For 
realistic values of iS^ (<6), the major contribution comes from the terms of order 

and lower, and we conclude that for real molecules- the dominant rotational changes 
coupled to the vibrational transitions are Li » 0,_±2. 

The metric elements have been evaluated here for. rlgld-rotatbr wavefunctlons, 

while symmetric-top wavefunctlons should be used, strictly speaking, for diatomic 
molecules with electronic states other than ^E. However, the projection of electron 
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uSus ?n mole^uLn? ? Internuclear axis Is rarely more than 3/2 quantum 

^ ^ ^ Interest, so at high rotational quantum numbers fc. the coupling 

perturbs the rigid-rotator wavefunctions Cnly a small amount. 
Accordingly, we apply the above-jnatrlx elements to diatomic molecules In general. 
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COLLISION PERTURBATION FOURIER TRANS FO RMS... 


The Fourier transform used when nonadlabatlc collision effects are considered Is 

F ■ w r sech^ (at.)e^^*^^^^^dt (6.B1) 

•^—00 

A contour Integration about the pole at t ■ lir/2a, along the real axis t ■ x from... 
-» to -H» and back along t ». x + lit /a, yields 


The residue at lir/2a Is 


Res 


(H) 


b + lo) (lTrb/2a)-(Tru/.2a) 


and the dimensionless Fourier transform Is thus 


F , - lb)cach 


In the limit (w/a) >> 1, the modulus squared of„,thls transform becomes 

.•* » > .2. 




(6.B2) 


(6.B3) 


(6.B4) 


(6.B5) 


The factor (1 + b^/co^) represents the correction to the usual adiabatic collision 
transition probability due to the asymmetrical factor e^^ in the impulse function. 
In addition, transforms of the type 


^00 

F = 0 ) J [1 + o(at)^ + B(at) '*]sech^ at e^*^^dt 


(6.B6) 


are required for analysis of nonadiabatic-elastic collisions involving interactions 
between the vibrational and kinetic-energy modes. Define the function 


F = f t” 


sech? (at)e‘^'"*’dt 


iwt 


(6.B7) 


where n ■ is an integer. Again, perform the same contour integration along t = x 
and back. along t ■ x + iir/a: 


P n i(ox, F / j / io)} 

I X e dx ^ I (x + itr/a) e 

J cosh^ ax J cosh^ (ax + 

CO 


ia)x-(iro)/a) 


lir). 


dx “ 2iri Rea, 


n. 


(6.B8) 
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From Eq. (6.B8)_se obtain 


^n^^ ’ + e'^** *^^ n X Vi I Va + • •- • " 2ifi Re^n 


where Resn is the residue of t’'8ech^(at)e5^^ at lir/2a. 


/ V vtt-l- ~iru/2a 


in the limit as (co/a) >> 1, 


n 


(co/a 


— I^)”(f)- 


-irco/aa. 


and the total Fourier transform given „by Bq« (6.B6) then becomes 


F 


(co/a)»i 




(6.B9) 


(6.B10) 


(6. BID 


(6.B12) 


The square of the last term in brackets represents the correction to the usual . 
adiabatic-mastic collision transition probability, required when the energy tran- 
siently stored in the vibrational modes is included in the conserved collision energy 



APPENDIX 6C 




ORIQfNAL PAGE 18 
or POOR QUALITY 


VIB3ATI0NAL ENERGY AND ITS DERIVATIVES AT THE COLLISION TURNING POINT 


Consider a diatomic molecule subject to the perturbation 

U = U. + (grad 41). y . _ (6. Cl) 

e e.' ■ ’ 


where y = (p - Pq)^ the oscillator Coordinate. The amplitude y of a classical 
oscillator. subject to this perturbation is found using Green’s function. Starting 
from rest, y at any time t is 


y 



(grad U)g sin o)(t - 
yu) 


K) 


d5 


The maximum amplitude Y may thus be expressed as 


L 


' i»t,, 

' e dt 


yu 


(6.C2) 


The net amount of vibrational energy excited is, in units of hu 

2 


AE yoj^Y^ 


1 


ho) 2h(o 2yhu) 


I 


(grad U)g e^^^dt 


(6.C3) 


This classical result is exactly the same as the quantum probability of transi' 
tion 0 1 given by small perturbation theory. 


e 




(6.CA) 


where is the harmonic oscillator matrix element 

1/2 


When the transition probability becomes too large for small perturbation methods to~ 
apply, Kerner’s solutions of Schroedinger’ s equation are used. The probability of 
transition m n due to a forcing function acting on a harmonic oscillator is 
found to be 


P 

mn 


n+m 

e . e 
n! 


mlnlS^ (e) 


(6.C6) 
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where Che 


Is 
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m<n 


mn 


■ I 


-nJe“'3 




j“0 


(n - j)t 


(6.C7) 


For present purposes, transitions from the ground state are of interests 


e“" 


on nl 


(6.C8) 


ff'i'ices to the usual small perturbation result (Eq. (6.C4)) when e 

^ total” 


w go 

" - Z ■ »“ t-t 


n«o 


1)1 


hue 


(6.C9) 


n=i 


^at* potential is exponential, and. the molecule is homonuclear. 


so 


grad U 


U 


2L 


and-Eq. (6.C9) can be expressed as 


vi£l 


hu 


^01 

- ”, 

oo 


(t)a‘“tdt 


(6. CIO) 




convenience. 

The vibrational energy at t » 0 is 

^o 


s on 


o h 



U cos (ot dt 




sin ut dt 


(6.C11) 


is negligibly small compared with the second. The 
latter can be treated by repeated integration by parts to give 


r 


(d‘‘U/dt‘‘), 


+ ~ - 


U sin ut dt 





where we heve used the fact that .U and all Its derivatives vanish at — |t| ■ «. 
Thus, to terms of first order In 


V 


o 



(6.C13) 


The derivatives of V at t ■■ 0 are obtained .by. differentiation of Eq. (6.C10)« 
The cosine transform of U and all odd derivatives of U at t » 0 are taken to 
vanish, 



U cos (i)t dt » 


U. 



(6.C14) 


which Is equivalent, to neglect .of asymmetrical terms In U and V. Then the results 
are: 



(6.C15) 

(6.C16) 


The vibrational energy at the turning point Is seen to vary essentially at t**. 
These results are valid for any Impulse function U(t) where the duration of Impulse 
Is long compared with , provided only that U varies exponentially with distance 
between the collision partners. Similar relations obtain In the more general case, 
only U is then replaced by (2L grad U) . 
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CHAPTER VII COLLISION-INDUCED ROTATIONAL EXCITATION 


7a SUMMARY. 


IS 


itlon by c 


The close-coupled set of equations that describe rotational excitation oy*^ colli- 
sion perturbation are the same as used previously to describe vibrational excitation. . 
However, In this case .the small perturbation methods fall and a large number of 
accessible states He within kT of one another so that reaction paths from Initial 
state n to final state j can go through a multiplicity of Intermediate states, 
such as n k Jl m . . . . j. This renders even high-speed computer solutions . 

very costly except at very low temperatures, where somewhat ' fewer levels need to be 
Included In the coupled set.. Nevertheless, a few steps In the problem can be carried 
forward analytically to give some. physical Insight Into the character of the solu- 
tions. In particular, the sudden approximation Is useful wherever. the collision time 
is very short compared with the. transition time and a series expansion of the 

solution is.then possible In analytic form. Such solutions are Illustrated -by carry- 
ing out the Integrals for cross section and rate coefficient for first- and second--— 
order terms, but recognizing that additional terms, which greatly Increase the com-t 
plexity, must be included for convergence to the correct answer for most cases of 
practical importance. Some numerical integrations of the close-coupled set of rota- 
tional-transition equations are given, using a severely truncated form of the inters 
action potential, to show the character of the precise solutions that can be provided, 
in principle, by high-speed computers. The effort to perform the precise solutions 
will be warranted once quantum chemistry methods have provided realistic interaction 
potentials. 


7.2 INTRODUCTION 


Collision-induced rotational transitions are important for a number of reasons.. 

As we saw In -the last, chapter, rotational transitions are needed for a complete 
solution of the vibrational excitation problem; they are important in establishing 
population inversions in molecular gas lasers; they affect ultrasonic absorption and 
dispersion,, transport properties of gases, and the shifting and broadening of spectral 
lines; and in astrophysics they contribute to the cooling of interstellar gas and 
pCssible maser action in such gas. The complete formalism for the equations which 
need to be solved has been. laid out by Takayanagi more than a decade. ago; his two 
review articles on the theory of rotational and vibrational transitions in molecular- 
collisions (refs. 1 and 2) are still current. Unfortunately, the formalism has. Jseen 
of little help to. engineers who needed quantitative estimates of the transition rates, 
because. small perturbation methods which lead to analytic expressions are inaccurate,, 
and the more exact solutions by numerical methods required excessive computing time. 
Takayanagi and others have studied approximate methods such as the Distorted Wave 
method (ref. 3) and the Modified Wave Number method (refs. 1 and 2), but the only 
method Which seems capable of good accuracy is the close-coupling method which is a. . 
direct numerical solution of the set of Eqs. (6.28) derived in the last chapter. 

These equations are truncated at a finite number of rotational states, which may need 
to be- much larger than. the number af rotational states finally excited by the colli- 
sion. The collision energy may be -transiently stored -in some of the high-lying rota- 
tional states during the course of the collision, just as in the upper vibrational- 
states as discussed in the last chapter, and the set of equations must include all the 
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states which are excited to an appreciable extent during the collision. This method 
required s6 mu6h_coraputer time that Only a few simple calculations have been performed 
until recently. Takayanagi (ref. 4) studied the rotational relaxation in HD-HD colli- 
sions at low temperature (20 to 40 K) where only the J ■ 0 and 1 levels needed to be 
Considered; .he calculated the. number of Collisions Z needed to relax the gas to 
equilibrium and found Z - 25 at 20 K and Z - 19 at 40 K; this result Is within a 
factor of about 2 Compared with experimental results* Z ■ 10* from sound absorption 
measurements by Erangsma et al. (ref. 5), Itlkawa and Takayanagi (ref. 6) obtained 
better agreement for HO-He collisions* but the Interaction potentials used are rather . 
uncertain* so the agreement may be somewhat fortuitous. Three major factors have 
limited the enthusiasm for performing extensive calculations of rotational excitation 
(1) the excessive computer time required* (2) the lack of accurate knowledge about 
interaction potentials* and (3) the lack of accurate experimental data with which to 
validate the calculations. With respect -to the latter* rotational excitation cannot . 
be observed directly with molecular beam methods because the beam densities are far 
too low -for any kind of spectroscopic emission or absorption measurement* even with 
laser light sources .- However, one type of beam measurement can be made quite accu- 
rately, the excitation of rotation by electron impact. . The electron scattering and 
energy are measured, and the specific rotational state. excited is deduced from conser- 
vation of energy. For this reasoa* the most work is currently being done on electron 
impact_excitation. of rotations,. both experimentally and theoretically. 


I 

n 

5 


I 


In view of the embryonic state of the problem at present ^ we will discuss only a 
few specific numerical results, but first we will examine the nature of the close- 
coupled set of equations which need to be solved* in order to learn something about 
the general form their solution must take. Some of the recent numerical work follows 
the complete quantum formalism laid out by Takayanagi in which the incoming particle 
is treated as a sum of partial waves, each wave representing one unit of angular 
momentum with respect to the relative motion between the two collision partners. The.. 
problem with this approach is that several hundreds of these. partial-.waves may need, 
to be included before the solution converges to the correct value of the cross sec- 
tion. In other words, the cross sections are large enough so that for heavy particles 
and realistic collision velocities a very large number of quantum angular momentum 
units is involved at the larger miss distances.. The problem is not as severe for. the 
light-weight electrons, of course, which is Why calculations Involving these collision 
partners are more tractable. For. present purposes, we will limit ourselves. to the 
semiclassical model for conceptual simplification* and. withhold remarks about -the fulL 
quantum approach until chapter X, where the scattering of these. partial waves will be 
discussed . 


7.3 SEMICLASSICAL CLOSE-COUPLING METHOD 


The coupled set of equations which describe rotational excitation by collision 
perturbation are just the same Set derived in the last chapter to describe vibrational 
transitions by perturbation (Eq. _6.28) _ 

L 

K “ ■ i Yj ^n^nk . -k » 1* 2* . . . L (7.1) 

n=x 
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The matrix-elements Ujjj^ are 
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U 


nk 




'n> 


,l(un-wk).t 


(7.2) 


where ^k ^n sr© the eigenfunctions of states k and n with energy eigenvalues 
nuj^ andhojjj, respectively, and H' is the time*-dependent cCllision perturbation 
potential. For, the rotational. problem of Interest here, the eigenfunctions Yi, will 
be taken as the rigid-rotator, spherical-harmonic wave iunCtions and 

ff®* respectively, the quantum numbers. giving, the angular momentum of4:he rotator 
and its projectlon_on the z .axis for -the state k in units of Ii, 

quantity H’ in the semlclassical model_is the time-dependent perturbation . 
determined by the classical collision trajectory. This is a reasonably good approxi- 
mation if the colliding particles are massive enough to have, at the velocities of 
Interest, a quantum wavelength short compared with the distance of appreciable poten- 
tial change. This condition is typically satisfied for molecular collisions of" 
interest, except for electron collisions which need to be -treated by a full quantum 
treatment; that-is, the translational wave function must then be included as part, of ... 

matrix elements. The main problem with the semiclassical method is 
that it is awkward to allow, for conservation of angular momentum and total energy 
uring the collision event, though this can be done approximately by the expansions 

about the point of closest_approach as for the vibrational transitions considered in 
Chapter VI . 

The square of the amplitudes aj^ represent the probability that at any time t 
the system will be represented by the steady state eigenfunction Yi. with .energy 
hojk, i/: the perturbation were to be removed at that time. The system starts out. with 
unit probability in some initial state, and a characteristic of the solutions to 
Eq^ (7.2) is that total probability is conserved 


k=i 


^k-k 


= 1 


(7.3) 


The equations^are truncated at some total number, of states L, which might represent 
the total number of vibrational-rotational levels up to the dissociation limit in a. 
complete^solution, for example. In practical terms, the number of levels is usually 
truncated at the number which are appreciably excited during the course of the colli- 
sion event, in order to reduce the computation time required. At very low tempera-r - 
tures, where the collisions are very low energy, a two level approximation may provide 
reasonably good answers; the two .level approximation was used by Takayanagi (ref. 4) 
and Itlkawa and Takayanagi (ref. 6) to calculate rotStlonal excitation of HD at gas 
emperatures.from 20 K to 40 K, for. example. At higher temperatures, it may prove 

necessary to include the order of a hundred levels of a typical rotational excitation 
problem. 

The general character of the solutions can he appreciated from inspection of 
Kerner s solution for large perturbation vibrational transitions of harmonic oscilla- 
tors, (chapter VI). These analytic solutions are the same, as obtained from numerical 
solutions of the coup.led set of equations. The imaginary coefficients in .the differ-. 
ential. equations. (7.1), establishes a 90« phase charge between the amplitude cbmpo- 
the time. derivatives . a^, which in turn assures, the conservation of 
probability, Eq. (7.3), and results in components of the probability Vector which 
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exhibit maxima and nodes as a function Cf time (see figs. 6.5(a'?c)). The probabili- 
ties aret In effect • surging back and forth between the various available levels 
during the course of the perturbation event and the final distribution Of the 
probability amOhg the steady-state levels Is highly dependent On the duration of the 
perturbation as well as Its magnitude. Of course, Kerner's solutions apply Only to a 
harmonic oscillator. case where the perturbation Is linear In the Oscillator Coordi- 
nate, but the. general character of the solutions will be the same for any set Of 
levels and any time-dependent perturbation function. This is well Illustrated In the 
two-level approximation, where analytic solutions are possible. 


7.4 TWO-LEVEL APPROXIMATION 


In the two- level approximation, the Coupled set of. equations reduce to 

Sj « -iV(t) (ai + U e^“"^ 
a, = -iV(t)(U 


where 


and 


Let 


* 2 ) 

(7,4) 

+ 32 ) 

(7.5) 
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% “ * V(t) 

UV(t) = = ^2^ 

\ “ J v(t)dtj 


( 7 . 6 ) 


Since we may transform the equations to the amplitudes bj^ and solve 

for these quantities. 




[-i j* V(t)dt] - a^iV(t) 


( 7 . 7 ) 


bj^ “ -iV(t)U 6 xp(iu:Qt)a 2 exp^i ^ V dt^ = -iV(t)U exp(iojQt)b2 (7.8) 

bj ■ -iV(t)U exp(-iu)^t)aj^ exp^i J V dt^ ■ -iV(t)U exp(-ito^t)bj (7.9) 


The solution Can be carried forward for arbitrary V(t), but to illustrate the 
form of the solution we consider the case where the perturbation V(t) is a rectangu- 
lar pulse. Differentiate Eqs. (7.8) and (7.9) with respect to time and let 
■ C^, to obtain 



+ C^bi - 0 

(7.10) 

0 

+ i(o. b, 
0 2 

+ C^b^^ - 0 

(7.11) 
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Solutions t6 these equations are 
where 

(Og ± /o)| + 4C2 

“i “ 2 (7 

-u), ± + 4C2 

o o 

“2 2 ' (7 

Thus, a general solution for and bj Is 

bj = e^“P*^ + Bjl (7 

bj » e"^“o*^^^(A2 e^“P*^ + Bg e"^'*’P*^) (7 

where 

“p ■ <■’’ 

Now to satisfy this Initial condition where the rotator is known to be In level 1 


before the start of the Impulse at t = 0 

bj (0) =1 = Aj^ ± Bx (7' 

b,(0) . 0 . i[(-f + „^)a, + <7, 

^2(0). = 0 = Aj + Bj (7. 

b;(0) . -1C - -l[(-^ - + (^ + «'p)bJ (7, 


b, . e*-"*' 
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(7 
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we require that 
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The solutions, Eqs< (7.16) and (7.17) can thus be expressed 

- e^"o^^*/co8 Wpt - ^ sin WptV (7.25) 

’ P’ » 


^ “pV 


(7.26) 


Exorcise 7.li Sh6w that the two-level solutions ;jlven by Eqs. (7,?i).,.flnj..(7.,t26) satisfy the coiiSeivatton oil 
probability 


b^bj + bgb* » I 


Two limiting cases will be of interest.. If 

C » (jiQt that is. 

the perturbation 

is very strong 

2 



cOp ^ . + + . 

. .j « c 

(7.27) 

bi *• cos^ 

ct 

(7.28) 

C»(D^ 

0 



h\ >• sin^ 

Ct 

(7.29) 


C»o) 

O 


The rotator surges back and forth with a high frequency C/n. On the other hand if 
C « coq, that -is, the perturbation is very weak 
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In this case the upper state is never very highly populated, but a small amount of 
energy flows in and out of this rotational state with the frequency 

Solutions can be carried forward for a general impulse shapej the solutions for 
Wj^ and W 2 then become complex numbers with factors such as (6/C) in. the imaginary 
part. In this case the solutions are also damped and thus have- the character of a 
damped oscillation between levels. Such two-level approximations are not very 
realistic in most practical situations however, so we need not develop them further 
here; our interest in this approximation has been mainly to develop a feeling for the 
characteristics of solutions to the set of coupled equations. Next, we will look at 
expressions for these solutions which are series expansions in powers of h“^. 


7.5 SERIES EXPANSIONS OE. SOLUTIONS TO THE CLOSE-COUPLED SET OF EQUATIONS 


.In the small perturbation approximation, the value of the coefficient an, where 
a is the initial state, is simply taken to be a constant, an ■ 1. All other coeffi- 
cients ajj are taken tC vanish in the first approximation. Then, the set of differ- 
ential Eqs.,(7.1), are uncoupled 




k 1 ,. 2 , 3 , . . . 


(7.30) 


for which the solutions are-simply 
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(7.31a) 




(7.31b) 


The total probability is not conserved in this approximation,. but does .remain 

close to unity if. Inj^ _defined as the Fourier transform integrals of U„v, are all 
small nK«__ 
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(7.32b) 
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P = P a.a^ * 1 + -£• 41 

Y j j h2 Y 


(7.32c) 

(7.33) 


The probability will, however, be conserved if we retain all terms of order h"^ in 
the expressions for conciseness in notation let 


V = U 
Jk ^jk ® ■' 

The solutions for the coefficients aj^ may then be expressed exactly 

.t ir— , .t 


(7.34) 


Ana=-^| V dt- — 
n h J nn h 
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(7.35a) 
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^'mOB-QUAUTY 


<-0. - 


Now inserting the. first-order-approxlmatlons in the right-hand side of Ea. (7 
and (7.35b) .. ^ 


in a 


n ■ - f 

-* k¥n *^09 
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Vni,(t»)dj:‘' dt' + . . 
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v^<f )df + . . . 


The double integrals of Eq. (7.36a) are easily evaluated 
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Now the-absolute values of the squares of the coefficients aj^ are, to order 
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The probability Is thue conserved to order 
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E - 1 - w * F E 4 ‘ 

k kf^a kfhi 


(7.40) 


The ex pans ion can of course Jae continued to higher ord er term s. For example 

/ -t' 


,t ^t* 








Vnk(f)V^n^‘'">^t"Jlt' + ^(h-3) 


(7.41) 


(7.42) 


—00 ^—00 




Vj^k<t’)Vjk<t")Vjj^(f ")dt'" dt" 


dt’ 


+ ^(h-“) 

(7.43X 


The variables of Integration are designated t' , t", t’", etc., to call attention 
to the fact that they are dummy variables and that the true functional variable is 
the upper limit of the last integral to be performed. As long as the perturbation 
functions are all the same, the nested integrals may b.e evaluated exactly by repeated 
application of the result in Eq. (7.37). 


If ■ ■ ■ / 

^—00 ^—00 oc 


\k^^q^'^nk^^q-l^ * * * '^nk^^^JL^^^q ‘^^q-i • • • 




qi 


(7.44) 


However, where the perturbation functions are different, the general result is not so 
simply expressed. An approximation known as the sudden approximation is often used at 
this point, where the perturbation is treated as a delta function in time. The 
physical interpretation of this approximation is that the impulse duration is very 
short Compared with the period of transition between, any two steady states, that is 


(w ~ w, ) << — 
n k' Tj. 


(7.45) 
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where la the effective duratlbn of the colllalen perturbation. Thla la a reason- 
ably good approximation for hlgh-temperature collisions when the adjacent states are 
close together! e.g.» In high temperature, excitation of low-lying rdtatlonal states. 
However) the approximation becomes poorer as the values of Aw become larger» as they 
do for upper rotational states where the energy Increases as X(H + 1) — approximately 
the square of jijte rotational quantum number . 


Wherever the sudden approximation Is justified! the nested Integrals can be 
evaluated simply 



(t.')Vnj^(tV,)jdt" dt*- 


^n j ^nk 
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I LObiem 7.2ai Consider the tectangular porturbattou Impulses 
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show that If 






the nested integral t« given, by 








Problem 7,2b: Consider rectangular, perturbation Impulses such that 


show that If We define the single Integral 
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the double Integral ia. glvon by 
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Problem 7,3; .. Consider A -U'lplQ-ncstod intcj^rAl o£. recr.rtngnlnv functions v^ft) with different, half widths rj and 
different heights 


j’*’ v,(t!)vj(t")v,(t"')dt"' (it." dt' 


v,(t) - V.j„ . M •( t, 


Vj(t)-V,^ |t| 
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•■V»o I*-! i'-s 

•0 |t| 

show that as t becomes groAtor than the largest half width, the nested Integral may be expressed 

V,oV,oV,o2’c,c,c, Ijljl, 

6 ‘’'‘6 




Using the sudden approximation to evaluate the nested integrals, one obtains the 
expansions 
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Now evaluate the absoluta squares of ,the8e..coefficients to order h~** 
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(7.48) 
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Now sum Over all 
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(7.50) 
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The terms of order ' h1^ in a^an ^nd obviously add up to zero as before. 
With a. little rearrangement of the indices of summation (which are dummy indices) the 
terms of order h~** are found to cancel as well. For ..example. 


(7.51)„ 
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Thus, 
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where the summations extend over all levels including the initial level subscript n, 
unless indicated otherwise. The higher-order terms will also cancel when the expan- 
sions are carried further, and probability is thus . conserved to each order of 
approximation. 
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Con«r,.tlon of probaMllty does not “‘““f 

probabilities, ^of ™“i“'2es^^^ the sudden approximation Is not- 

raTablt: onfw:": naertr“UuaJe ruipla“mt,grals Instead of the simple produot 
of single iMegrals (see ^q. (7.46b)). 

7,4. Derive Ch. expaneione f.r «t and a given 
use s"r.esslve anor6xla.atlo n In the e xact relations of Eq«. (7.35a) and (7.35bJ. 

7.6 CAICULATION OF ROTATIONAL TRANSITIONS WITH THE SUDDEN APPROXIMATION 
The solutions of -tatlonal tra„p^ 

'““noS'l7^n“%hU ^coMU^t SLsslie amounts of computer . time when a large 
equations xnis may , j j «« t-Viav An when a larae number of coeffi- 

number of equations need to ’ ^^3 during the course of a collision event, 

dents aj transiently take on pnerev states are accessible with energy 

This occurs whenever a ^333 the typical rotation excitation problem, 

spacing less than kt,. wnicn x ^or tn evaluate expansions such as 

However, one can also proceed to use P expressed in terms of "nested multiple 

Eqs. (7.47) and (7.48). These expansions can be exp^^^^ evaluated numerically 

e'S^r -rio^ ueiug^b. .uddeu 

appr oximat ion . 

r, TT fm-exf 7Warrles focward thc suddeu approximstion expansions to au 

analyfi: rrs^ult fo; the cross ^ Im^dse^ '?hi ’ 

using a rotatloLl transi- 

linear-trajectory approximation^^ th of weak interaction colli- 

tions are promoted more effectively oy cne s ^Ls reasonably linear, 

sions, with large impact parameter , j-^p^actlon collisions with small impact 
Chau by the much t ':?*„“e“lected (ref. 7) aLo 

parameter b, where the trajectory 1 g y collision velocities the order 

shows that the sudden approximation s ju _j_j. gf 300 K for typical diatomic 

of 10® cm/sec and rotational ^etaperatures the order of ^00 KJor^typ^^^^^^^ 

rath« cL^exnrSrLtSref ap^Lch Is etialghtforuard and may, be summarized as 
follows: 

The first and. Rev step Is tc e*P«== Ss- 

series expansion of terms that are separa ^ molecular axis angular coordi- 

re5“irsrLr:s"rs:iSl'Tht“lft«;cU:n':^ s.ms manipulation, 

be- expressed in the .form 
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U(6,4),b,u,t) 


(7.56) 



ULM(b.u.t)Yj^(8.4) 


where Y^(6,(j)) Is the normalized spherical harmonic function, and ULM(b,u,t) Is the 
coefficient for each term In the summation over the various angular momentum values 
L and their projections M on the designated polar axis direction. For rigid 
rotator wave functions and corresponding to a transition from state Im 

to state I'm', the Integrals of Eq. (7.32a), which are factors In the terms of the 
sudden approximation expansion, are given by 


The first factor Is the so-called Wlgner-3j coefficient or more commonly the Clebschr-, 
Gordon coefficient, an Integral average Over all coordinates of three spherical 
harmonic functions 


^Iml'm’ “:(mm'M) “ {^Jtm^LM^A’m'^ . (7.58, 

These coefficients are rather complex expressions of the Indices l,m,^',m',L, and M 

pLM fq (i, - ii*)ia - 1 + &*)'. Ot + &* - L)1 (L + M)! (L - M)I (2L + 1)V ^^ 

tol'm' “ L (L + Jl + d' + DKl - m)! (il + m) !(«.'- m* )!(«,'+ m’)!_ J 


X 


k ’ 


(L + it' + m - k) 1 ()l - m + k) } 

a - it + £' - k)! (L + M - k).!Jt! (k + H. - 1' - m) ! 


These are derived by Wigner (ref. 9), they are discussed by Landau and Llfshltz 
(ref.. 10) and by most advanced quantum texts, and they have been tabulated for a . 
number of values of it,it'"and L by Edmonds, (ref. 11). The second expression of 
Eq. (7.58) is the notation used. by Edmonds. The summation, over the Integers k in . 
Eq. (7.59) is a summation over values from it' - £ + M or 0, whichever is greater, to 
L + M or L - £.+ £' , whichever is smaller. The coefficients are very symmetrical, 
though as Landau and Llfshltz (ref. 10) point out,, this Is difficult, to xecognlze 
because one cannot explicitly calculate the sum In Eq. (7.59). One can see at once 
that M = -(mi + mj) is one requirement for a finite coefficient, so .only t ho se terms 
In the .expansion need be retained for a given transition. . 

The second term on the right-side of- Eq. (7.57). Is just the Fourier transform of 
the expansion coefficient -ulm 


^LM " f Uj^(b,u,t)e^“«'<^'*^ dt 

^-•00 

where the circular frequency is .. 
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Note that if this transform varies appreciably from the simple integral over the 
impulse 
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Uj^(b,u,t)dt ^ (7.60a) 


then the sudden approximation is beginning to deteriorate for the calculation of that 
particular transition. In other, words, the Impulse time Which determines the width 
in time of. the coefficient, uj^ must be .short compared with the inverse frequency 


T =* 




« (0 


-1 

iV 


(7,62) 


Note that the integrals have been performed over all time from -» to +®, since we 
are joalnly interested in the final result after the collision, event is completed. . If 
one is interested in the time variation of the perturbed wave function during the 
collision, then the upper limits of these. integrals are all taken as t, of course. 

At this point , the elements of the sudden approximation integrals have been 
determined as a product of a numerical Clebsch— Gordon coefficient and a Fourier trans 
form which is a function of miss distance b. and collision velocity u 


.pLM 

ilmi’m' 


(b,u) 


= C 


LM 

JlmU'm* 



(b,u) 


(7.63) 


The total integral of Eq. (7.32a) is, of course, the sum over all terms in the expan- 
sion of the interaction potential, Eq. (7.56) 


■£m(!.’m 


,(b,u) = E E iSrm’ 


M 


(7.64) 


Once the coefficients calculated with the results above Inserted into 

Eqs. (7.47) and (7.48), the transition probabilities are simply 
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AmJl’m'^llmil'm* 


(7.65) 


Usually, one is interested only in the total transition probability from a given 
rotational level H to another level Jt* . In this case we may sum over all initial 
values of the quantiim number m, giving each of them equal weight in the collision 
event, and also sum over all final values of m* . 
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(7.66) 


To. recapitulate some of the previous results in chapter .II on collision cross 
section S(u) and rate coefficient a(T), these are given by the integrals 
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7-7 TT. T.nsTRATTQ N OF XALCULAItON METHODS USING EXPONENTIAL INTERACTION POTENTIAL 
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To -Illustrate the calculation procedures and to provide some approximate expec- 
tations about the rotational transition probabilities, we may use the same potential 
derived for the vibrational transition calculations in. chapter VI, Eq. (6.83) . 

Figure 6.4 defines the coordinate system used. The mOleOule is - tr ea te d. . . as . a rigid 
rotator in this case so that terms in y - ye vanish. 

U ■ (c0sh(6 sin 6 cos ^) + sin 0 sin. i}> sinh(6 sin 0 cos 4*) + • •. 

(7.69) 

Where r and x are functions of t, a., is . the distance of closest approach, L is 
the characteristic scale length of. the exponential Interaction, and 6 is ye/2L,. a 
constant that is the order of unity. Expanding to terms of first order 

U = Uq ^ sin^ 9 cos^ (f> + x(t)'S^ sin^ 0 cos <}) sin (|) + . . .j (7.70),_ 

As in chapter VI, we expand about the turning. point at t = 0 and fit the first and 
second derivatives that obtain there 

e~(r~o/L) sech^ at (7.71) 

where 
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(7.73) 
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and 

X(t) ^ ^ - i»- (1 - e)^/^t (7.74) 

o a 


The first term in the perturbetioa potential of, Eq. (7.70) will produce only ela , tic . 
scattering* no rotational transitions. The second term will produce finite matrix 
elements only- for transitions, il* I t 2 and m’ « m* m ± 2; where V and m’ 

are the final quantum .numbers. The third term will, produce the same transitions in 
Z and m except that, m’’ » m results in a vanishing matrix element. The evaluation 
of the ttverages over the angular coordinates, which result in these s election rules, 


156 


(7.75) 


are worked out in appendix 7A. Higher-order transitions will, of course, result from 
higher-order terms in the expansion of the potential. However, it is not clear that 
real potentials are exactly exponential anyway, so the significance of higher-order - 
terms is somewhat moot. In order to keep our illustrative example uncluttered, we 

shall assume that the effective pote nt ial is given by the truncation of Eq. (7.70) at 

the first three terms.. 


One can,, however, see that continuing the expansion of Eq. (7.70) will result in 
even powers of sin 0 so that only transitions involving an even integer change in 
rotational quantum number X, will occur, unless other Interaction terms are involved. 
This is in agreement with experimental observations on the collision invariance of 
ortho and para states of' diatomic molecules, unless some catalyst such as a paramag- 
netic molecule is introduced which creates relatively strong magnetic dlpOle inter- 
actions during the collision, for. example.. FOr callisions. between diamagnetic mole- - 
cules we expect potentials of the form of Eq. (7.69.) to be a. reasonable approximation. 
From Stallcop’s results (ref. 7) one can show that £' = i ± 2 are at least expected 
to be the strongest transition, though the hi.gher-order transitions are not. totally 
negligible. Note that = Z transitions are elastic since the rotational energy 
depends Only on Z. The. elastic collisions resulting in Z' = -Z and m’ = m ± 2 
are interesting, as they have produced a flip of the molecule's angular momentum 
vector in space with no change in energy. The integrals needed to calculate the., 
transition amplitudes from Eqs. (7.47) and (7.48) are now 
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sech^ at dt 
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t sech^ at dt 


(7.77) 


For. rotational transitions, where the sudden approximation is valid, the ratio 
o)/a « 1, unlike a typical vibrational transition in chapter VI where thia ratio was . 
assumed, to be large compared with unity. In the present case the Fourier transforms 
are approximately 



sech^ at dt 


a 

. 


sech^ at dt 


tanh- at 


00 


—bo 


2 

a 



t seCh^ 


at 


dt 



t sech^ 


at dt ■ 0 


ORIGINAL PAGE FS 
OF POOR QUALITY 


(7.78) 


(7.7^) 


157 




The contribution of the third term in Eq, (7.70) is negligible because 
X.(t)exp[-r - cr/L)l is an odd function of time. Thus, to first order 
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(7.80) 


At. this point all the elements necessary for calculation of the sudden approxima- 
tion .expansions for the probability amplitudes are at hand. First the factors 
Ijlm)i.» 4 n’ multiplied -together and summed as required in Eqs. (7.47) and (7.48); 
next the teal terms are all added together and squared and similarly, the imaginary 
terms are added together and squared. Finally these squared sums are added together 
to obtain the transition prpbabillty. For example, Eq. (7.47) gives to terms of 
order h"^ 
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(7.81) 


One can see that this expansion rapidly gets beyond the bounds of convenient analytic 
expression and becomes a job for machine computation. Nevertheless, it is useful to 
carry the analytic approximations this far before resorting to machine computation, 
as this greatly economizes the. machine usage. 

The first order term in Eq. (7.81) is the same expression as given by the small 
perturbation solution and is hardly adequate for typical collisions that promote 
rotations in diatomic gases. Nevertheless it will be a useful illustration .of method 
to follow through the integrations of the first term of Eq. (7.81) over the range of 
impact parameters to get an expression for the cross section, and finally over the 
range of velocities to get an expression for rate coefficient. 
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(7.82) 


We will define Pq as the function of velocity u given by the first term of 
Eq. (7.82) when the miss distance b => 0 
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(7.83) 


then the ratio 
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From equation (6.87) 
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(7.85) 


The element of differential crose section -is given in terms of e. the fraction of 
b5 eJ? (6?95) '» pot.ntl.l energy et the point of oloeeet epprLoh, 
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The total cross section thus becomes - 
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= '•Wch 1. troublesome 
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o about this polM* ^ unity, so we expand the weakly varying function 
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,(l - i in t) =. o^[l 
Then the cross section expression becomes 
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Mherwdrto^^'^' proportional to the first power of collision energy E or in 


p - (mu^/2) r _ \ , . 

° cu/2L)t- \ 
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The distance of closest approach at b - 0 may be expressed. 


4 
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(7.90) 


(7.91), 


tJ«"glJen"ir'Er(6'ma“’' Interaction poten- 


ORIGINAL. PAGE IS . 
OF POOR QUALITY 


(7.92) 
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6 

The factora.,-PQ and Oq are now expressed In terras of the variable x, which Is 
raui/2kT 

(7.93) 

where the dlraenslonless constant B is defihed by the right most equality of 
Eq. (7.93) 

Oq * L in(A/xkT) (7.94) 

Then the rate coefficient Is 



The threshold value of x occurs where the collision energy equals the change in 
rotational energy 


X* = [i'Ol’ + 1) - i((l + 1)1_2® (7.96) 

The slowly varying logarithmic factors can, to a good approximation, be equated to 
their value at x* and pulled outside the integral 
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(7.97) 


(7.94a) 


Normally, x* or hm^j^i/kT << 1 and A/fuu^j^t >> 1, so to a good approximation the first 
term in the sudden approximation expansion gives for the rate coefficient. 
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mL^kT -X* 
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(7.97a) 


Observe that Eq. (7.97a) is en Arrhenius relation with. a pre-exponential factor.. that 
varies as T^'^. 
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Td carry the . expansions- unc step further » we will shorten the notation and let 
a single Index j, k, i, and n denote the states with quantum numbers (Jl' ,m ), 
(i",m"), m’"), and (Jl,m) respectively. The sums over indices J» k, or n 

must be recognized as double sums over all values Of H and m considered in the set 
of coupled states -for-which the. matrix .elements are. finite. .From Eq. (7.81) 
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where P is understood to be the probability of transition from initial state n t 
state- j 






where the constant G is defined by 
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the following relations are used. 


U^(6)a 


i)‘ ■ 7 


2L /I - £' 




So the cross section may be expressed_ 


S “ TTO 


o"o / [‘ * I- • •][' - ^ - o ^ . . . c]. 


Neglecting terms of order (1 - e)L/dQ, one obtains. 


S = TTd 


o ' 


(1 - e.) + . . .}e de 


mL^ktx 
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the same result as Eq. -<7.89) plus Sn additional term. This may now. be Integrated 
over all x to obtain, the rate eoefficlenti again letting ■ oj and pulling it 
dutside the Integral 


a 


0 

„ U r \(. 2 L\x a/, , 2 L\ mL^kT x^ 

• J “ TT- J [V‘ ^ 33-; J - “V + S;) — T 

X* 



S U _„*2p mL^kT /, GmL^kT" \ .-x* 


(7.105). 


One can anticipate, that the higher-order, terms will be expressible in terms o£_a 
constant coefficient •. such as B and G, that are determined by the size of the matrix 
element averages over the molecular axis angular coordinates, .and. higher powers, of . 
the dimensionless .quantity mL^kl/h^... For typical values of interest in molecular 
collisions of diatomic molecules, m ~ 25x10’’^’* gm and L..~ 2xl0“^_cm, 

-0.014 T (7.106) 


i 

s 


Thus, this factor does not promote -convergence of the expansion until temperatures 
are well below 100 K. 


The first conatant B represents those transitions which occur directly from 
state n to the final state j. The constant G includes the effect of transitions 
which have^ during the course of the collision, surged from state n to k and then 
from state k to j and also some transitions that have followed a path n k j . 

Coefficients of higher-order terms will represent transition paths through a still 
larger number of states that are accessible in accordance with the perturbation 
selection rules. Although the multistep transitions are far less probable than a 
single step transition, there are many different paths when a large number of levels 
are accessible. Thus, the sum over all paths, given by the multiple sums in equa- 
tions such as (7.47) and (7.48), can total to a value comparable with the much more 
probable single step transitions. 
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7.8 NUMERICAL INTEGRATION OP THE CLOSE-COUPLED SET OF ROTATIONAL PERTURBATION 

EQUATIONS 


The calculation of the completed set of coupled equations for rotational transi- 
tions of a diatomic molecule, with realistic collision interaction potentials, is a 
formidable task both for the programmer and for- the computer. However, we can appre- 
ciate all the essential qualitative features of these solutions, by examining some 
calculations: for a very simple single-term potential function, which is the first 
term in the expansion of the. exponential interaction, and by truncating the number of 
available rotational levels. .. 

To recapitulate our previous results, the equations we need to solve have the 
form: . 





a U , 
n nk 


k 


1 , 2:, 3 , - *■ . 


(7.107a) 


where the matrix elements Ujj 1 h_ are 

(7.107b) 

The rotator wave functions Y^ will be taken to be the rigid rotator spherical har- 
monic wave functions Y^, where H is the rotator’s angular momentum quantum number 
and m is the azimuthal quantum number for the projection of this momentum on the 
z-axis. The transition probabilities we seek are just the complex squares of the 
amplitudes starting from a given initial state ^«.m) and ending in the state 


pit’m’ 

Jim. 


^Jlm,Jl'm’*Jlm, £*m’ 


(7.108) 


These probabilities must all sum to unity for every initial state, of course 


L 

? 

Jl'm=o 


Jl’ 

E 


m' 


-ill 


ji’m' 

' Jim. 


(7.109). 


where L. is the limiting..rotational state imposed naturally by dissociation of the 
molecule, or artificially by truncating the number of equations at. some level suffi- 
.ciently high that still -higher levels are not involved in the transitions of interest. 
We shall use a limit of L .« 40 . in the examples to follow. 

Generally we are most interested in the total transition-probability from initial 
rotational level Jl to another level Jl* and do not concern ourselves with the 
distribution over azimuthal quantum states m. Thus, we sum over all initial values, 
of. m, giving them equal weighting. in the collision event, and also sum over all final 
values of m* 


V - 


> . - 

U’ 2Jl + 1 


z z> 

m«-Jl m’“-Jl' 


jJl’m’ 
■ Jim 


(7.110), 
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For purposes of Illustrating the. method We assume a highly oversimplified 
perturbation function 

H' • HQ(t)sln^ 6 CQS^ ij» (7.111). 

This Is just the first term of the expansion of the exponential perturbation which 
leads to rotational transitions (Eq. 7.70), The advantage In using this truncated 
potential Is that we then need consider only transitions 1* ■ i t 2 and m' ■ m, 
m ± 2, which enormously simplifies the progr£umnlng. and shortens the calculations. 

In a real collision, higher-order transitions will take place, just as In Kerner's 
treatment of the vibrational transitions discussed In chapter VI. However, the 
i ± 2 transitions are no doubt the most probable for real collision perturbations If 
the collision energy Is not . too large, because they represent the effect of the .lead- 
ing term. In the perturbation and also because they Involve the smallest energy 
changes . 

Two different functions will be considered for the. time-dependent part of the 
perturbation; the first is just a square pulse 

H (t) = E, a constant for 0 < t .5. t (7.112) 

o 

which allows us to see the effect of different pulse lengths on the results; the 
second is a more realistically shaped pulse 

H^(t) = E sech^(at) (7.113) 


which is a pulse with width about 2 /a. We shall wish to apply this analysis to some 
levels where the rotational quantum number i is small; therefore we use the exact 
perturbation integrals developed in appendix 7A which are valid for. arbitrary values 
of £ and m, rather than the limiting values valid JEor large .£ such as developed 
for rotation coupled vibration transitiona in chapter VI. 

For the sample calculations the value of B/h has been taken equal 0,. 27 upsec”^, 
which corresponds to the rotational constant for the O 2 molecule (B = 1.44 cm"^). 
Collision energies E/h. equal 5, 50, and 500 pysec"^ have been chosen, corresponding, 
to collinear collision energies of about 1/300, 1/30, and 1/3 eV, respectively. Of 
course, these values represent the perturbation at. closest approach, so the results 
also apply to the case of higher energy collisions that are glancing. These energies 
are ‘the mean collision energies at temperatures about 30 K, 300 K, and -3000. K. 

However, recall that collisions with the tail of the Maxwell-Boltzmann distribution 
may be more effective in promoting transitions than collisions with molecules having 
the average velocity. For example, vibrations are already excited to about one-half 
their equilibrium value in gases at the characteristic vibrational temperature, yet at 
this temperature the average collision is just reaching the threshold Of zero transl- 
tion probability. _ 

Figures 7.1(a), (b) , ( 0 ) show results for rotational transitions of a diatomic 
rotator, as a function of collision time, where the rotator is subject to constant 
perturbations Of 5, 50, and 500 pysec“^,. respectively. The initial rotational. state- 
is £ » 4, m - 0 for all these examples. Incidentally, initial values Of m - 2 and .4 
give slightly different results; corresponding to the classical notion that the 
collision-induced rotations should depend on initial geometry to some extent. 
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However, initial values of m - ±2 or- m - t4 give -exactly the same result, as they 
should, due to the symmetry of these geometric, configurations. 

The lowest perturbation in figure 7.1(a) corresponds to cryogenic gas collisions 
The initial state )l “-A is reduced only about 10%, with about 5% each going to the 
adjacent states i - 6 and i - 2. If the perturbation lasts long enough, the prob- 
abilities periodically surge back .and forth just as we found in the two-state approx- 
imatlonj however, there is a slow.but continual drain to the higher rotational states 
that would eventually result in a more or less homogeneous distribution of rotational 
states if the perturbation were_to continue indefinitely. The i ■ 2. states are 
actually populated more readily than the 1 - 6 states, because a smaller energy dif- 
ference exists between initial and final states j however, a larger degeneracy of 
I m e states exists than .for - 2,, so. in total the higher rotational states are 
populated a bit ahead. of the lower rotational, states. ... 

Figure 7.1(b) shows the results for a normal temperature level of ..collision per- 
turbation. The calculation has been deliberately prolonged beyond the usual-colli- 
sion duration just to show the surging of probability back and forth between states..— 
The periodic pattern is a complex one because it is the result of superposition of 
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B/h« 0.27 (i/isec* 
E/li =? 5 

Lo = 4,Mo“0 


COLLISION TIME, fiufec 


(a) E/h .» 5 yysec"^. 

Figure 7.1- Rotational transitions as a. function of. collision time for a 

constant perturbation. 
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(b) E/h = 50 uiis6c“^. 
Figure 7.1- Continued. 


different characteristic frequencies between each set of adjacent rotational states 
At this level of perturbation the initial state f = 4 is immediately depopulated ! 
about 40% on the average, with the adjacent states picking up about 10 to 15% each, 
and the next states picking up about_5% each.. 


Finally, figure 7.1(c) shows results for rather high energy collisions (1/3 eV 
head-on collision, or a 1 eV collision with e = 33%, the fraction of kinetic, enercy 
transfomed to^potential.at elosest approach, for example). Here, the initial state 
£ = 4 is^ immediately reduced. to about 15%. probability, and the probabilities of the- 
adjacent levels (shown only, to - £ = 8) become more or less homogenized with super- 
posed ripple frequencies. _ ^ 


These results are reasonably consistent With the experience of shock tube-experi . 
menters that at normal temperature about 10 collisions, are required to achieve a more 
or less equilibrium Boltzmann distribution of rotational states, whereas, at elevated 
temperatures - that occur in moderately strong shock waves a single collision is almost 
■ to achieve equilibrium. On the other hand, at the low temperatures . that 
bccur in a supersonic. expansion, the order of a hundred collisions dr more nay be 
required to achieve rotational equilibrium. 
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Figure 1 , 1— Concluded. 

Next, consider the effect of using a realistic collision-pulse shape. For the 
reduced, mass appropriate to an Ar-Oa collision, the mean collisibn velocity u rela- 
tive to the center of mass is about 6x10.'* cm/ sec at usual temperatures. If the 
characteristic perturbation potential length L is the order of 0.3 A, as found in 
Chapter VI for. vibration transitions, the mean collision .time 2L/u is the order of 
0.1 upsec. Recall that several different interaction potentials between collision... 
partners are generally possible, depending on how the electron spin vectors happen to. 
add up during the collision event,, and that the vibrational transitions are. heavily 
weighted by the. interactions that occur, along the steepest possible interaction 
po-tential.. Thus, some interactions may promote purely rotational transitions where. 

the characteristic perturbation. potential length is. double the above- value, or per- 

haps_even more. Thus, the mean collision times of interest may be 0.2 pysec or more. 
This. is all for room temperature collisions.. If the temperatures are reduced by a 
factor of 10 to. about 30 K, the collision times are increased by /lO^; if the tempera- 
tures are increased a factor of 10 to about 3000 K, the Collision times are decreased 
by /lO, 

Figure 7.2(a) shows the rotational transitions produced from an initial state 
£ = 4, m =-0 when .the collision pulse is. E/h = 50 ppsec"^ sech^*(t/0.1 pysec) . This 
pulse has an effective width just about 0.2 ypsec. The results are almost the same as 
for the Constant perturbation pulse shown in figure 7..1(b).jif that perturbation were 
terminated, at 0.2 yysec. The principal difference is that the time scale is stretched 
out a bit in. the beginning and again at the end Of the pulse,, and the probabilities 
all. tail off asymptotically to constant values rather than terminating with a discoh- . 
tinuity in the slope as they would for a finite square -pulse. In figure 7.2(b) the _. 
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PERTURBATION PULSE 

E/fi - 60 »*ch* ( ^ 

♦ 1 




B/h* 0.27/;(mMC* 
Lq ■ 4 , Mq ■ 0 



COLLISION TIME./ijitec 


(a) 

About 0.2 yysec duration. 

- 



B/Ii?‘0.27mm*®c"^ . 

4 

• • 

• • 

• , • 

• • 

Lo-4.Mo“0 
PERTURBATION PULSE 
/ E/ti = 50 nixt«c~^ $8ch^ (t/0.2 nntec) 


COLLISION TIME, f^sec 
(b) .About 0.4 vysec duration. 

Fig ure 7.2- Rotational transitions for a collision-like perturbation pulse 





m 


ORIGINAL PAGE IS . 

OF POOR QUALITY. 

pulse width has been doubled. In this case, some probability amplitude surges back 
into the initial state i • 4 - at the end of the collision, just as for a square 
pulse terminated at 0.4. yy sec in figure 7.1 (hit. 

The collisions with such a low rotational state as ! ■ 4 are..rather atypical at 
normal-temperature; the average rptational level is given by 

+ 1) - kT/B . 

which gives i ~ 27. for normal temperatures and. B ■ 1..44 cm“^. At large i, a 
larger number_of rotational levels are required for the close coupled set of equations 
used. In the present case we have truncated this set at L ■ 40. A calculation- for 
initial «. --20, m - 0 is shown in figure 7.3 for a collision-like pulse of 
0.2yysec duration. The principal difference compared with the calculation of 7.2(a) 
for the same strength and duration collision pulse is that the collision is more 
adiabatic; the initial state i ■ 20 loses only about 30% of its probability and 
recovers to lose only 15% at the finish of. the collision event, whereas the initial 
state JL = 4 lost 60% of 'its probability. This occurs because the energy spacing to 
adjacent levels is significantly larger for the higher rotational state, about 
25 times larger for the two cases considered here. This increases, the frequency 

in the Fourier transform <sech^(at)exp(iw£j^it)> (see Eq. (7.77)) and makes the 



Figure 7.3- Rotation transitions from the initial-state L ■20- for a 0.2 yysec- 

collision impulse. 
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more adiabatic. In fact^ the step size chosen In the numerical. Integrations. 
performed by the computer Is determined primarily by the maximum value. of that 

Is. needed for the calculation at hand. We wish the time Increment An to be small 
compared with the period of rotation + l)/h 

At_p« 0.01 h/Bi(i + 1) 

This would give, a numerical step every 3.6® on the rotational time scale. For 
B/h - 0.27 yysec”^ this requires At ~ 0.002 yysec for 1 ■ 4 and At.- 0.0001 yysec 
for i “ 20.. Actually the requirement Is not quite as severe as this; the frequency 
that establishes the acceptable time Increment Is the -difference between the 

rotational period of the Initial and final states. For most of the numerical Inte- • 
gratlons shown In the figures of this chapter At ■ 0.0001 yysec was used. Small but 
not significant differences were observed when At " 0.001 was used. 

Still stronger collisions ate shown In figures 7.4(a) and 7.4(b) where peak col- 
lision energies are 500 and ISOO .yysec""^, respectively, , corresponding to head-on 
collisions at about 1/3 eV and 1 eV, respectively. For. these cases, we have also 
chosen very short pulse durations corresponding to interaction along a Very steep 
potential of L ~0.3.A and relative collision velocities about .3x10® cm/sec. These 
might thus represent those collision interactions which are most effective in produc- 
ing vibrational excitation with the coupled rotations, as discussed in chapter VI. We _ 
see that these strong collisions spread out the rotational state populations on both 



(a) E/h ■ 500 yysec'i- 

Figure 7.4- Kotational transitions_f rom L = 20 for collision perturbation pulse. 
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PROBABILITY P(L) 



(b). E/ft = 1500 yuBec”^ . 

Figure 7.4- Concluded. 

sides of. the initial state rather effectively. Actually, higher-order, terms would no 
doubt be important in the perturbation for these collisions, giving direct multiple 
jump transitions, so the homogenization would be even more complete than indicated by 
our simple model. This suggests that a reasonable approximation for. the coupled 
vibration-rotation transition might be to assume an equilibrium-like distribution of 
rotational states produced by each and every collision. 


7.9 CONCLUDING REMARKS 


Solutions for rotational collision excitation are found to be exceedingly 
lengthy because of the large number of rotational states involved and because the 
rotational energy spacing is small compared with kT, or the average collision energy, 
for. most, cases of practical importance. Thus, solutions cannot practically be 
carried to completion analytically even though the formalism for the -expansion of 
solutions using the sudden approximation is available; the first-order approximation 
in these expansions is not very accurate quantitatively, though it does give 
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qualitative Insight to the problem. Numerical. Integratibns of -the close-coupled set 
of equations can now be performed with high-speed computers to give accurate answers 
for collision-induced rotational transitions if .realistic molecular .interaction 
potentials are known.- Some sample calculations using a severely truncated form of 
interaction potential show the character that these solutions will have. Fully 
realistic interaction potentials, would require retention Of many more terms leading 
to multiple rotational quantum jumps. Although the software development and COmputlnj 
time required fOr these more exact Calculations is very large — it could be done; .. 
however^ it will be worth doing only when reliable interaction potentials become 
available. Quantum Chemistry computations may very well provide reasonable approxima- 
tions to these interaction potentials in the near future. 
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EVALUATION OF MATRIX ELEMENTS 



sin* . 6. cos* 


In the collision of. e dietonilc inoleCule with an inert particle having exponential^ 
like repulsive interaction potentials between atomic Centers » the. strongest rotational 
transitions are expected to result from a perturbation term proportional to . 
sin* 0 cos* <j). Thus, we need to evaluate the. matrix elements 


I 


JlmJt'm’ 



sin* 0 cos* (|) 


(A7.1) 


inhere, for the case of 'a rigid rotator, the rotational wave function is 


tiini 

Yf C. P>os 0) (A7.2) 

it /2lT ^ 

C » r (2it + l)(it - (A7.3) 

^itm L 2(£. + m) 1 J 

and it and m are the total angular momentum and azimuthal angular momentum quantum 
lumbers, respectively. Note that m has been taken as the absolute value of the 
latter quantum number, and that both positive and negative rotations are allowed for 
in the wave function of Eq. (A7.2). The integrals over are the easiest to eval- 
uate. Let k = (m* - m) 

Case 1) 

If k = 0, that is m’ » m 


-2 IT 

— f 

2ir J 


cos* (J) d(|) = -J 


(A7.4) 


Case II) 

If k 


+2, that is m’ = m + 2 and m - 2, respectively 

^2TT 

j cos^ (j) dt “ J ^y cos 2(j) + •I'jcos 2^ d(|) 


.2TT 


cos* 2(|) d(ji ■ 


(A7.5) 



Next if Jl' ■ i + 2, 


1 ( 2 , 0 ) 


2(2A + 0(2fc + 5) 


. m+1 ^ 

(fo il) Bl ti e d0 
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1 i / - . (fc - ro)l (& T IP +-2)l . . 2(i + m + 2)1 

2 r 2(2ii + l)(Jt i- m).12(2il + 5)(i, + «i-+ 2U_JT2ii + 3) (£'"-■ ra)T 

__Jl i/C^ - m + l)(ll - in + 2)(£ + ni + 1)01 + m + 2) 

2(2<l + 3)r (2r+ l)(2)i + 5) ^ 


Similarly if ,Z’ ■ i - 2 


I(-2,0) = - 


2(21 + 1)(2£ - 3) 




) sin 6 d6 


(fc - m)l q - m + 2)1 


2Ql + m)l 


2 y 2(21 + l)(l + m)!2(2)l - 3)(£ + m - 2) ! JSr^nfKT^Tirrin 


B - . 1 , /q - m)(£ - m - 1) (g, + m) (g, + m -~TT 

2(2d - 1) r (2£ + 1)(2A - 3) ( 

Case II) m’ = m + 2 

Expand the integrand with. the following recursion relations 
(2i + Dsln 6 P® = P®;|;J - p®+j 

(2Zl + l)sin 0 P®t^ = (jl« + m + 2) (H* + m + 1)P®|\ - (ji» _ m - na' - m^P®t 



Then If 

1 ( 0 , 2 ) 


If V = 

1 ( 2 , 2 ) = 

s 

s 

and If 
K-2,2) 
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- 1 

’ ^ (2i + ^IJp 


(fc - m - l)()l - .flX(P“^J)^ln 6 de 


+ J* (£ + m + 2)()l + m + l)(p“^J)%ln S d.^ 


4(2il 


1 J Qt - m) l(fc - m - 2)1 T. _ 2(ll+m + 2)! 

+ 1) y 2(1 + m)l2(Jl + m + 2)1 1^*' “ UE+ZaKT^ 


m) 1 


+ (H + m + 2)(i + m + 1) 


2(& + m)l 


r] 


(2IL r.l)(l.- m.- 2)1 

" ” 4(2«,V 1) ^2 £ V 3 2£ ® 1) (^' + m + 2) (£ - m) (£ - m r 1) 

SL + 2 


(A7...13) 


JL Am H+2 ,m+2 j . 

4 (U + 1 )( 2 £ H- 5 ) J 


+ m + 4)()l + m + (P™!j!^) sin 0 d9 


JL i/ ~ ^)^ (^ - m) 1 ~ + 4 ) (j^ + ui+ 3 ) ^(J^ + m+ 2)1 

4 K2(2£ + 1)(1 + m)12(2)l+5)a + tn+4)l + + (2£ + 3)a -m)l 


1 ■!/(£ •*• m + 4) (1 + m + 3) (1 + m + 2) (H + iti + 1) 

+ 3) K (2£ + 1)(2£ + 5) 


4(21 + 3) 


(A7 . 14) 


1-2 


c c 

Im 1-2 ,m+2 


4 (21 + J.)(21 - 3) 


r 


(H - m - 3)(1 - m - 2)(P®]|^^)^sin 


0 d0 


1 ,/ (1 - m)l(l - m - 4)1 .. „ ...J „ . 2(1-Hn)l 

4 r 2 ( 21 + l)(l + m)12(21- 3)(l + m)l m- ^2£ - l)(i-tn- 


2)1 


1 


4(21 -_i) 


l /g - m)(l - tn - ng - m - 2)(1 - m - 3) 
r ... (21 + 1)(21 - 3) 


(A7.15) 
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Now expatid. the Integrand with the following reouralon. relations 

(2i + l)sin 0 P® »- (<l + ra) (H + m T DP^lJ - (1 - m + 1) (A - m + 

iu' •+ i)sin 0 p^;' * p™;^^ - P®7^^ 

Then following the same procedures as above, when 2.' » I 


(A^7b) 

(A7.8b) 


1(0, -2) “ - 4(2jtV 1) (" i ' il + 3 ' 2<t ' "-" l) - m + 2) (a - m + 1) («. + m) (A + m - -1) 

(A7.16) 


when H* = i + 2 

1 ( 2 , - 2 ) 


fen/ 


(fc - m + 4)(fc - m + 3)(i - m + 2j(& - m + 1) 


4(2T +.3) K (2Jl + l)(2Jl + 5) 


and when A* =1-2 
K-2,-2) = 


1 i /(fc + m - 3)(£ + m - 2)(& + m - 1)(A + m) 
- 1) r . {21 + l)(2a - 3) 


h{2l - 1 ) 


(A7.17) 


(A7.18) 


A somewhat more symmetrical formalism Is evident if we define I = (£ + S,')/2 and 
m = (m + m')/2, that is the values of it and m averaged, over initial and final 
states. Then for %'= I 


1 ["(2. + m + 2) (X, + m + 1) . (2. - m) (X. - m - 1)"| 

1(0,0) = 2(2)1 + 1) L 2)1 + 3 21 - I J 


(A7.19) 


1(0,2) = 1(0, -2) = - - 4 ’ (2 ' r+ 'Ty ( 2 / " + 3 + m) (il + m + 1) ()> - m) (£ - m + 1) 

(A7.20) 

Such transitions are of course elastic and contribute to elastic scattering, along 
with the contribution provided by the first terra in the interaction potential. The 
inelastic scattering matrix elements are those for V = 2 ± 2 


1(2,0) - l(-2,0) 


1(2,2) ^ K-2,-2) 


1(2, -2) - I(t2,2) 


1 


2 ( 21 + 1 ) 


1 ^(2 + m) (2 + m + 1) (2 - m) (& - m + 1) 

+ " (22 - 1)(22-+ 3). 


_1 l /(2 + fil + 2) (2 + tii + 1) (I + m) (2 + 

2 + 1) (22 - 1) (22 + 3) 

1 1 /(2 - m + 

4(22 + 1) r 


m - 1) 


2) (2 - in + 1) (2 - m) (2 m - 1) 


(22 - 1) (22 + 3) 


(A7.21) 


(A7.22) 


(A7.23) 
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CHAPTER VIII TRANSITIONS AT POTENTIAL SURFACE CROSSINGS 
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The Interaction between cloSe-lylng eigenstates Is analyzed to show the. form o£ 
potential curves that occur In a region of "potential crossing."' Potentials of like 
symmetty are found to avoid crnsslng; potentials of different symmetry may very 
nearly cross. The Landau-rZener-Steuckelberg method of evaluating the probability of . 
transition from on6 potential surface to the other is derived as a function of the 
collision velocity. In spite of severe limitations in the assumptions of the 
Landau-Zener method that would, seem to. invalidate it for most conditions of interest, 
the method is found to give reasonably good results that agree with experiment, at 
least for simple charge exchange type reactions. This is partly due to the fact -that 
inaccuracies in the transition probability are somewhat mitigated, in performing the 
integrations to obtain collision cross section and the rate coefficient.. The theoret- 
ical cross sections do, however, fall off as rather than as E*”^, as gener- 

ally observed in high-collision energy experiments. 


8.2 INTRODUCTION 


In the previous two chapters, the excitation of rotations and vibrations has 
been considered without invoking the concept of a potential crossing at which the 
transition- occurs. This was possible because analytic expressions for the rotational 
and vibrational wave functions were known with good accuracy, and the electronic wave 
functions were assumed to be undisturbed in the collisions leading to these transi- - 
tions. However, when electronic excitation, atom exchange, or ionization reactions 
are considered, the electronic wave functions are changed. If these functions were 
known in detail, we could proceed to solve perturbation transition problems in a 
manner similar to the rotational and vibrational excitation problems;, that is, the 
perturbation function would be used to evaluate the transition matrix elements 
involved in solutions to a closed-coupled set of differential equations. Electronic 
wave functions are actually being evaluated with fairly good accuracy with large 
digital computers at the present time, at least for diatomic molecules, and eventually 
reaction rate problems may be solved in this way using the computer. However, for 
most engineering needs the electronic wave functions of multielectron systems are not 
available et present; even when they become available, they involve so many coordinate 
variables that evaluation of the matrix elements will be exceedingly time consuming. 
For present purposes then, we are interested in developing some analytic approxima- 
tions that are useful guides to the functional relationships involved and that may be 
useful later in developing reasonably economical computer solutions to the problem. 

Since the electronic wave functions of multielectron systems are not generally 
available, the interaction potentials between such systems are not calculable from 
fundamental principles either. However, many of the attractive potential curves are 
known with good accuracy from spectroscopic data, a few points on repulsive potentials 
are also available from spectroscopic data, and some average potentia'’ interactions 
are available from scattering measurements and from measurements of t».ansport proper- 
ties of gases such as viscosity, thermal conductivity, mass, diffusion, or electrical 
conductivity. For present purposes we will assume that the interaction potential 
functions are known and proceed With. ftpm this premise, but it should be 
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recognized that In actual engineering practice the results are of limited. application 
because precise Interaction potentials are not generally available. 


8.3 POTENTIAL SURFACE CROSSING- 


ORIGINAL . PAGE rs 
OF POOR QUALITY 


Frequently two potential surfaces come very close to one another Or ..even appear . 
to cross one another, depending on the symmetries of the electronic wave functions 



INTERPARTICLE DISTANCE 

Figure 8.1- Crossing between potential 
surfaces as a function of interpar- 
tlcle distance neglecting coupling 
Interaction. 



INTERPARTICUE DISTANCE, r 

Figure 8.2- Potential surfaces In the 
region of strong coupling 
interaction. 


Involved. This situation Is Illustrated In . 
figure 8.1, where the. potentials of two 
colliding particles In the ground state, 

A + B, and In an excited electronic state, 

A + B*, are shown. Theoretically the poten- 
tials can cross one another only where they 
apply to different symmetry states; If they 
are for the same symmetry, a coupling Interr 
action occurs which. splits the potentials 
apart as dlagranuned In figure, 8.2. 

Before considering the motion of the 
colliding particles along the two potential 
surfaces, we need to consider the effect of 
coupling between the two electronic states 
at some fixed distance r. If the motion 
of the two nuclear particles is relatively 
slow, the electronic states will have time 
to relax to their steady state values at 
each position. This model of the collision 
process is known, as the Born-Oppenheimer 
approximation. It is generally a good 
approximation for the collision between two 
heavy molecules at the kinetic velocities 
that obtain near threshold of most reac- 
tions. It is often not a good approximation, 
for electron impact processes; for this, case 
a sudden approximation will generally give 
better results. The concept of a. potential 
surface loses its validity anyway when the - 
Born-Oppenheimer approximation breaks down, 
for the potential represents the combined 
nuclear repulsions and electronic Interac- 
tion energy for the collision pa.ir. . . 

The solutions for transition are needed 
primarily In the region of the crossing 
point, where It will often be sufficient to 
use a two-level approximation and neglect, 
all other 'excited electronic states. Let 
the Hamiltonian operator be expressed as 
the sum 

• - 

H » Hp + ii* ' (8.1) 
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where contains the dominant terms that determine the electronic eigenfunction 
away from the crossing point, and H' represents the effect of the Interaction 
between states that becomes sizable only In the region near the crossing point r^j. 

We will not look for the form of this coupling perturbation In. detail, but presumably 
It represents effects such as magnetic quadrupole Interactions, or angular momentum 
coupling, or other higher order terms In the exact Hamiltonian that can be neglected 
with good approximation whenever the eigenvalues for the two states are far apart. 

Let (|»i and (j >2 be orthonormal eigenfunctions of the operator Hq that represent 
good approximations to the true wavefunctlons away from the crossing point 


“ Si'J'ji ( 8 . 2 a) 

fio'^a “ . ( 8 .. 2 b) 

The potential energies Ui and U 2 represent -the total electronic energy; these may 
be obtained approximately by operating on and '^ith the exact Hamiltonian, 
then multiplying by and 4 * 2 * respectively, and finally averaging over all space 

“ 1 - - =1 +Hi, (8.3a) 

Uj - - Cj +822 (8.3b) 

where Hj^j are defined as the perturbation matrix elements 

Hij = (8.4) 


Now in the region of the crossing point let the wave function be a linear combination 
of and 4>2 


\fi = aj(j)2 + a2<^ (8.5) 


Substituting this wave function in the exact steady state Schroedinger equation 
yields 


(H^ + H*)t(> = E(a 2<|)2 + a 2 <|> 2 ) " +.a 2 H *<|>2 ( 8 . 6 ) 

Multiply Eq. ( 8 .. 6 ) first by and average over all space, and again by (p* and 
average overall space, to get a set of two simultaneous equations to solve for_the 
constants a^ and a 2 


(ei - E)ai + aiHii + “ 0 


(8.7a) 


(^2 + a^Hj^ + a 2 Hj 2 “ P (&,7b) 

with the perturbation matrix elements H^j again defined by Eq. (8.4). The allowed 
energy levels E can be obtained without actually solving for the constants ax and 
a 2 » slnCe the set of~Eqs. (8.7a) and (8.7b) have solutions If and only if the 
matrix equation 
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m 


El + Hii E 


H 


21 . 


‘12 


^’2 ^ ^2 2 ” ^ 
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( 8 . 8 ) 


is satisfied. The two roots of this determinant are 


E “ 4 USi + + (g 2 + H22)] ± -j )/[(si + - (62 •<• + 4 H^ 2 » 2 i 


(8.9 


the operator H IS Kennitian so Hi 2 Equals Hji and Eq. (8.9) may be expressed 


E - i (Ui + U2) ±4 yCUi - U2)^ 


2 

12 


(8ao) 


Far from the crossing point H 12 is small compared with |Ui - Uj 1 and the 
solution reduces to 


2 


^ (Ui + U2) ±4 (Ui - U2) = Ui or U2 


(8.11a) 


In the neighborhood of r_, Ui =» U 2 and the solution reduces to 


r-iQ ^ 


(8.11b) 


Thus, the potentials are split apart by the coupling effect and do not cross one 
another, as shown in figure 8.2, and the perturbation matrix element H 12 represents 
one—half the energy of separation at the point of closest approach. The potential, 
surfaces are prevented from crossing one another by the coupling perturbation, but the 
strongest transitions will occur at the distance where the closest eigenvalues and the 
strongest coupling occur. Of -course, if the symmetry of the two wave functions $1 
and 4)2 is different in a way not affected by the perturbation H’ , then the perturba- 
tion matrix elements H 12 vanish and the potentials Ui and II 2 are allowed to cross 
one another. 

Experimentally, spectroscopists observe that strongest coupling occurs when the 
two electronic wave functions have the same symmetry type, and that negligible cou- 
pling occurs when the wave functions have different symmetry. This gives rise to the 
sor-called noncrossing rule, namely; potential Surfaces for molecular wave, functions 
having the same symmetry do not cross. In reality there is no doubt always some 
coupling produced by small higher-order terms in the Hamiltonian which are normally 
negligible, but when the symmetry types are different the perturbation matrix element 
Hi 2 is so small that for all practical purposes the. potential surfaces may be 
treated as though they actually cross. On the other hand when the electronic wdve 
functions have the same symmetry, the matrix elements Hj ^2 become quite large 

and the spectrosCopist often deduces potentials with rather irregular shapes as a 
result.. 

The speCtroscopist only observes effects Of potential surface crossing when at 
least one of the surfaces represents a bound state and therefore gives rise to an . 
observable vibration-rotation spectrum. If the two potentials represent different 
electronic symmetry, types, the effect is as shown in figure 8.3(a): the vibrational 

energy levels may be broadened in the region near the crossing, eVeh to the point of 
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being unrecognizable in a relatively weak 
spectrum t but above and below the crossing 
the vibrational levels-will be relatively, 
sharp and occur at the normal levels for _ 
an harmonic oscillator with appropriate 
corrections -for anharmonic potential shape. 
As we shall find later, the nuclear motions. 
for the upper vibrational states proceed as 
though the potential surface is unbroken, 
whenever Hi 2 is exceedingly small. When 
the coupling interaction is large, as shown 
for potentials of the same symmetry type in 
figure 8.3(b), the spectrum is quite -dif- 
ferent. As long as the internuclear 
motions are not too high velocity, the 
electronic eigenfunctions adjust adiabati- 
cally to stay on their, initial potential 
surface, the vibrational levels of the 
lower surface will be truncated near the 
maximum produced in this surface; the 
upper levels of this truncated. set may be 
somewhat broadened as a result of tunnel— 



a) DIFFERENT SYMMETRY 
TYPES 


b) SAME SYMMETRY 
TYPES 


Figure 8.3-r Typical effects of potential 
surface crossing on. observed vibra- 
tional energy levels. 


The upper surface typically results in a tightly bound 


levels. Occasionally crossing between two bound state potentials are » 

may give rise to some rather strange looking potential Surfaces (refs. 1 an ). 


AS an example of the case shown in figure 8.3(a), the CHO molecule, which is an 
important species in upper atmosphere reactions is found to have very diffuse 
tiS lLK around the 7th and"8th levels of the ^A^. |tate of the molecule; this 
is observed by the spectroscopist looking at the A ir X ir band system of C«-0. 
P^su^S a repulsive potential crosses near these levels; although the symmetry of 
tS ^pulsive potential's not known, it is presumably different than the state, 


^ TT S tfll 1 6 

the reoulslve potential is uuu .*.1- 

since the vibrational levels above. the 8th are observed with relative sharp eigen-- 
values again, So the crossing perturbation must be modest_j_ An example of the strong 


;:;rrb:?i;n’brtw;e; Hk^sy^Uries is given by the B^E-(a 3A) and 
Lates of CO. Application of the rule that potentials of like symmetry do not cross 
led spectroscopist A. G. Gaydon (ref. 2) to predict the correct _ 

tion energy of both CO and Nz long before more direct experimental evidence was av 
able, whS most other spectroscopists favored lower values that Seemed consistent 
with extrapolation of vibrational level spacing to a lower, limit. Thus, the. non 
crossing rule is now well established as a practical and useful guide to the interpre- 
tation of spectra. 


8.4 TIME-DEPENDENT SOLUTIONS 


When the nuclear centers are moving, the wave functions. ^ end <|.2 
of both the electronic coordinates q and the internuclear distance r. The latter 
is time-dependent, so we now need to Solve the time-dependent Schroedinger equation 


ih ^ 

.X!l 




( 8 . 12 ) 
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The Wftvfi function is assumed to be the two-state approximation 

\l> - ai(t)(j.i(r,q)exp^-^J* Hndt^ + a2(t)(j.2(r,.q)exp^- | J*^ (8.13) 

The coefficients ax and that were constant in the. last section are now functions, 
of time., as are the wave functions (^y and perturbation matrix elements 

Hxx» Hi 2* H22* 

Substituting Eq. (8.13) in (8.12), one obtains 

ORIGINAL PAGE IS 
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exp 
h exp 


"H J H22Ht j ^lh^2 *2^22 1^®2 dt)^2 

B ®*P^" ^ H2xd^aiH<|»2 + H22dt^ 


®2?^-2- 


(8.14) 


ow multiply first by “ exp[ (i/h) Hu^dt] a.nd average over all-space^ then by 
* B exp[(i/h) H 22 dt] and average over all space,, to obtain the coupled equations 

• . • A ^ ^ k 


iA 


(8.J5b) 

(8.16) 


H - - * 2 } ‘■2 - ^ - T . 

'' -r/Va 

a matrix elements now represent the avex:age.of the total Hamiltonian operator 

“ij - 

ther than the averages of the perturbation .H* as in Eq. (8.4). The elements Hx 2 
e, however, the same as before 

Hi2 “ - (4>2H’4'-i) » ^4>tH'<l>2) (8.18) 

ile the elements H^x and H 22 are just the unperturbed Ux and Uj respectively, 

Hix ■ Ux ^8.1 

H,2 “ U 2 

least to the level of the Born-Oppenheimer approximation. . 

Note that Eqs. (8.15a) and (8.15b) indicate that motion of the nuclei can produce 
ectronic transitions even if Hx 2 vanishes. For example, j.n the straight line 


C8.19a) 

(8.19b) 
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»•““» valid in th. limit of 

1. „t i. u/9+i.i.\ 

dt \3r ^ r 36/ 



8.5 LANDAU-ZENER TRANSITION PROBABILITY 


near «o%X? ffr UnlL°5 ” 

of ref. 8 for a review orthL''metLd^of^rt^‘'®i*^i®^^^ method. (See chapter V 
limitation on th^ractiL^ ippuStJons of rJfr 5 «pite of this 

the derivation will be worthSlirff f ^ f Landau-Zener transition probability. 

physical prccLsL that occ^fdif SictLf ^ ^ood Insight into th^ 
ing the repulsive staJLr^r: ^nclud- 

J»t^ sets 

putejrf JL'pf turtatLInteraction even with‘high speed'com-® 

probably also Lcome kno^ fof spf c c^lL 6 rint«iL''“? 

should be profitable to follow the Landau-Zener deri^llUn if somf dltlif '' 

With tie f Sjunf i^%rf f onlemf ^ 

Eq. ( 8 . 15 ) reducf which case the covpled set of differential 


‘1 " - TT ^2«i2 e 


-iA . 


(8.2U) 
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Differentiate (8,21b) to obtain 

®2 " - I_[Hx2®X ■*' Hi 2®X ±F ^X2<H22 r_HlX>®xl® 
and_eilmlnate aj^ and a^ with the help of Eqs_, (8,21a) and (8,21b) 

1 , 1. Hx2 


( 8 , 


( 8 , 


ag - 0 


( 8 . 


Now assume that the major contribution to the transition probability takes place 1 
very small region^near the crossing point so that . the. difference H,, - H,, is a 
linear function of r and-therefore of t 22 xx 


^22 ■■ ^xx “ + . , . 

“ “ hldt ^^22 " ^xx^ 


( 8 . 


wf® the. crossing point. Also the difference 2H,o 

constant potentials.. E 2 and (fig. 8.2) is assumed approximately 


Hj 2 “ 3h , ®X2 ® 

Then the differential Eq. (8.23) becomes 

a, - iota, + 8^a, » 0 


( 8 . 


( 8 . 


Equation (8.26) is transformed by replacing the independent variable t with 
the complex variable 2 


1/2 iir/u 

z = a ' e ' t = 


V/2 /2/ 

and the dependent variable a with_the dependent variable b 

b - a a-”"''* - 

With these transformations one obtains 


( 8 .? 


(8.J 


a 


oX/2 + 2 \ zVf 


/O 



and the differential Eq. <6.26.) becomes . 


d^b 

dz^ 


where the quantity n is the complex number 


+ (n j- i -X*) b - 0 
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n 

a 


(8.30) 


( 8 . 31 ) 


For the moment we will assume that. the transition occurs in the. direction which makes 
a positive. Later we will return to consider negative a. Equation (&. 30) is 
Weber’s equation, and the solutione. are the parabolic cylindrical functions Du(z)» 

defined in Whittaker and Watson (ref. II). We shall only need be concerned 
with the asymptotic behavior of these functions since the. transition probability will 
be obtained from the solution at t » and the initial conditions will be related 
to the solution at t ■ with t » 0 defined as the time the collision system 
reaches the potential crossing point. The leading term of the parabolic cylindrical 
functions in the expansion in inverse powers of z is given by Whittaker and Watson 
(ref. 11). 


D„(z). -T-r 
n | 2 |- 




3tt . ^ 3tt 

— < arg z < -^ 




. n -z^/«» 
-*■ z e 


r(-n) 

y^ir _-iirn _-n-i 2^/4 

e 2 e 


r(-n) 


(8.32a) 


< arg z < (8.32b) 


•^ < arg 2 < - (8.32c) 


The arguments of the complex quantities z, iz, and z^ are immediately observed 
frjm the following relations 


2 ® 


l2 » i|z|e 
- i|z|e 
z^ ■ Iz 



t < 0 

- |zJe^^/“ 

t > Q_ 

-i37r/4 ^ 

t < 0 


t >0 


all t 


(8.33) 


Now the asymptotic value Dj^(z) is 


g-zneV4aj^|-i$Vd g-i|z|V4 


(8.34) 
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thus, the absolute magnitude Is In the limit t ■ 

IVl^l «.35) 

Note that any. real nun\ber (such as jz|) raised to the 1th power ~has the magnitude 
of unity. 

The general solution for the coefficient b In Eq. (8.30), a second order dlf-r 
ferentlal equation, may be expressed as a linear combination of any two ‘Independent, 
parabolic cylindrical functions, such as Dq(z) and D_^_i(lz), with coefficients 
determined to fit. the boundary conditions. In the present derivation we will define 
the first coefficient b of. Interest to be the one having vanishing probability at 
t ■ in this case.the coefficient of Dn(z) must vanish, since this function has a 
finite limit at t, ■ -» as given by Eq. (8.35). However,, the function D_jj_i(iz) is 
observed to vanish at t ■ -» 






irS^/sta fl „ 1 16 ^/a 


■|2|ieVa ^i|z|V4 ■ 

L ® 


(8U&).. 


Thus, the absolute magnitude of D_j^_j^(lz) vanishes at t = -“ 

7rS^/4a 




= 0 


Define S 2 as the channel with zero initial probability, then a .2 can 
expressed 

^2 “ t>2 ^ AD_^_j^(iz)e^ 

where A is a constant coefficient which will be determined by the boundary 
tion that |ai(t = -«) | = 1. 


(8.37) 
be 

(8.38) 
condi*" 


From Eq. (8.2ib) 


.. -lA 
- _ ih e 

®i ~ .T a? 


H 


12 


. -lA , da2 
1 e dz 2 

8 dt dz 


(8.39) 


From Eqs. (8.38) and (8.27), 

dsA . /db 


(^^2 z \ 






(8.40a) 

(8.40b) 
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Thus 


ax - A. e 








(8.41) 


The bracketed factor In Eq. (8.41) can be expressed in terms of D„jj(iz) usingjx 
recursion relation proven by Whittaker— and. Watsbn (ref. 11) 


which is equivalent to 


+1 ■ 0 


i -fDn(z) - 


Consequently, Sj^ may be expressed 

^ -n 

The magnitude of this quantity must equal unity at t = -«* 

D _(iz) 


-n 


t=-“ 


/. ^-n z^/h 
(iz) e 
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^ ^v6^/*fa|^|i8^/a gilz|^/4 
TTg^/*ta 


e 


Thus 


|A| - 

a ' 


(8.42a) 

(8.42b) 

(8.42c) 


(8.43) 


(8.44) 

(8.45) 

(8.46) 


Now the probability of transition from potential surface U i to potentia l surface 
U 2 is given by 


P = lim laj^ » lim.|D (iz)|2 

t-Ko 


8^ -irg^/za 
— e 
a 


Lim 




(8.47) 
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For t > 0, (iz) ■ sO the argvunent of iz is between tr/_4 and 5 tt/4 

in this limit. Coneequently, the asymptotic form of. Djj(z) given by Eq. /...32b) must 
be used. 




-(n-fi) /?iT -(n+i)Tri/iz-)n e-zV«» 

® ■ r(n-+ 1) ® ^ ^ ® 


(8.^48) 


The first term on the right Si'.» of (8.48) vanishes at t_» » just as in Eq. (8.37)t 
because of the factor |z|”^ that is present.. The r(nj- l)_is evaluated from a 
relation (ref. 12) between r(ly).and the sinh Tty 


r(iy) 


y sinh iry 


(8.49) 


Thus 


|r(n + UP “ |nrin)P “ 




sinh IT 


(8.50) 




I 2 


2ir sinh 


ITS' 


ire /a 


^-iir-(irg^/a) i ^ i -i3^/a^gi3ir/Hj-i3^/a ^-i| z| <».| ^ 


2 sinh TTg^/g i -ire^/‘*cxi 2 

eVa ‘ 


(8.51) 


Finally, the probability of transition is 
P =■ limlD_j^_^(iz) 1^ 




ire^/ci ^-ir3^/av^-ir3^/2a 


- e 


)e 


“ 1 - e 


-2Tr3^/a 


(8.52a) 


Recall that in the definition of the complex constant n, Eq. (8.31), o was taken to 
be positive by defining the collision event so that H 22 was initially less than 


(H.a - Hn) 


(8.53) 


However, where the .inverse transition is considered, the differential is observed to 
be invariant under time reversal (z ~z). Thus, one can conclude that transition 
probability is independent of the direction of traverse through the crossing point, 
and the time reversed case provides the solution where a is negative. Therefore, in 
general, the transition probability of Eq. (8.52a) is given by 


1 _ 


(8.52b) 


Equation (8.52b.) is still only the probability of transition for one traverse of 
the potential crossing; in a collision event where. E > E*t_t.he potential at the 


6--b 
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crossing point, two . traverses take place, one In the Ingoing direction and the other 
In the reverse direction. By conservation of probability, the factor S 

S - (8.52c 

represents the probability that transition does not occur In a single crossing. Thus 
the total probability of tra nsition. In. a single collision-event Is 
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This Is. the result known. as the Landau-Zener-Stueckelberg transition probability. 

8.6 LIMITATIONS OF LANDAU-ZENER METHOD 


The Landau-Zener method has some rather severe limitations when the consequences . 
of the assumptions Involved are examined critically. This problem has been discussed 
by Bates (ref. 13) and more recently by Thorson, Pelos., and Boorsteln (ref. 14), with 
the conclusion that the method is clearly not rigorous in most collisions of practical 
Interest. Without going into great detail, the method fails at very low energy 
because the trajectory of the collisions has been treated semiclasslcally, and near 
threshold,, where the velocity at the crossing point nearly vanishes, the wavelength 
of the collision partner's kinetic motion becomes long compared with the characteris- 
tic length of. potential change — a situation where the classical trajectory obviously 
breaks, down. Again at high-collision energies the effective width of the reaction 
zone Aj. increases, as shown by Bates (ref. 13). 


A ^ 
r 


4itu h 
o 


dr “ ^22) 


(8.55) 


Thus, at very high velocity Uq, the. assumptions of constant Hi 2 and linear 
'^ii “ unwarranted. Moreover, the reaction zone may reach farther than the 

classical turning point of the trajectory. In which case taking the limit at t = +» 
gives too large a transition probability. Finally, the 2-state model has limitations; 
In typical collisions, there is .a multiplicity of potential crossings with several 
excited state- potentials close enough to demand an expansion of the wave functions 
into a linear combination of all nearby states, and with reaction zones that may over- 
lap one another. Such a situation Is shown schematically In figure 8.5, where the 
collision particles have Incomplete multielectron outer shells that give rise to a 
wide range of possible spin and angular momentum combinations, many with multiple 
degeneracy. Interactions between multiple degenerate states will give rise to a 
multiplicity of cloae- lying levels near the crossing point; thus, reaction, proceeds 
by a complex reaction path that may take many different routes through the maze of 
potential crossings. One consequence of this large multiplicity of crossing points is 
that one of them is bound .to occur near the energy difference between the final state. 
and initial. state systems, shown as E* in figure 8.5 for the transition from A + B . 
to A + B**. Two such, crossing points near the threshold of_ E*- are indicated in the 
figure by the circled intersections, but in actual practice even more .might .be opera- _ 
tive. The figure shows 4 interaction potentials for the lower state, which is the 

p/iGii’ ay 
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Figure 8.5- Schematic diagram of typical, 
multiple interaction potential cross- 
ings that octur for multielectrbn 
collision particles that have -large 
degeneracy. 


case for two ground state nitrogen atoms, 
for example, having three unpaired 
p-electrons each in the outer shell which _ 
may add spins to give *^2, ®2, ®2, and ^2 
states. The latter two are repulsive where 
most of the spins are additive and the Pauli 
exclusion principle operates to prevent . 
these electrons .from occupying the same 
quantum .cell in phase space. The ^2 and 
2. states are attractive for the reason 
that the paired spin electrons can .occupy 
the same cell in phase space, and these set 
up a resonance as they transfer from one 
nuclear center .to tha other during colli- 
sion, leading to a lower total onergy and 
therefore, a binding. However, other atoms ~ 
in typical gases, such as 0 and C, have 
greater multiplicity yet, as do the excited 
state species where the spin pairing possi- 
bilities become still more numerous as addi- 
tional-cells in phase space are opened up 
to the electrons and leave unfilled quantum . 
cells in the lower eigenstates. Thus, the 
final transition probability observed 
experimentally usually involves much more 
than a single potential crossing point, and 
the reader can readily appreciate the 


‘■eauer can reaciiy appreciate the 
ficulty in-making meaningful Oomparisons between experiment .and calculations 

comparisons between Landau-Zener calculations and 

s transitions the probability peaks more closely to threshold than it should. 

prior“t^^964’'?^;fe^^fi'TS^^''®! calculations of charge exchange process made 

prior to 1964 (refs.. 16-18),. and the experimental studies Of curve crossing charge 
exchange processes that were conducted also before that time (refs. 19 and 20). 

Landau-Zener formula is reasonably consistent with the data 
provided that log^g is a smoothly varying function of (r.)“^. Figure 8.7 shows 

theory, and also the calculated values of which existed. The calculated H, , 

are seen-to scatter reasonably closely, about the empirical curve. 

More recently, Moseley, Olson, and Peterson (ref.. 21) compared Landau-Zener 
results with a number of ion-ion mutual neutralization experiments.. For simple atom- 
atom systems the reaction approximates a aeries of single potential crossings well 
removed from one...another, and in this case the Landau-Zener method gives reasonably 

good, results, .;s shown in table 8.1. However, Moseley et al^ point out that the 

Landau-Zener model cannot predict the detailed structure. that, is observed in the 
Lfl ? 5°*^ example. In these comparisons, interaction matrix elements H,, 

due tn^^r”!^^ The molecular, ion reactions ere more compllCaiL 

due to the large multip licity of •crossinga.Hi a t occur in this case, somewhat as 
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loy^Q (E* ®V) 


n,u,' 


FlRure Probability E of charge 

tr^mafer for s~s- transitions; calcu- 
lated from Landau-Zener formula; 
qualitative correctad result. In 
(a) Z^v is large and in (b) Z^ is 
moderate or small in sense described 
in text. 

suggested by figurd 8.5. Olson (ref. 22) 
develops a so-called ''absorbing-sphere.-^ 
model," which is based on the Landau-^ 

Zener approximation, to account for this 
situation. Olson's method gives reasonably 
good results for molecular ion-molecular 
ion charge exchaiige reactions as shown in . 
table 8.Z. Here, "reasoixably good" means 
an agreement -Within factors of about 3, 
that, is, good from the viewpoint of engi?- 
neerlng applications, though from a purely „ 
scientific viewpoint one could certainly 
desire -more, in actual practice the 
inaccuracies. in the transition probabili- 
ties will be considerably-mitigated in the 
integrations performed to obtain the cross 
sections-and rate coefficlouts, provided- 
thc probability has something like the 
correct shape hear its maximum. 


Figure 8.Z- H^j(Rc^) function appropriate 
to the calculation of Landau-Zener- 
transition probabilities. 


TABLE 8.1^- REACTION RATE COEFFICIENTS 
AT -300 K - ATOMIC IONS, a(30d K) 

IN 10"! cmVsec 


System . 

Experimental 

theoretical 

+ vT 

3.9 ± 2.1 

1.5 



4.0. 



1.2 

N^ + 0“ 

2.6 ± 0.8 

l_8 . 

o"^ + o" _ 

2.7-± 1.3 

1.1 



.8 

Na^”+-D~ 

2.1 i-l.-0 

.7 

He + H‘ 

— 

5.7 



7,3 

4- D~ 

--- 

4.7 



5.7 . 





TABLE 8.2- REACTION RATE COEFFICIENTS 
AT 300 K - MOLECULAR IONS, 
cx(300 K) IN .10"’ CMVsEC 


System 

Experimental 

Theoretical 

Ht +-D" 

4.7 t 1.5 

8.5 ± 2.1 

Nt +. 0‘ 

— 

2.0 .±0.6 

NO*'’ + O" 

4.9 ± 2.0 

1.9 ± 0.6 

0 2^ + 0 

1.0 ± 0.4 

U9 ±0.5 

Nt + 0l 

1.6 ± 0.5 

2.5 ± 0.8 

no"*" +- O 2 

5.8 .± 1.0 - 

2.4 ± 0.8 

ot +..O 2 

4.2 ± 1.3 
1.0 ± 0.1 

2.4 ±0.8 

Nt + NOl 

1.3^ 0.5 

1.3 ± 0.3 

NO*^ + NO 2 : 

5.1 ± 1.5 - 

2.1 ± 0.6 
1.7S ± 0.6 

1.2 ± 0.3 

ot + NOl ' 

4.1 ± 1.3 . 

K2 ± 0.3-. 

no"*" + NOl 

8.1 ± 2.3 
0.34 ± oaz 

L.1 ± 0.3 

ot + NOl 

1.3 ± 0.4 

1.0 ± 0.2 
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Thus, in spite of all. the uncertainties in the Landau-Zener method it does pro- 
vide some useful results. It approaches the correct limits at both. very high and 
very low velocity in a qualitative way, and is expected to give the best quantitative 
results near its maximum. It will be instructive to carry forward the single cross- 
ing point transition probability to the, calculation of cross section. and rate coeffi- 
cient to find the functional forms predicted for these quantities. 


8.7 CROSS SECTIONS DERIVED FROM LANDAU-ZENER RESULTS 


The quantity 6 in Eq. (8.54) is just a constant, while the quantity o may be 
expressed 


a • T 


dt dr 


22 


- 


■c - 


The derlvatiy.e_(dr/dt) is obtained from the classical equation of motion 


(8.56) 


(8.5 


2 


2 


V(r^) 
- E 



u Af Afturae the crossing point internuolear distance and V(,Vq) Is the 

set equal to zero^. 

The total collision transition probability may now be expressed 


Pi^jCb.u) - 2 exp 




.58) 


where the factor-- Y is a constant related to separation and slopes of the potential 
functions at the crossing, 


2irH 


12 


(8.59) 


(H22 - Hii) 


and 


the factor a is a function of initial velocity u only 


o 1 - 


2V(r^,) 


mu 


(8.60) 


The cross 


section is now obtained by integrating over the miss distance b. 


arc 

I ' 


S(u) - 2 it I 




bdb 
(8.61) 


Ih. upper limit Is the velue o£ b where the collision Just reaches the crossing 
point. Now transform the variable of integration to 




1 < y 


< ,» 


Wh 


» - u- m) - - ■ - 


a‘r. 


(8.62) 


(8.63) 


Then 


S(u) - 4.a^r,^ f ^ 

•'x/a 

- Wrc"[E3 (^) - E 3 (Ij)] 


(8.64) 
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Where oWGlNAU Pf^^E IS 

OF POOR QUALITY 

E,(x) 


f 


-xy 


dy ■ x*r(-2,x) 


(8.65) 


(?ef.^^2^’‘^ Incomplete gamma function. In the limit as x becomes very large 


r(-2,x) 


x^ 


£1(x.i + 12_ \ 

x’- V • ' 7 


( 8 .. 66 ) 


Thus, at low velocities the cross section becomes 

= <“> - Cy/a»)~' if) (8.67) 

For very high velocities the transition probability is evaluated in the limit as 
Y/au becomes small — «»o 


Pi 2 (b,u) - 2 exp 


fM'- 1^) ‘ ]|‘ - “4- * (‘ - Tor'll 


^2x 


(Y/au)-+-o ,au 
and the cross section then becomes 


('■it) 


2 \-l/2_ 


(8.68) 


S(u) - ^ J 




b db 


au 


(‘ - 


2tt 


4ir 


(^r) J 


(i) 


c 


(8.69) 

Itlt quantity a - (1 - Vc/E)^/? remains close to unity, and 

that the cross section then varies as u"^ or a result in disagreement with 

experimental obse^atioa for most, reactions; the cross section generally decreases as 
. energy. However, as we found in chapter II, this does, not 

behavlor^f^fh’^^*^^ ^®^^ ®® quantity depends primarily on the 

behavior of the cross section near threshold. 

limit^Cross^Lction^*^^**^^^"^*®^^^ performed exactly for the high velocity 


S(x) - ^ (4Trr^)_« S 


u o 
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f°l e"*- 



iJL 



■8 • 


( 8 . 70 ) 


The rate coefficient in this approximatioa Is the cross section swept out by the 
internuclear distance at the crossing point multiplied by' the characteristic crossing, 
yg2.ocity Y* where .the .probability of transition, is near. i.ts maximum^ and by the 
Arrhenius factor exp(-x*). 


Problem 8.1: Show that given by the Landau-Zenev method la a maximum and equal one-half ,whcn the drbaalng 

velocity l8 is/iw 2). Wliat la^P^. when the crossing velocity la exactly V? 


Problem 8.2: ■ Consider u pure» homogeneous gas composed of particles of mass 28 omu (atomic mass unit) which *have 
just two Interaction potentials between the particles, a ground state Interaction 13^ and anjex^cd state Uj. 


It . A 

Uj • A c • 

A - 100 cV A 

a*' • 1 A 

Of « B . 

B • 5 eV ,, 

r' 1 A 


Aasimte the perturbation interaction at- the crossing point is Hi. - O.hcV. 

2 

a) Find the crossing point i\, in A, the activation energy E* in eV, and the cross section coefficient Sq - 
In cm*. CraphlcaL solution or successive approximation may be used. 

hj.Flnd the temperature T In. K where the.jncan gas. velocity U equals y. . 

cj What Is the threshold velocity, u* in cm/scc .where the crossing point Is just reached, In. head-on colltaion (b-6)? — 

d) Calculate and plot the transition probability for a single cblliaiQiUlii.e. , incoming and outgoing crossing at Vq) 

for, velocities Crom.O to 20'^ 10^ .cm/ sec. 

e) Calculate the cross section ratio S/S^ from both the low velocity limit formula and xhc.4tlgh velocity limit 
formula. How do the results compare? » 

f) Calculate and plot the rate coefficient a, given by the high velocity limit cross Section, as u fm\ction of T 
from jOO to 10,000 K. 
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8.8 -CONCLUDING REMARKS 


The Landau-Zener tnethed of evaluating transition probability at A potential curv< 
crossing has been derived, and although the method is recognized to have a number of 
deficiencies in -terms of the approximations Involved, it gives results that agree 
reasonably well with experimental observations on a number of charge exchange reac- 
tions that occur in atomic, ion collisions.. The method has also been used f6r cases 
of molecular ion collision charge transfer,, where a more complex set. Oi. curve-crossing 
transition points is involved. The calculations and experiment agree within factors. 
Of about 3, not too exciting from a scientific viewpoint but.certainly adequate- for 
Some engineering applications. In general, the Landau-Zener transition seems to 
increase too rapidly near threshold, and falls off too slowly at high-collision 
energy, as rather than £“■*" as usually observed. Nevertheless, the transi- 

tion probability goes, to the. correct limits of zero at very low and high collision 
energies, and is expected to. be most accurate near the maximum .values where^ the 
largest, contributions, to the cross section and rate coefficient integrals will occur. 
Much of the inaccuracy in. the transition probability is mitigated in these Integra^ . 
tions. so the cross sections, and rate coefficients, are somewhat more reliable than 
might at first be expected. from an analysis of limitations in. the assumptions involvec. 
in the Landau-Zener method. 
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CHAPTER IX CLASSICAL REACTION SYSTEMS "ON A SINGLE POTENTIAL SURFACE 


9.1 SUMMARY 


ORIGINAL' PAGE TS 
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The reactions that occur exclusively 6n.a single potential surface are treated 
as a system of classical. particles following the Hamilton equations of motion. 
Hamilton's equations can be Integrated to any desired degree of accuracy, 
approximations for the potential surface are not available In most cases, so this fact 
has blocked the. full application of the method, except for a few illustrative examples 
that give some useful qualitative, ideas about classical type reaction systems. 
Approximate- potentials are developed assuming that the ^®5®^ 

superposition of two-electron exchange. terms, which are obtained by fitting exp 
meLal data -for . two-body interactions; these are the LEPS (London-Eyring-Polyani-Sato) 
potentials, which are found, to be very sensitive to the ®®®*^ ^°. 

for the effects of two-electron overlap integrals. A still more empirical method, 
obtaining potential surfaces is to smoothly piece together functions that are. known to 
fit observed experimental vibrational spectra for the isolated two-body pairs; the 

0-0 potential is cited as an example of this procedure and the results, are uset 
to evaluate the probable activation energy and , temperature dependence of the 
CW + 0 ^ Cd + O 2 reaction-rate coefficient. 


9 . 2 INTRODUCTION 


In chapter VIII the transitions that occur at the crossing or near-crossin? of .. 
two potential surfaces were considered. If the perturbation interaction enerp 12 
is Urge there is very little probability of transition between the, lower state and 
the upper state. The lower state of interest will generally be the lowest or ground 
state of electronic energy; the "ground state" is by definition that eigenstate that 
everywhere exhibits the lowest- lying electronic energy and therefore the 
potential surface. This situation was diagrammed for a one-dimensional, two-body type 
collision in figure. 8.3(b). In this case, the collision takes place adiabatically 
along the lowest lying potential surface, and transitions to the upper surface are. so 
improbable they may be ignored. ... 

A typical two-body ground state potential, that results from a crossing type of. 
interaction with a large coupling perturbation between two states with different elec- 
tronic configuration, but with the same symmetry, is redrawn in JJfute 9..1 . ~ The 
widely removed excited potential, surface is shown by the dashed line at the top of the 
figure. The position of the maximum in the potential at rj„ is approximately the 
distance of the potential crossing r^ considered in the last chapter. Two different 
states for the atomic pair exists in the sense that all situations with r > -r^ or 
with kinetic energy E > E^ are free states, whereas a bound ® 

vibrational and rotational energy exists if r < rj^ and E < A 

occurs with energy E < E« can make a transition from the free atate to the bound, 
state by the so-called "quantum tunneling" 'effect. The wave, function, though it 
decreases in an exponential manner, across the potential barrier where > E, is 
nevertheless finite on the other side of the barrier, and a finite transition proba- 
bility results from collision. However, this quantum tunneling. effect is. negligible 
in most cases of practical interest in gas-phase, collisions; it becomes important 
only where the potential barrier is extremely narrow, such as a thin oxide layer 
deposited on a metsl or semiconductor surface. For our purposes here,_it will be . 
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INtERMOLECUUAR DISTANCE^ 

Figure 9.1“ Ground state potential sur- 
face for two particle collision with 
a maximum produced by large inter- 
active coupling between two states 
with different electronic. configura- 
tion but same. symmetry. 


adequate to treat such collisions classi- 
cally and the -collisions with E .< % 
merely cause scattering in this 
approximation. 

If the. collision occurs with kinetic 
energy E > E^. the bound state configura- 
tion has a short lifetime — for head-on 
collision the duration la about one vibra- 
tional period, but for a finite miSs dis- . 
tance b, the two atoms may orbit one 
another several times, particularly when E 
is not much greater than Enj.- However, the 
result is unstable in time unless a third 
body takes part in the collision to carry 
away the excess kinetic energy and drop the 
atom pair into one of "the stable bound .. 
rotational-vibrational states shown in 
figure 9.1. Thus, adiabatic potential sur- 
face trajectories lead to a xecognizable_or . 
interesting chemical-like reaction only 
Where three or more nuclear centers partici- 
pate in the collision, and the potential 
surface becomes multidimensional. The 
following discussion .will be concerned With 
those three particle reactions which can 


be described with a single adiabatic potential surface; these are typically 
association-dissociation reactions such as 


A + B -f C AB + C 
and atom exchange reactions such as 

A + BC AB + C 


(9.1) 


(9.2) 


For these reactions the potential surface is three-dimensional.. A possible set of 
coordinates is shown in figure 9.2(a): the three Internuclear distances Rgb* ^bc* 



a 

o- 


^ab 




a) GENERAL 3-DtMENSIONAL 
COLLISION CASE 


b) COLLINEAR 
COLLISION CASE 


and Rca‘ Other coordinate systems are of 
course possible, such as the distances R],,, 
and being replaced by the dis- 

tanca from atom c to the center of mass of., 
atoms A .and B; . the spherical angle coordi- 
nates 9 and.y are then used.tb give the 
direction Of the R^jj vector with, respect 
to the vector Alternatively, an 

angle such as <l>abc could be used to 


replace R 


ac* 


Figure i2.. 2- Coordinates for 3-body 
collision.. 


Potential surfaces in three or more 
dimensions are hard to visualize, so typi- 
cally the two-dimensional surface used to. 
describe a x61 linear collision, ..with coordinate, configuration as shown in fig,- 
ure 9.2(b), is used to describe the dynamics of three-body reactive collision. One _ 
should always bear in. mind that these collinear collisions are atypical, and do not 
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duplicate all features of a typical or_average collision. With this caution In mind, 
the two^-dlmensldnal potential surfaces for cOlllnear three-body collision can be use- 
ful as aids to understanding and physical visualization of the problem. 

the two-dimensional figure which was used to describe collision between two 
particles with a spherical Interaction potential* figure 9.1* exhibited a simple hump 
or maximum Which can be related to the activation energy. On the surface used. to 
describe colllnear collision between three particles* the hump becomes a three- 
dimensional saddle point. The height of the saddle point Is the activation energy* 
and i:he path of steepest descent (or maximum gradient) across the saddle point Is 
known as the reaction path . Physically, the reaction path represents a kind of aver-p - 
age of the most- p.robable trajector.les leading to reaction. The path of maximum posi- 
tive curvature at the saddle point Is orthogonal to the reaction path*, and the curva- 
ture of this path Is a measure of the Width of the saddle point. The width and height 
of the saddle point are the most Important parameters to duplicate In any approximate 
potential surface used to assess the rate coefficient. When the Collision Is not 
colllnear, the. potential is a function of" three independent variables and the saddle 
point in the potential becomes a four-dimensional figure. One may visualize this 
situation by thinking of the three-dimensional saddle point with a barrier height and 
thickness along the reaction path and width at the pass which continually, change as a 
function Of "the fourth independent coordinate, which might be the angle (j>abc shown 
in figure 9.2(a), for example. The trajectories over this surfece are computed 
numerically, and in this case the lack of a visualizable model is not, a handicap to 
the computer; the only limit on the number of nuclear centers and . therefore on the 
number of dimensions that can be involved Is the practical one of available computer 
speed, size, and calculation cost. 

The reaction-rate problem is solved in three steps. First* the adiabatic poten- - 
tial must be determined either approximately or with more exact quantum wave-function - 
expansions; the barrier height and width .parameters should be most closely duplicated. 
Next a multiplicity of trajectories over this surface are calculated, starting from 
suitably weighted initial conditions. A statistical determination of the fraction of 
collisions which lead to chemical reaction for a given miss distance and velocity. is 
then computed and used as the value of the transition probability in the cross- 
section integral. Finally, the reaction-rate coefficient is a Boltzmann-averaged 
cross section, just as discussed in previous chapters. 


9.3 ADIABATIC POTENTIAL SURFACES 


The really crucial part of the adiabatic reaction-rate problem is the determina- 
tion of the potential surface with sufficient accuracy. Once this is done*, the 
numerical solutions of. collision trajectories and the statistical averaging procedures 
may be tedious and time consuming on the computer, but they are relatively straight- 
forward and can be performed to any required degree of accuracy. Unfortunately, very 
few potential surfaces are known accurately at the present time, even With modern 
quantum chemistry computing methods available. Thus, approximations are widely used 
and are usually based on the methods for approximating potential surfaces developed- 

by London, Eyring, and Polyant (ref. 1). These approximate potentials are called 

LEP potentials. Sato (ref. 2) introduced a semi-empirical correction for the LEP 
potential which allows the model potential* called the LEPS potential, to better fit 
experimental results and also provides a smoother potential surface that is believed 
to be more realistic.. However , _it_ah.ould be kept in mind that none of these potential 
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surfaces are truly precise, Pnrr and Truhlnr (ref. 3) have given n critical review 
of the LEPS type potentials and point but that the calculated reaction barrier 
heights are puthologicnlly overscnaltlvo to the approximations used. This occurs 
because the final potential is a balance of very large repulsive and attractive (posi- 
tive and negative) integrals. Thus, even though the separate Integrals can be 
obtained quite accurately by modern quantum calculatlona , the f inal balance is very 
sensitive to residual uncertainties. 

In spite of its defects, the LEPS-type potential has been very useful in eval- ~ 
uating the itature and the functional form of potential for adiabatic collision type 
reaction. Often the coefficients in the semi-^empirical Sato type approximation can be 
adjusted to give reasonably satisfactory agreement with experiment. For this rensOn, 
the derivation xif the potential for a simple three-electron system will be followed to 
Illustrate the general .method, . This is precisely the potential needed for a three- 
body hydrogen exchange reaction 


and is similar to the potentials used for hydrogen halides. Electronically, the 
ground state of the seven elcctnm_Outer shell of the halogen behaves something 
like a single electron. 

The Starting approximation is the assumption that all three-center interaction 
integrals are negligible compared with the two-center Integrals. This is indeed gen- 
erally true, but since the final result is the difference between competing, positive, 
and negative terms, it is not certaiti- that neglect of three-cOnter interaction inte- 
grals is quimtitatively. Justifiable. No doubt, the reason the approximation works as 
well .as it does is because the positive and negative three-center terms also tOnd . to - 
neutralize onO another. At any rate, the approximation is. very appea.ling because the 
two-center interactions are known quite accurately in many cases from experimental 
spectroscopy, and tliese interactions can now be ca.lcu.lated with about equal precision. 
Thus, we consider first the energy, of a .two-center , two-electron system with exchange, 
and Subsequently sum all the two-ceuter interactions to get a total potential for a 
three=, four-, or more body system. 


9.4 TWO“CENTER,_lliar ELECTRON SYSTEM POTENTIALS 


The contribution of spin momentum to energy will be-Jieglected for systems of 
light atoms; then the Hamiltonian operator can be simply expressed as a function of. 
only the spatial coordinates of electrons 1 and 2 and of the two nuclear centers a 
and b. Where the two nuclear centers are hydrogen, the Hamiltonian o perator becom es 

11 « H^ + Hp + H' '+ (9; 41 

ab 

where H^ is an operator involving coordinates of electron i only and .fl' Is an 
operator involving coordinates of both electrons. For example 
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Is one possible grouping of the operator terns t The energies are given In Hartrees 
(e^/ag) and the distances R^j between particles. 1 and J are given In Bohr units 
(Sg). The distance between nuclear centers Is treated as a constant In the 

Born-Oppenhelmer approximation, where the nuclear motions are regarded as fixed com- 
pared with the very rapid electron motions# Thus, the term I’/^ab separated 

from the rest of the Hamiltonian and simply added again to the final energy to 
account for the repulsion between nuclear centers; there Is no need to complicate 
the calculations by carrying this term through all the wave function Integrals# The 
problem Is to determine with perturbation methods the total energy for each value of 
^ab. selected# 


H, 


H, 


2 

7* 


1 


I 

-T ■ Ru ■ 


1 


R 




H’ - 


1 

R^2 


(9#5) 


A logical expansion of the wave .function 
operators and H 2 


would be In eigenfunctions of the 


H2<|)(2) - Eg(j)(2), 


(9.6) 


where the function (|)(1) Is Just the ground-state eigenfunction for the Ht Ion In 
the coordinates of electron 1 and Eg Is the corresponding energy; Eg Is known 
very accurately as a function of Rab the H 2 Ion. and very good analytic approxi- 

mations for the wave function, of this Ion are known. This expansion would constitute 
a full molecular orbital (MO) treatment for the H 2 molecule# However, a linear com- 
bination of atomic orbitals (LCAO approximation) Is found to give a much better 
result than the MO treatment, so It Is more common to group the operator terms as a 
series of atomic Hamiltonian operators (refs. 4-6). Slater's text (ref# 6), for 
example, breaks down the Hamiltonian In a different but totally equivalent form 


H, - - ^ - 


H. - - -^ - 


1 




ft' 


i- + -l 




ab 


1 


(9.5a) 


Note that the constant term 
tlon H' # 


1/R^b carried along as part of the perturba-. 
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At this point some form must be chosen for the wave functlon» and we should keep 
in mind that any form chosen Is necessarily an approximation; therefore, the resulting 
potential Is also only an approximation. A rather good approximation for the Ion 
eigenfunction has the form 


*^1 " “ a ^^^ 

where Ua(l) Is a function of the coordinates of electron 1 centered on atom a, 
and u^(l) Is the same function centered on atom b. The function Is then a 
molecular orbital, and the product of gives a full molecular orbital form for 

the wave function ip. 

ip m ■ u^(l)u^(2) + Ujj(l)u^(2) + u^(l)u^(2) + u^(l)u^(2) (9.8) 

However, this wave function Is found not to give good results, because the third and 
fourth terms in this sum have both electrons about the same center, and these really 
represent the higher energy ionic state H"*!!" rather than the ground state of Ha which 
we seek. London found that a much better wave function was obtained by dropping 
these terms, and most of the modern development of molecular wave functions has 
concentrated on the LCAO form. 

^ij) ■ u^(l)u^(2) + u^(l)u^(2) (9.9a) 

Since this ground-state wave function Is symmetrical with respect to the spatial 
coordinates, the spin eigenfunction for the two electrons involved must be asymmetric, 
in order to satisfy the Pauli principle that the total wave function be asymmetric 
with respect to exchange of. any two electrons. Thus, the spins are paired, with a 
total spin of zero, and the function is a singlet. We will also be concerned 

with the triplet wave function ®ip that results when the spin eigenfunction is sym- 
metric, that is, the spins are said to be unpaired and the total spin is one; in this 
raa o fllnrt•^nn miigt: He spatially asymmetric, to satisfy the Pauli principle 

3,p » u^(l)ujj(2) - u^(l)u^(2) (9.9b) 

The exact nature of the functions u^ and u^, has not been specified. However, 
we are merely concerned now with the functional form. of the potential, not with the 
numerical results of calculations (which are still. somewhat approximate); we want to 
fit this form to experimental two-body interaction potentials, and then use these 
results to deduce the multibody potential. 

Using the relations .of Eq. (9.6), one obtains 

Hip - (2E^ + H')(Ug(l)u^(2) ± u^j(l)u^(2)l (9.10) 


where the (+) sign represents the singlet state and the (r) sign represents the 
triplet. 

The value of E^ represents the lowest energy for Hj ana H 2 operating on the 
functions (p^ and (p^. The integrated value of ip* is needed for normalization; that 
is, the integrated probability of the system over all possible electron configurations 
must be unity. If the functions u^ and u^, are normalized 
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m 


t S^) 


<♦') - <u'(l)uJ(U> t 2 {u.a)u^(l>u,(2)u^(2)) + (uJ(Uu*(2)) -2(1 

where S la defined as the overlap integral 

S - (“.(Uu^d)) • (uj(2)U|,(2)) 

TO obtain the average total energy of the ayatem given by thla wave function, 
multiply Eq, (9.10) by ij», integrate over both electron spaces, and divide by the 

normalization constant 


(9.11) 


( 9 . 12 ) 


E 


<W> 

(«|»^> 


--2E,, + 


K 


1 ± S^. 1 ± S' 


1 

'ab 


(9.13) 


where the Coulomb integral K and the exchange integral J are defined, respec- 
tively, by 


(9.14) 

(a.i.5) 


K -- <u^(l)fl’uj(2)) 

J - - <u^(l)u^(_l)H'Ua(2)Ut,(2)) 

The signs x)f K and_J _are chosen so that both are normally, positive quantities. 

The Coulomb integral derives its name because in the atomic structure problem,, 
where the perturbation is simply (l/Rij). this integral represents the average 
cLlomb repulsion between the charge distribution u^d) and the charge 
u£(2). . In^the present case where H' may contain °ther terms, the interpretation i 
not so physically simple; however, the name Coulomb integral is retained foy 
integral of this type. The exchange integral derives its name because these terms 
appeL in the energy only when the form chosen for the wave function gives equal 
probability to all configurations where two identical -electrons are exchanged , as in 
Eqa. (9. 9a. and b)._ The exchange terms are necessary to theoretically model the 
observed splitting between states with different total electron spins, in this, case 
the difference between singlet and triplet energy lev.els. 

Perhaps the simplest choice for ua and u^ that qualitatively duplicates the 
features of the potential is two hydrogen-like wave functions with variational 

parameter- Z 
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u^(i) 




“b<l>. ■ (f) 


i/2„; 


(9.16) 


-ZRbj 


In this approximation Eq - -Z^/2 and the. integrals S, K, and J can all be per- 
formed analytically. (See. for -example. Slater's text 

and Solids (ref. 6).) Note that Slater's nomenclature is somewhat different than 
Ssed Surot ihe energy unite are in Rydbergs or (eVlSo)., and dje used for Coul^b 
integral and K for exchange integral. In Slater a. notation, our. K Hq U/Rl 
or 2J + J' while our (-J) "Hi - (2S'/R) or 2KS + R • 
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The Ha potential calculated using the 
functions of Eq. (9.16) Is shown In fig- 
ure 9.3 as the LCAO approximation with 
variable Z. The exact potential Is shown 
by the solid line* and one can see that 
the approximate model potential does have 
the correct qualitative shape with the 
minimum at the proper distance, 

R^b “0.74 A, but the potential minimum Is 
about 15 Kcal/mol above the correct value. 

A slightly better result can be obtained 
using polarized wave functions (for exam- 
ple, mixing some p-orbltals with the 
8-orbltals) but the only way the model can 
closely approach the true potential Is when 
It Includes terms In Rja which correlate, 
electron positions such that the two elec- 
trons tend to avoid one another; this enor- 
mously complicates the algebra of the 
problem. 


Figure 9.3- H2 potential functions. 


For the purpose of computing three- 
body interaction potentials, it is con- 
venient to use experimentally determined Morse potentials which fit both the observed 
vibrational energy levels near the bottom of the potential, and the observed dis- 
sociation energy. For the singlet state then the Morse function approximation, with 
the totally dissociated state taken as the zero energy level, is 


U, 


D(e“^* - 2 


e“’‘) 


(9,17) 


where x - (hu/2D)^/^(r - r^) , w is the vibrational circular frequency, r is dis- 
tance between atoms (i.e., Ra^) and is the equilibrium value of r at the 

potential minimum, Sato (ref. 2) noted that the triplet state potential 1s 
approximately 

(9.18) 


U, 


I (e‘^* + 2 e"*) 


These Morse potentials are shown in figure 9.3 and one sees that they are reasonably 
good approximations; the singlet potential approaches its asymptotic value a 

little too slowly as Rg^ is increased, whereas the triplet potential U3 becomes 
somewhat too. large at small values of Rab* . 

At large separation (large R^^) the overlap integral is very small, and to a 
first approximation S has often been neglected; the form of the potential given by 
Eq. (9.13) is then expressed 


u, - q - J 


Us 


Q + J 


where Q represents 2 Eq + K + (1/Rat)- equate (9.17) and (9.19) and also 

(9.18) and (9.20), the expressions for Q and J which correspond with the Morse 

potential are 


(9.19) . 

(9.20) 


a - f (3 - 2 e">^) 
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- 6 e-*) 


(9.21) 

( 9 . 22 ) 


However, these potentials are found not to duplicate experimental activation 
energies very well, and sometimes lead to strange looking humps and ridges In three- 
body potential surfaces. Sato (ref. 2) proposed that the trouble was primarily due 
to the neglect Of the Overlap Integral, and he corrected this In an approximate, seml- 
emplrlcal way but letting be a constant value chosen to best fit the experimental 

observations. _ 


U, - - D(e-'* - 2 e""^) (9.23) 

^ 1 + . 

n , _2±J - D ^e-=^x ^ 2 e-*) (9.24) 

® 1 - 2 


Solving for Q and J we obtain, 

Q . D (3 ^-2:. . 2 ^ (^-2X . ^ ^-x, „.25, 

J £ (6 - e-**) +1^ (2 - 3 e-^*) (9.26) 

The quantity S^' is denoted by k in Sato’s papers; values of S the order of 0.2 
seem to give reasonable results for the H 3 interaction, but this value changes for 
other systems. Note that Sato’s correction is still an approximation; the real values 
of S^ are not constant but vary from .0 at large to 1 at vanishing Hab* 

Potentials involving heavier atoms than hydrogen are treated in the same way; the 
Morse- function potentials are available for. many diatomic pairs, and in any case 
modern computational quantum methods can be used to obtain two-body potentials quite 
accurately. Halogens can be treated in a manner similar to the hydrogens because the 
7 electron shell behaves electronically much like a single ( 1 s) electron; two ground 
state atoms combine to give a singlet attractive state and a triplet repulsive state. 
Atoms like oxygen and nitrogen are somewhat different; as they approach another 
the electron spins can add up in a number of different ways, leading to a multiplicity 
of potential interaction surfaces (see Meador (ref.. 7), e.g. ). However, as an 
empirical stratagem these atoms have sometimes been treated by the same formalism. 


9.5 MULTIPLE-ATOM POTENTIALS 


London (ref. 8 ) developed the expression for multiple atom Interactions using 
the approximation that all multiple center integrals could be neglected in comparison 
with the two-center integrals; in other words, the total potential is simply the 
linear sum of two-electron interactions. One can indeed argue that these multiple 
center integrals are much smaller than the two-center integrals; however, as we have 
seen, the final potential is the resulting balance of large positive and negative 
integrals, so the Influence of these smaller three-center integrals could be 
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significant. London's approximation Is valid to the extent that these three-center 
Integrals are also a series of both positive and negative values that will balance out 
to a much smaller residual, just as the two-center Integrals do. London's model 
allows the electrons to Interchange between all the different pair bonds with equal 
probability. London works out the equation for a four-electron, four-center system; 
for the system of three H-llke atoms of present Interest, this reduces to: 


“abc 




W 


.+ 0« - >«ab - "be)' 


+ (Jac - + 


bc^ 


<-'ca - -'ab)“'‘''«-”) 


where the values of and Jj[j can be obtained from the Morse potentials for the. 

diatomic pairs as outlined In the previous section. The differences between the 
exchange Integrals . J^j occur because In a three-electron system, two of the electrons 
must have the same spin while the third electron will have opposed spin (at least In 
the ground state configuration) , so each electron must have a bond pairing With one of 
the remaining electrons ^ and an. antibond pairing with the other, as shown In Eq. (9.27). 


Eyrlng and Polyani based their LEP potentials on Eq. (9.27) using values of Q^j 
and Jij derived from the Morse functions by neglecting the overlap integral S^. 
These potentials typically do not give a reasonable value of the potential barrier 
height according to the experimentally known activation energies for reaction. Thus, 
Sato (ref. 2), was led to modify this equation with an empirical constant k, which 
represents a sort of average of all the overlap integrals (S^b* 
distances where the reaction Jjarrier exits . 


abc 


-^1 

_ 1 + k_] 


Q t. + Q.- + Q 

^ab ^bc ^ac 


T t("ab - "ac>“ + ("be - "ba>' <"ca ' "cb)"> 


i/aj 


(9.27a) 


In the present treatment, we introduce this correction in the evaluation of the 
Qij and the Jij as shown in Eqs. (9.25) and (9.26), so we automatically get Sato's 
result using these values in Eq. ( 9.27 ) . 

To illustrate these .potentials, some calculations for H-H-H potentials are shown 
in the potential contour plots of figures 9.4(a), (b) , (c) , and (d). Figure 9. 4(a) 
shows the LEP potential, which is obtained when S^ =0, for a collinear configura- 
tion. The reference level of potential has here been adjusted so that the Ha molecule 
has zero potential at the bottom of its well. Thus, when Rx — 0.74 A and R 2 
U * 51.6 Kcal/mol, the.energy of the free H atom, or one-half. the dissociation energy 
of Hj. The same value occurs when Rx ® and Ra ■ 0.74 A, of course. When both 
Rx and Ra become large, the potential is a broad level plane with the energy of 
three separate H atoms, i.e., 154.8 Kcal/mol. Between the two valleys is a barrier . 
opposing the exchange of. one H atom for another in the triatomic collision. This 
barrier is 22.1 KcalMol, much too high to agree with the experimental value of 
activation, energy,. which is 7.5 ± 1 Kcal/mol (ref. 9). 

Figure 9.4(b) shows the potential when ■ 0.1 is chosen. The barrier height 
has been reduced to 12 Kcal/mol, jstill too high to agree, with experimental activation 
energy. Figure 9.4(c) shows the results when " 0.2. Now the barrier height is 
2.8 Kcal/mol, which is perhaps a little too low. The activation energy is actually 
larger than this barrier height because collisions are not. collinear in general, and 
the activation energy is an average .of the minimum energy required for collisions 
occurring at all angles, which lead the system from one valley across the barrier to 
the next valley. The barrier height increases as the angle of- incidence is increased; 
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R2"* 

H-H-H 
B ■ 180* 

$2 -O-l 

AE ■ 12 Ketl/mol 


Kcal/mol 


Ke«l/mol 


Figure 9.4- Ha potential. 


as figure 9.4(d) shows, the barrier height with 


» 0.2 has increased to 


20.2 Kcal/mol at 90° angle. Practically no atom exchanges will occur at normal tem- 
peratures with this large a barrier; the reaction will occur only- for configurations 
clustered in a small cone around 0 = 180°. However, the effective activation energy 
will be a statistical average of the reactions that, do occur within this cone of 
angles. Sato^ concludes that = 0.18, with a collinear barrier about 5.4 Kcal/mol 
gives a reasonable fit to the experimental evidence. 


9.6 DYNAMICS OF ADIABATIC CHEMICAL REACTION 


The dynamics Of the three-body hydrogen exchange reaction have been analyzed by 
Karplus, Porter, and Sharma leading .to values for the reaction cross section and the 
rate coefficient (ref. 10). A more typical reaction, because it is exothermic, is the 
collision-induced exchange of F for one of the hydrogens in Hz 


F + Hz •+• HF ifc_H 


(9.28) 


The dynamics for this reaction have been worked out by Jaffa ^and Anderson (ref. 11), 
with some follow-on analysis by Jaffa, Henry, and Andersoa (ref. 12). The potential 
energy surface for a collinear coll ision configuration is shown in figure 9.5; a 




180“ . 


(d^ = 0.2. e = 90“. 


Figure 9.4- ConcJ^uded. 



Figure 9.5- LEP poten- 
tial surface for 
F + H + H with a 
— trajectory starting 
from Hj vibrational 
level V ■ 1 and 
coHision energy of 
2.6 Kcal/mol, 


1 

i 

i 


7 
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typical trajectory between the reactant and product atatea calculated by Jaffe 
(ref, 12) la alao ahown on the figure. The trajectory calculation la a atep by atcp 
numerical aolutlon of Hamilton* a canonical equations of motion In which the deriva- 
tives of the Hamiltonian with respect to coordinates are calculated using the analyti- 
cal approximation for the potential given by Eqs. 9.27, 9.21, and 9.22. (The Sato 
correction was not used here.) The derivatives of the Hamiltonian with respect to the 
conjugate momenta are very simple analytic functions, namely p/u, where v Is the 
appropriate reduced mass. The angle between the coordinate axil In figure 9,5 has 
been chosen to give the vibrational displacements a direction normal to the coordi- 
nates that results when the cross product terms In kinetic energy are eliminated by 
coordinate transformation. 

T ■ (9.29) 


This transformation Id used merely to help us visualize the motion on the potential 
surface more realistically; the computer really doesn't care what coordinate system 
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The Initial coordinates for the F + Ha interaction are illustrated in figure 9.6. 
The fluorine atom is given an initial momentum P relative to the center of mass of 
the Ha molecule with an impact parameter (miss distance) b; the latter plus the 
Initial rotational energy of the Ha establishes 
the total angular momentum. of the system. The 
Initial position of the Ha molecule is speci- 
fied by any two of the direction cosines, a, 0, 

3r Y* Alternate coordinated systems are posr- 
sible, of course. Hamilton's equations. of 
notion -are then integrated step by atep to 
}btain the trajectory of the system over the 
lotential surface, subject to the constraints 
:hat both total energy and total angular momen- 
:um are conserved. A fixed numerical step size 
Ls not very efficient; one desires to use as. 
few steps as possible to hasten the Integra- 
:idn, but a small onough step size to ensure 
iccuracy. Thus, the step size should be chosen 

;o vary inversely with the potential surface gradient. Various algorithms for non- 
linear extrapolation are helpful ia. increasing the step size that-can be tolerated 
;6r a. given accuracy.. 

The initial momentum P, the impact parameter b, the initial vibrational and 
rotational quantum numbers v and -J of the H?. molecule, are typically chosen by a 
random manber generator, and the trajectory that results is then weighted by the 
proper temperature-dependent statistical probability parameter p; P, v, and J are 
•weighted according to the Maxwe 11-Bo It zmann distribution, while b ia weighted as 
to give equal probability per unit cross, section area 

pab5 . ^2 g-(E+Evj)/kT 3, 

-fhere E is the translational energy of the system, and Eyj is the vibration- 
rotation energy of the H 2 molecule. — The .. m is s , .. d istance b is constrained to some— 


V - 



Figure 9.6- Initial coordinates for 
calculation of fluorine, 
hydrogen-molecule ..xlynamics. . 
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maximum value ■ (S/ir)^^^. where S la the total colllalon croaa section die- i 

cussed In earlier chapters. Also, P, v, and J are usually restricted to some maxi- I 

mum value that Is very Improbable at the temperatures of interest; often v and J 
are fixed at a given value so the results obtained apply to a single Initial state 
of the Ha molecule. 


Each trajectory calculated can be either reactive (HF -fHor F‘fH*fH are 
formed) or nonreactlve (F and Ha remain stable). For exothermic reactions the heat 
of reaction channeled Into HF vibration and rotation can be determined by an analysis 
of the final coordinates and momenta obtained. The total reaction cross section Is 
given, for fixed values of Initial translational energy E and rotation-vibration 
state V, J 


lim ub. 
N-+« 


N_(E,v,J) 
m N(E,v,J) 


(9.31) 


where N is the total number of trajectories calculated and Nj. Is the number that 
are reactive. These cross sections are then substituted in the usual collision theory 
expression to compute the rate constant a(T). 


a(T) - E dE (9.32) 


! 


where Qyj is the vibration rotation partition function of Hj. ( 

Typically, to get a good statistical average cross section S, one must calcu- j 

late the order of 500 trajectories for each set of initial E, v, and J; then one must [ 

calculate enough values for S to obtain a decent integral over the energies in \ 

Eq. (9.32) for the rate coefficient a(T). This all ^dds up to a large amount of i 

computer time, so one can appreciate that the effort becomes worthwhile only when some | 

reasonably reliable-estimates for the potential surface are found. j 

! 

Because, of the large amount of computer time required, there is a search for 

schemes that may shorten this approach. In particular, one would like to avoid com- j, 

puting all the nonreactive trajectories and concentrate only on those initial condi- i 

tions that lead to reaction, and then the reaction probability is the ratio of the | 

number of these initial conditions to the total nvimber of all possible initial condi- — - | 

tions, a ratio which can again be determined by statistical weighting. One method of | 

doing this is to consider the system in phase space with the Gibbs canonical distri- 
bution of phase, then assume a surface which divides phase space into "reactant" and 
"product" regions. If the system consists of N atoms, phase space has 6N-6 degrees 
of freedom (3-coordlnates and 3-conjugate momenta for each atom less the 3 coordinates 
and 3-momenta describing the center of mass) and the dividing surface is (6N-7) 
dimensional. (In the case of the present three-body F + Ha reaction, .phase space has 
12 degrees of freedom and the dividing surface is 11-dimensional) . A schematic repre- 
sentation of this phase space and the dividing surface S is shown in figure 9.7. 

Each reactive trajectory must cross S at least once, so we can choose Initial con- 
ditions close to S and with the proper trajectory to assure that the system will 
cross. The problem is that many nonreactive systems may also cross S; these will 
then double back and recross the surface to end up on the reactant side. Also, some 
reactive systems may cross more than once. Thus, the phase space-sampling method. can 
only provide an upper bound on the rate constant, and the trick is to attempt to - 
devise surfaces S that will minimize this upper bound. 


2 14 
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Elgure 9.7- Schematic representation of a (6N-6) dimensional phase space with 
(6N-7) dimenai on al-surface dividing reactants from products. 


The -phase space sampling approach to the calculation of reaction rates was first 
outlined by Wigner (ref. 13) as long ago as 1937, but the development of the modem 
numerical computer was required to really make use of the method quantitatively. To 
summarize Wigner* s method, the reaction rate in the forward direction for a two-body 

collision, for example, is the number of systems crossing the surface S in one 

direction per unit time, provided that the surface is chosen so no system crosses 
more than once. The forward rate constant for the three-body system is 

-(dn^/dt) -(dn^/dt) -(dnj/dt) 

a « ■ — — ' (9.331 

n^njnj n^njnj n^njnj 

where nx, n 2 , and ns are the number density of molecules of type 1, 2, and 3, 

respectively, and (dn^/dt) are the number of atoms of type i used up each second by 

reaction, or in other words the probability that a single system will cross the sur- 
face S in unit time multiplied by the total number of systems per unit volume. All 
atoms are assumed to stay in the ground state of electronic excitation and the 
nuclear motions are assumed classical. Wigner chooses a trial surface where the 
energy of the product molecule is a constant, namely, the dissociation energy of 
the molecu-le. This surface -is, in general, a . function of all the coordinates qj^ 
and their conjugate momenta p^, 

\ ( 9 . 34 ) 
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Thu8» the time derivative can be expressed 


dt 




apj 3t ) 


If H represents the total Hamiltonian 

. dH • dH 

" 3p^ *• Pi 3q^ 


Thus, Eq. (9.34) can be expressed 


■3T" 


3H ^^o 3 h\ 
3Pi " 3?i 3qi/ 


3(H-H^) 3H^ 





^P^ 


3(H - Hq) 

3q^ 


(9.34a) 


(9.35). 


(9.36) 


Those systems cross. the H surface per unit time which are closer than 
(dHo/dt)/|grad hJ if (dHo/dt) is less than zero. At equilibrium, the density of 
systems in phase space is the Gibb* s canonical distribution 

p - (9.37) 


so the probability of finding the system in a given volume element of phase space is 
proportional tcL exp(-H/kT). Then the number ..of systems which disappear per unit 
time is 



n^n2n 



dHjj/dt 

grad H^l 


-H/kT 

e 


do . 



(9.38) 


where do is an element of the surface Hq and the. integral is restricted to the 
portion where (dHp/dt) < 0. The denominator is just the classical partition function 
Q, and the ratio of the two integrals is the probability that the system finds Itself 
in that region of phase space where it will cross the Hq surface in unit time. 
Comparing Eqs. (9.33) and (9.38), one obtains an expression for the rate coefficient. 


o 


i! 

•(dHo/dt)<0 


(dHp/dt) 
Israd Hp| ® 


do 


(9.39) 
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1(E) - ” dqj dqjj dq, . . . (9.40) 

hJ<e 

and further stipulates that the coordinate system q^ be rotated so that qx Is 
normal to the surface and orthogonal to the remaining q^j^ lying In the surface Hq. 
Thus 


H 

" grad 


(9.41) 


and Eq. (9.40) can be expressed 


1(E) 


f.S 


dHo/dt „H/kT 
^ ® 


grad H 


do dH, 


(9.42) 


The derivative of 1(E) with respect to E is just the inner integral of Eg. (9.42) 


ii . f iVfi -ft 

dE " J g rad ® 


-Ho/kT 


do 


(9.43) 


If the surface integral is limited to that part where (dHo/dt) < 0 and is evaluated 
at E « 0, the rate coefficient of Eqi_ (9.39) can be expressed. 


a 



(9.44) 


The dissociation energy , Hq is given in. terms of the phase-space coordinates of 
the product molecule 


where r Is the distance between the two atoms of the molecule, p is the momentum 
of these two atoms relative to their, center of mass, and Vo(r) is the unperturbed 
vibrational potential energy of this, molecule, in other words Hq is just the minimum 
total rotation-vibration energy of a dissociating product molecule when the collision 
partner Is far away. This Is obviously a surface which must be crossed by every 
associating system, but of course this surface may be recrossed again before the per- 
turbing collision partner is out of range. The difference between the total energy 
and Hq is then 

“ - "o ■ ^ * IT + ... 


where M is the total mass of the system and P is the momentum of the center of 
mass, pj Is the momentum of the collision partner relative to the center of mass of 
the associating pair and y is the redu ced mass for this collision, and finally 
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(V - Vq) le the potential perturbation felt by the aaaoclatlng pair upon approach of 
the colllalon partner . T hua t the derivatives of Hq and H - Hq are 


■ grad V 

sq ° 



8(H - K ) 


3(H - Hq) 
3q 


grad(V - Vq) 


and all other derivatives of Hq vanish. Note that each of these vector derivatives 
corresponds to three terms in the Poisson bracket expression for (9Ho/dt), Eq, (9.36). 


^ - I gtadCV - V„) (9.47) 

The integrations can be carried forward analytically for this simple choice of 
Hq, and Keck has refined this somewhat by choosing a surface that takes into account 
the rotational barrier and also requires that the collision partner come within a 
certain distance of the associating pair; Keck uses this latter distance as a varia- 
tional parameter to minimize the recombination rate coefficient. However, the choice 
of surfaces which can be handled analytically is rather limited, whereas we need not 
bother to find the optimum surface for the computer calculations; a simple surface 
like Wigner's choice of Hq will suffice because the computer can count the number of 
systems that recross this surface and then correct the calculated crossing rate. This 
means, of course, that the trajectory must be computed until it is far enough from the 
surface that there exists a negligible probability the system will return and recross 
the surface. Note that the trajectories starting at S must also be followed back- 
ward in time, to make sure whether the system has not already crossed the dividing 
surface. In practice, this is not a difficult choice to program into the computer; 
the collision partner is merely required to recede from the associated pair and be at 
a distance where it perturbs the system negligibly. Thus, the advantage of the phase 
space-sampling scheme is that a. reasonable choice of surface S will assure that 
most of the systems sampled will be reactive, and the system trajectory in phase 
space need be followed a relatively short distance, both of which greatly reduce the 
computing time required. The disadvantage of this approach is that the sample chosen 
will not correspond to any given initial state; however the sample should correspond 
to a Boltzmann distribution of initial systems since the Gibb's distribution in 
phase, Eq. (9.37), is used as a weighting factor. 


9.7 NONHYDROGEN LIKE POTENTIALS 


Not all potentials can be well described by the LEPS model, which has been 
derived for the case where all the atom pairs in the system interact something like 
two H atoms. Halogens can be treated by the LEPS model because the 7-electron shell 
behaves electronically like a one-electron system; this means that only one bonding 
potential and one antibonding potential (the singlet and triplet potentials, 
respectively) occurs for this case, and these can be described by the London 
formula in terms of integrals like K and J. However, when one treats systems 
with atoms like 0, N, C, S, etc., the situation grows more Complex. These multiple 
electron systems interact along a multiplicity of potential surfaces depending upon 
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how the electron spin vectors add up. For example, two N atoms in the ground state 
have 3 p electrons each and can interact along four different potential surfaces, the 

and ’e potentials. Meador (ref. 7) treats these with a London-like model . 
in which the exchange Integrals for the p electrons are allowed to take all possible 
combinations of pairing. In the case of 0 atoms, with four p-electrons each, the 
multiplicity of Interactldn potentials increases to 32. Also in systems where 
p-orbltals are occupied, these orbitals have directional characteristics and the mini- 
mum potentials generally occur in bent configurations rather than the linear configur- 
ation obtained for purely s-orbltal electrons. These complications add to the 
uncertainty of the model potentials , so typically the potential surfaces are then 
— generated by taking the spectroscopically observed interactions for all the atom 
pairs in isolation, and for the multiatom system also if it is stable, and fit these 
regions together with empirical smoothing functions. A case in point is the reaction 

CAO + 0 C& + O 2 (9.48) 

treated in this way by Jaffe (ref. 14). This reaction is thought to be an important 
step in the chlorine-catalyzed destruction of O 3 in the earth's upper atmosphere. The 
measured reaction rates were conflicting at the time of Jaffe* s paper; some upper 
atmosphere scientists had been led to conclude that the rate coefficient for 
“Eq. (9.48) had no temperature dependence whatever, which is clearly unreasonable in 
view of the fact that a T^'^ dependence must remain due to the collision rate 
between gas particles, even If there is no activation energy whatsoever (unless the 
cross section for reaction should decrease with increasing collision energy at the 
threshold of the reaction, which is an unlikely phenomenon). Jaffe' s calculations 
were performed to help resolve this inconsistency, using an empirical potential energy 
surface constructed to fit experimental data for C)10, O 2 , and CS.O 2 molecules. Then 
smoothing functions used to join one potential region to the others allowed for a 
variation in the reaction barrier height, so this was systematically varied to give 
reasonable agreement with data. The usefulness of the calculation model lies in the 
fact that once its activation energy has been calibrated with experiment, it- can then 
be used to get a probable temperature variation for the rate coefficient. 

Figures 9.8(a), (b), and (c) show the smoothed potential surfaces used by Jaffe 
for the reactions of Eq. (9.48) for three different configurations representing the 
angles a between the vectors R (C£ - 0) • and R (0 - 0) of 90®, 110®, and 130®, 
respectively. The 110® angle gives the minimum potential barrier. .Figure 9.9 shows 
one of the trajectories for a CiO + 0 system traversing this potential surface. One 
observes the complex vibrational motions in the short-lived activated complex 

that eventually dissociates to the products Ci + 0^. 

An Arrhenius plot of the rate constant for the CiO + 0 Ci + Oj reaction is 
shown on figure 9.10. The solid lines are Jaffe* s calculations for the reaction 
barriers of . 0, .0.5, and 1.0 Kcal/maLu Jaffe concludes that a probable rate coeffi- 
cient is 


d ■ 4.36x10““ exp(-191/T) cm^ /molecule-sec (9.49) 

This rate is consistent with the data of Basco and Dogra (ref. 15) and of Park 
(ref. 16), and in view of the uncertainties in the potential surface, it is reasonably, 
consistent with the data of Freeman and Phillips (ref. 17). It is clearly lower than 
the remaining data by a factor of 2 to 3, though the activation energy deduced by 
Clyne and Nip (ref. 18) is about 0.6 Kcal/mol, reasonably consistent with Jaffa's 
0.5 Kcal/mol. The experimental data comes from a wide variety of techniques; Park's 
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RqO» a 

U) a - 90", 



2 

RqO' ^ 


(b) g » 110^ 



(c) a « 130"* 

Figure 9.8- Ground state potential surfaces for. Cd + 0 +.0 interaction for 

different angles a between R(C)l -.0) and R(0 - 0) vectors. . . 

high temperature data comes from a shock-tube measurement of the 
endothermic direction, whereas the room temperature data come 

and from microwave discharge techniques measuring the reaction in the exothermic 
SI It 13 not at all surprising to find this «.ch ''“Utlon In the 
absolute value of the rate data (as we have seen in previous chapters, a factor of 
t Jo fsJttel tn 5aJa “ typical, and each experimental technique also Involves some 
L^rtalMlM peculiar to-liJelf). The calculations, together with experl^nt, do 
establish tha temperature j?arlatlon of the reaction wii^lo reasons e m 
very least. 







Figure 9.10- Arrhenius plot of rate constants for CIO + 0 ■+■ Cl + 02« Solid curves 
are calculations of Jaffe (ref. 14). Data; | 0 Basco and Dogra (ref. 15), 

Park (ref. 16), ^(2) Freeman and Phillips (ref. 17), ® Clyne and Nip 

(ref . 18 ), ^ (D Bemand et al. (ref. 19), -•-(§) Zahnlser and Kaufman (ref. 20). 


9.8 Concluding remarks 


For those cases where the ground state potential of a system Is well below the 
energy of any .excited state (so that transitions to the excited states can be Ignored) 
and where all the reacting particles are heavy (l.e. , no free electrons), the reacting 
system can usually be adequately treated as a classical system moving on a single 
potential surface. The numerical calculations of reaction trajectory can be made to 
any desired degree of accuracy, provided that a large, fast computer Is available; the 
obstacle to accurate calculations of reaction rates Is the uncertainty In approxima- 
tions to the potential surfaces. The London- Eyrlng-Polyanl-Sato (LEPS) potentials 
are reasonably good approximations fOr systems Involving Interactions only between . 
hydrogen and halogen type atoms, but even for this case these potentials are very 
sensitive to the approximations used tO account for the effect of the overlap Inte- 
grals Involved and spln-orblt coupling may be significant (ref. 21). For more elec- 
tronically complex atoms the potentials used are expressions compounding harmonic or 
Morse potentials that fit the observed vibrational spectra Of the Isolated species. 
These potentials are faired Into one another- with purely empirical smoothing func- 
tions; the smoothing functions are adjusted until the resulting potential does not 
have any unlikely ridges or troughs and the reaction barrier Is about equal to the 
observed activation energy. This procedure does allow One to at least extrapolate the 
experimental data with reasonable confidence to temperatures that are experimentally 
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inaccessible. This has been done, for example, in the case of the CiO + 0 reaction, 
believed to be important in the destruction of 0, in the upper atmosphere, with 

results that at iLst tend to clarify the * 

this and a few very Instructive illustrative examples, the extreme labor and cost of 

pMforolng the numeJtcel celcuUtlone will be wertented only 

become available. Modf>-*n quantum chemistry is rapidly approaching the capability t 
do this, although the oroblem will be a formidable one at this of precision 

where multiple integrals and spin-orbit interactions will need to be taken into 

account . 
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CHAPTER X QUANTUM SCATTERING THEORY 
10. I SUMMARY 
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The elements of quantum scattering theory are introduced and the relations 
between classical scattering parameters and the quantum scattering parameters are 
defined. The S-wave scattering from a spherical potential wexl is developed, which 
applies when the potential domain is small compared to the wavelength of the incident 
particle. The scattering amplitude is given in terras of the change in phase that is 
produced by the perturbing potential in the scattered particle’s standing wave func- 
tion. The cross section is derived for hard sphere scattering, and also for the Born 
approximation that applies.when the potential is a small perturbation compared with 
the energy of the incident beam pa’-iicle. Some examples are cited for ® 

slowly varying field where the WKB approximation can be. used. Finally, the difference 
in scattering of like particles and of unlike particles due to symmetry considerations 

arc discussed. 


10.2 INTRODUCTION 


Quantum scattering theory has, up to the present time, been primarily applied to 
elastic scattering problems rather than to reactive scattering, at least so far as 
quantitative results are concerned. However, the theory does contain the elements o 
a rigorous approach to reaction processes, and with the application of larp, high-. 
speed computers to the problem, this approach may ultimately provide useful nmerical 
results. Therefore, it seems appropriate in a text on reaction processes to include 
some discussion of quantum scattering theory. 

The number of publications on elastic scattering alone is enormous and it would 
be impossible to include here all the viewpoints presented. However, in spite of all 
the approximations and variations in theoretical modeling that have appeared since 
then, the foundations of the theory have not really changed since the 1930s, and the 
classic text. by Mott and Massey (ref. 1), first published in 1933 with a third edition 
published in 1965, remains among the best expositions of the fundamentals tha. can be. 
found. More recent texts by Goldberger and Watson (ref. 2) and by Newton (*^ef. 3), 
and by Rodberg and Thaler (ref. 4) are particularly helpful. Scattering theory has 
historically been based on the time-independent stationary scattering states that are 
solutions to the steady-state Schroedinger equation obtained when the usual separation 
of time and spatial variables is assumed; the rigorous justification of this forMlism 
came almost 30 years later with the development of the time-dependent theory, which is 
reviewed in a text by Taylor (ref. 5). The fundamentals moat important in a n^erical 
approach. to scattering problems are stressed in a text by Smith (ref. 6). Stallcop 
(ref. 7) developed approximations in a form most useful for numerical calculations 
using. computers. All of-the above work is limited to elastic.. scattering. 

Although quantum scattering theory can handle reactive collisions in principle, 
very little quantitative work on reactive collisions has been performed. Even if the 
theoretical model were. developed, accurate potential surfaces are not available and it 
is not very economical to expend large amounts of computer time to solve problems in 
an approximate manner.. However, recently Kupermann and his coworkers (re s. 1 
have produced some of the first rigorous quantum solutions for simple reactive molecu- 
lar systems, such as H + Hz- This work is no doubt a forerunner of other rigorous 
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reactive scattering solutions that will be forthcoming. However, as Kuperroann points 
out, the computer time needed for these solutions is severe and becomes Increasingly 
worse as the molecular weights and electron numbers Increase; thus these rigorous 
solutions will. for some time yet be limited to selected check-point calculations that 
can be used to evaluate the quality of approximate methods, such as those discussed in 
the preceding chapters . 

The primary advantage gained in use of quantum scattering theory is that time- 
dependent trajectories are replaced with spatially dependent wave functions, a proce- 
dure which not only simplifies the calculation but also avoids the failure of some 
semlclasslcal methods to provide conservation of energy and angular momentum during 
the collision event. Since there are so few quantitative results of significance for 
engineering applications to serve as illustration, the primary purpose of this chapter 

be to outline a concise review of the fundamental concepts Involved in quantum 
scattering theory, that can help engineers follow the literature and Intelligently 
apply such quantitative results as may be forthcoming. Most of these basic concepts 
can be illustrated by limiting the discussion to elastic scattering in spherically 
symmetric force fields and without concern for 'relativistic effects. The nonrela- 
tivistic model is a good approximation for most practical problems involving rate 
processes in gases below 20,000 K. Spherically averaging the potential field is a 
convenience that is not rigorous but which often provides approximately correct 
results for small molecules (2 to 3 atoms) provided they do not possess a large dipole, 
moment. It may be noted that purely elastic scattering theory is useful in engineer-, 
ing evaluation of transport properties in gases. 

Before beginning the discussion of quantum-scattering-theory proper, a few 
remarks about the correspondence principle will be appropriate. Classically, a force 
field that extends to infinity would give an infinite scattering cross section. 

However, quantum theory gives a finite value. The reason for this apparent departure 
from the correspondence principle is that in classical theory all deflections are 
counted, no matter how small, whereas in quantum theory only, those deflections that 
exceed the limits of the uncertainty principle are counted. Experimentally, any 
apparatus has a finite resolving power so that -only a finite cross section is ever 
measured. In principle, if the resolution of measurement is improved one could expect 
to approach the limiting value predicted by the quantum uncertainty principle. 

The quantum and classical descriptions of scattering will agree at finite miss 
distances provided that: (1) the deBrOglie wavelength of the motion of the reduced 

mass particle is much less than the distance of closest approach, and (2) the deflec- 
tion of the particle is not obscured by the.normal spread of the wave packet which 
describes -the relative motion between the collision pair.. In this sense,. the corre- 
spondence principle is obeyed. 

The uncertainty principle sets some real limits on the experimental resolution 
that can be achieved in molecular beam— type scattering measurements. If the beam axis 
is taken. along. the z-direction, then the uncertainty in one of. the transverse direc- 
tions X or y is given by 


m AUy Ay > b - (.10.1) 

where Auy is the uncertainty in velocity along the y coordinate and Ay the 
uncertainty ir. y coordinate position. The classical orbit concept is valid if the 
miss distance b is large compared with Ay 
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b » Ay 

'in Auy 




• wwf, quality 

The angle of spreading of the wave packet representing a bean particle Is Auy/up» 
inhere Up Is the bean velocity • and the deflection angle 6f to be neasurable* nust 
be larger than this beam spreading. 


e > --2L * (10. 3) . 

Uo bmuj, 

Classically, the deflection Is given by a relation such as 

0 ^ ^ ISESOiltZllT (10.4) 

mUg mUg 

where the duration of Impact x with r » b Is the order of b/up 

(10.5) 

muo 

Thus, .if. the intermolecular potential U falls off more rapidly than r ^ so that 
- (grad U) falls off more rapidly than r"^, the product 0b will go to zero at large 
miss . distance, and the cross section will approach a finite limit. 

The coulomb potential is a special case of Interest; this potential varies as 
r“^ and 6b stays roughly constant at all miss distances b. Thus, the cross sec- 
tion for scattering in a Coulomb potential is infinite, and electron motion in a 
highly ionized plasma must be described as. the result of simultaneous perturbations 
from. many nearby neighbors rather than the result of just two-body collisions. The 
effect is rather well described by the simple Debye shielding model (see chapter 8, 
ref. 11). 


Another problem of practical interest is the elastic scattering of an electron in 
the static field of any atom. If the perturbation of. the atom by the electron is 
ignored, the potential energy a distance r from the center. of the atom is 

U(r) - - 4ir ej^ j* p(ir)r^ dr + J p(r)r d^ (10.6) 


where p(r) is the electron-charge density about the nucleus. The charge inside the 
shell r acts as though It Is all concentrated at the. center, whereas the potential 
associated with the charge outside the shell r is as though the charge is a layer of. 
surface charge,, or layers of concentric surface charge. The total .potential Is often 
approximated by an effective or screened nucJLear charge 


U(r) 


r 


(10.7) 


where Zp falls off roughly exponentially with r In the limit. of large r. . Thus, . 
a finite value of cross section results. 
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With Just thsse simple concepts one can show that very high experimental resolu* 
tlon of scattering must be achieved to determine an accurate cross section. The leas 
demanding case Is for an electron hitting a target molecule. For 1% accuracy In croc 
section • the experimenter must determine the scattering angle In laboratory coordi- 
nates within 11” If the electron kinetic energy Is 1 eV» but within 2.3” at 100 eV» 
and within the difficult precision of 0.2” at 10»000 eV. For atomic projectiles* the 
requirements are much more severe. For a mere 10% accuracy In cross section for 
scattering of He by He* the scattering angle must be determined within 3.6” at 
0.02 eV collision energy* and within 0.6” at 1 eV. The situation becomes even more 
difficult when more massive partlcl«^s are Involved. As a result* most of the experi- 
mental data that are available for comparison with scattering theory Is limited to 
electron scattering* plus a lesser amount of proton and He*** scattering* and most of 
this at higher, energies than are useful for typical engineering applications. Neutra 
sproles beams are much harder to produce and collimate and detect* so that very llttl 
data for neutral-neutral species scattering exist. 


10.3 DEFINITIONS AND CLASSICAL THEORY 


Consider a homogeneous beam of particles approaching a fixed sample of target 
gas. From the separation of the center of mass motion such as done In chapter 1, we 
know that the behavior of the two particles la like the behavior of. a single hypothet- 
ical particle of reduced mass m interacting with a fixed center of force * or in 
other words interacting with a second particle of Infinite mass . Measurements made ii 
the . laboratory coordinate system must be reduced to the center of mass coordinate sys* 
tern to compare with theory. For example. If is the scattering angle observed £oi 

the beam particle In laboratory coordinates and 6 Is the scattering angle In center 
of mass coordinates, these are simply related by conservation of energy and momentum 
(refs. 12 and. 13) 


tan 0. - - (10.8) 

— + cos 0 

where mi Is the mass of the beam particle and m^ Is the mass of the target par- 
ticle. Thus* If mi « m 2 * as In the case of electrons bombarding atoms or molecules* 
0 6 ^, If the beam particles and target particles have the same weight* mi ■ m^ and 
0 ■ 20j^. In all subsequent discussion* the .collision system will be viewed as the 
particle of reduced mass In the. fixed force field. 

A portion of the beam molecules are deflected Into an element of solid angle dm. 
Let G du be. the fraction of the total beam passing through unit area which Is scat- 
tered Into the element of solid angle dw (see fig. 10.1(a)). The coefficient G Is 
known as the scattering coefficient . Generally* G will vary with direction 

G dtu - G(0*(^)sin 0 d6 d^ (10.9) 

If nu particles arrive per unit area per unit time, nuG du dt Is the probable num- 
ber that will be scattered in the interval dt and angular element du.. . Thus, G 

has the dimensions cm^/molecule-steradlan. 

Usually, we are Interested In symmetrical scattering, as when spherically sym- 
metric potentials are assumed, for example. Fven where the molecules are polarized 
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we assume that the thermal motion randomizes all orientations so that the experiment 
Is really responding to a sort of orientation-averaged Intermolecular potential* 
which Is again spherically symmetric 4 For such cases* the polar scattering coeffi- 
cient . F(0)* Is moat_useful 


F(6)d6 - 2TTG(0)8ln 6 d6 


( 10 . 10 ) 


This la the fraction of the beam Incident on a unit area which Is scattered through an 
angular. element d0 about 0. The total collision cross section S Is 


S - J E(0)d6 

*0 


( 10 . 11 ) 


The polar scattering coefficient Is related to the miss distance b» as shown In 
figure 10.1(b). The fraction of the beam which flows through the element of_area 
2irb db Is assumed to all be scattered at the 

same an gle, f rom 0 to 0 + d0. nuXJW.^jiinfldOd^dt 


F(0)d0 ». 2irb(0)db (10.12) 


Consequently, the polar scattering coefficient 
F(0) may be defined 


F(0) « 2ir b 


d0 


(10.13a) 


or alternatively the miss distance b maybe 
defined 


F(0) 

d0 

2tt 

db 


(10.13b) 


The absolute values in equations (10.13a) 
and (10.13b) indicate that it doesn't matter 
whether the deflection 0 is positive or 
negative; in either case a given amount of 
energy and momentum has been transferred, and 
the mass flow has been impeded equally. 



a) b) 

Figure 10. 1- (a) Scattering coef fl- 
.clent G(0 *(})). (b) Polar scatter- 

ing coefficient F.(0). 


Classically, the angle of deflection is simply obta.lned from conservation of 
angular momentum and energy 


mr^o » mub (10.14) 

|-(r^ + T^o}) + U(r) - (10.15), 

where a is the angle between the z-axls* aligned with the velocity vector u, and 
the radius vector r between the scattering center and the-incomlng particle .(see 
fig., 1C). 1(b)). 
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da 

dr 


r r^ \ nwi^‘ r / 




(10.16) 


Slnco ,.mh iB syir^trlca «Wut r . the point ot cWnnnt npptoatlv. the total 
increase in angle a during the collision is 


Aa » n - 0 ■ 2 I 

'r, 


f 


da 


dr 


(10. 17) 


where the lower limit of this integral is given by 


r‘ o b‘ 
o 


2U(r, 


1 - 


mu 




-1 


(10.18) 


The 


angle of deflection 0 is 


0 as n - 2b 


r 


dr 


:^U - [2U(r)/mu^] - (b^/r^)} 


i/z 


(10.19a) 


which may be re 


-expressed in terms of the variable x = ro/r 


1 . 


0 ss TT - 2 




dx 


l2U(r„/x)/muM(ro/b^) ~ x ) 


1/2 


(10.19b) 


As an example, the 


classical scattering coefficient for a hard sphere potential 


U !B « r < r 


( 10 . 20 ) 


- 0 r^ < r 


becomes 


0 ■ it - 2~ 


dx 


j l(r^/b=’-) -1??^ 


■t IT - 2 arcsin — 
o 


( 10 . 21 ) 


i iiwi 


««M 


Thua, for har'd apheroa the polar scattering coefficient la 

Idbl 
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F(0 ) ■ 2irb 


do 


1 9 

■- Tir^ a In 0 

2 0 


(10.24) 


and the scattering cross section la the .constant 


S 


f 


F(0)d0 - 


nr‘ 




aln 0 do •* irr. 


(10.25) 


as.lt must be. - In the caseof a general potential U.(r)» the cross acctlon will then 
be 41 function of velocity u« Of course. These Classical definitions and results. will 
be useful in interpretation of the physical meaning of the quantum scattering theory. 


10.4 QUANTUM SCATTERING 


In quantum theory, the incident beam traveling along the z ^ axis is represented 

by a plane wave function 


, « i(kz-wt) 

il' ° C e 


(10.26) 


where k is the wave number 2ir/X = p/h » (2mE/h)^/^. The circular frequency 

a 2irv « E/fi. If the problem is formulated as a steady state one, then the factor 
exp(-iwt) is common to all the wave functions and may be disregarded. 


The current density of the beam 1 is just the square of the wave function’s 
amplitude multiplied by the beam velocity u, which is the beam particles' momentum 
p divided by the reduced m^ss m, 


^u 

m 


(10.27) 


The total wave function is the sum of incident and scattered waves. The scat- 
tered wave shou.ld have the form of an outgoing spherical wave;^at large r the ampli- 
tude falls as r“^ in order that current density falls as r“^, and the total current 
of. scattered particles is conserved. 


'."c 


£ £(0)6^*"^ 


(10.28) 


The coefficient f(0) is called the scattering amplitude . Tlic relation between- f(0) 
and G(0) needs to be established, where G is considered a function of only 0 
because of Spherical s ymme try in the scattering potential. The radial current density 
at large r. is, 


u £111 dS = u dfi * If" dr (10.29) 

o J .2 o 

Note that the assumption of elastic scattering has been used here, that, is, the 
Scattered beam vclcjcity u^ is the same as the incident beam velocity. This 
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expression^ Eq. ,(10.29). must equal the fractl^ of the incoming current-which is 
scattered. 


If*(6)jin - lO(0Xdfi 


(1CL30) 


Thus, the square of f(e) is the same as the classical scattering coefficient.- Note 
that it is unnecessary tc know iKr,0) completely to determine G(6); only the. asymp- 
JmL fom S on. addlJlonal. ....... tton her. 1. that the Incldant b.jm 

through the .urfac. element ds where the 1. ob.e^edi _ln 

experimental situations colllmation is always provided to minimize this mixing of 
Incidetit and scattered beam flux* 

To obtain f(6) the time-independent wave equation for motion of a particle of 
reduced mass m and energy E in the potential field of a fixed scattering center is 
solved. The solution should have the asymptotic form 


'I' 




ikz . f (6)e 
e . "r — _ 


Ikr 


(10.31) 


The steady-state Schroedinger equation with energy units of hV2raa2 and distance 


units of a. 


takes a convenient, concise form 

V^(|/ + [k^ - U(r)lt = 0 


As usual, separate the variables r and 0 

<Kr.0) » R(r)P(0) 

Then the differential equation. is separable into an equation for R(r) 

r - ^ 

and an equation for P(0) 


(10.32) 


(10.33) 


(10.34X- 


. ^ (sin 8 

sin 0 d9 V d0/ 


sin 8 1^) + + 1)P “ 0 


(10.35) 


SClutions to the Eq. (10.35) are just the Legendre polynomials P^(cos 6). 
Thus, the separated wave function of Eq. (10.33) may be expressed as a summation of 

these solutions 


<l»(r.9) ■ ajj^Pj^(cos 0)Rjj^(r) 
i-o - 


(10.33a) 


Each term in this sum is called a partial wave , representing that fraction of the 

incident beam which has angular momentum quantum number «. with respect to the 

scattering center 


(mubl^ ■ fed + l)h^ 


ao.36) 


The coefficients a*, represent the magnitude of the contribution to the scattering 
process furnished by each partial wave. 
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The radial wave, functions Rji,(r) are aolutidna tb Eq. (10.34). Usually U(r) 
will always -fall off faster than .. r.'"’’" at large r. and will not have a pole at the 
origin that is higher order than r^^ for. example, a decreasing exponential function 
of r ...which is often similar to realistic interaction potentials. Then let 


R^(r.) 


u^ e- 


ikr 


.li. 

•-_r 


(10.37) 


Substituting Eq. (10.37) iri (10.34), one obtains 


dr2 


[' 


+ - U(r) - 


1(1 


d^u.„ j 

+ 2ik ^ 

dr“ 


-[■ 


U(r) + 


t+ 1)1 


(10.38) 


(10.39) 


For large -r we expect u(r) to be nearly constant, that Is, the spherical wave 
must approach a plane wave. Then d^u/dr* becomes negligible, and Eq. (10.39) 
becomes 


2ik 




dr =. 2ik In u 


(10.40) 


The integral converges if and only if U(r) falls off faster than r“^. When 
this integral converges rapidly, the assumption that u is a slowly varying function 
of r and that d^u/dr^ is negligible is well justified. Thus, an asymptotic form 
for R(r) valid in such cases, is 


ikr 

R(r') « 


(10,41) 


this can be expressed in the form 


R(r) « sin^r - (10.42) 

where nj, is a constant for a given wave number k Snd U(r), and is called the ith 
order phase shift. The term -)lii/2 is added merely as a convention so that njj, will 
be Zero if U(r) is zero. 

Now to determine the Constants a^^ in the expansion, the incoming plane wave 
is expanded in terms of partial waves 

Ob 

. gikr cos 6 . (2il + l)iS^(kr)P (cos 0) (10.43) 
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(10.44) 


The functions jj^Ocr) are the apherlcaUBessel functions of half-integer order 

The first few of these functions are 

sln(kr) 


^o " kr. 
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^ _ sln(kr) cos 

“ ”Tii 




(kr) 


(kr) 


1 




sln(kr) - 


cos (kr) 


(kr)2 

and remaining functions may be evaluated with the recursion formula 

n + 1 


(10.45a) 

(10.45b) 

(10.45c) 


j 


1+1 


kr •'1 •' 1^1 


(10.46) 


For large r the asymptotic values of the spherical Bessel functions can be 
useful 


h “r^ kr " 2 ) 


(10.47) 


This asymptotic relation can be derived as follows. An expansion of Eq. (10.43) 
is made in terms of Legendre functions 


Ikr cos 6 


S 9) 


(10.48) 


Let cos e ■ t, multiply both sides by and Integrate from 0 * 0 to ir or t 

from +1 to -1. 


/ 


P^(t)dt - b„j 






£ 


^1 ■ 21 + 1 


(10.49) 


ikrt 


Integrate by parts with Pj^(t) ■ u and e dt ■ dv . 

.1 -1 


L 


P,(t)dt - 


Pj(t) 


' f 

-1 IkiJ 


Ikrt *^^1 . 


(10.50) 


The second term on the right of Eq. (10.50) Is the order of r~^ for large r, so in 
the limit 


2 V . / X _i_ 

21 + 1 '^1^1''^^ ikr 


p,<t) 


1 

-1 


(10.51) 


■ m 

A general property of the Legendre pdlynoinial Is PAGE fff 

p,0)-.l - , ,0.52a) 

p,,(-i) -c-i)*' aoj2b) 

Thus, Eq* (10*51) becomes 

2TTT " ■^) 

Note that Sin(kr - )lir/2) becomes cos kr when i is odd. The asymptotic form of 
the incident wave is thus. 

♦i ■ •* E"" * 6) 

I 

The scattered wave is the total wave function given by Eqs. (10.33a) and (10.42) , less 
the incident wave given by Eq. (10.54) 

V “ k ^iti(kr - X + \) - ^2^ + " t)] 

sT ^ 


Substitute 


sin kr = 


ikr „-ikr 
e - e 

2i 


and require that the term in e"^^’^/r must vanish, since this represents an incoming 
or Spherical collapsing wave. 

This boundary condition determines the values of the constant coefficients a^^. 
The factors in brackets in the summation of Eq. (10.55) become 


a^ sin^kr - - (2^ + l)i^ sin(kr - x)J 


i(kr-U/2) . 0 -i(kr-iiT/2) . 

i 5 j [aj - i ‘(22 + 1)1 - ^ jj [aj a - l’‘(2t + 1)1 

(10.56) 


from which it is seen that 


« (2Jl + l)i^ 

The total wave function is thus 

^ = E<2-^' + Di*^ e^^^ Pj^(coS 0)R^(r) 
Z 


(10.57) 


(10.5a) 
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m 


and the effect 6i the scattering denter has been to shift the phase of each of the 
partial waves by a different amount n^. The asymptotic expression for the scattered 
wave la _ 


"^i>^(cos 6) l(kr-lir/a) ^ 

/ 21 ‘"^21 + Dl^e'^’^A - 1) 


(1.0.59), 


The scattering amplitude f( 0 ) Is, by comparison, with Eq. (10.31) 

f(6) + l)(e^^’^ii - l)Pj^(co8 0) 


(10.60) 


Note that 1^ exp(-iJlTr/2) equals unity. The scattering amplitude is a complex. 
function. 


f(0) «..A + IB 

A = ^(2«. + l)sin 2rioPo(cos 0) 


® + 1)(1 - cos 2 n^)Pj^(ci)s 0 ). 


and the differential scattering Coefficient, is 

G(0) = f^(0) = 

Equation (10.60) may also be expressed 

Ma - 

f i;e - Yf 

Thus 


f (0) = ^ + l)e^^<^ — 


Pj^(cos 0) 


(10.61a) . 
(10.61b) 

(10.61c). 

(10.62) 

(10.63) 


f 2 ( 0 ) B J_j^( 2 Jl + l)e^’^^ sin rij^Pj^(cos 0 ) 
Ic 


(10.64) 


Integrate Eq.^ (10.64) over all solid angle to get the total cross section. Only those 
terms with Pj^(cos 0 y...survive this integration because of the orthogonality of 
Legendre polynomials, and the result is an expression fCr the total elastic scattering 
cross sectiCn. 


S 



f^( 0 )sitt 0 do d$ 



+ l)sin^ 




(10.65) 


All that remains is to evaluate the phase shift nj,. At this point Some approxi- 
mation must always be made that is equivalent in one way Or another to assuming a 
classical orbit, such as a straight line trajectory, and thus there is some question 
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whether the. results are really more precise than the classical results, except that, 
the quantum solutions have the wavelike character that .is observed, whereas the 
classical solutions give_a smoothed average result. 

The most straightforward way to obtain the phase shifts njj,, when the potential 
U(r) is known, is to numerically solve the Schroedinger equation Of Eq- (10.38), and 
find the limiting value at— large r. 

R(r) « ^ sin^kr - X ^)i) (10.66) 


10.5 RELATION BETWEEN CLASSICAL IMPACT. PARAMETER AND PARTIAL WAVES 


Equation (10.36) equates the classical and quantum expressions for the angular 
momentum squared, and an impact parameter bjj^ may be defined . 

V + 1) ^ + 1) (10.67) 

0 o . 

which represents a sort of -mean miss distance for beam particles having the angular 
momentum, ih with respect to the scattering center. The de Broglie wavelength of 
the .beam particles is Xq. The Incident beam can be thought of as separated into 
partial waves entering tubular shells as shown in figure 10.2. The cross-section 
area for all shells containing the 
fraction of the beam with angular 

momentum less t^han or equal to ih average MISS distance .. 

is FOR EACH WAVE + X) Xn -((i + JilXn 

S = iU + 1 )tiX^ (10.68) 

and the cross section for a single 
partial wave is 

II = (2i + l)irX2 (10.69) 


This accounts for the weighting 
factor (2i +1) Which appears in 
the . expansion of An incident wave 
into partial waves. The mean 
radius of the s-wave is zero, of 
the p-wave is »^Xq, of the d-wave 
is vuXq, etc. A fairly good 
approximation for this mean radius 
is (J. + 1/2 )Xq. The outer radius 
of the tubular shell for a given I 
may be taken as (i + 1 ).Xq. 

For heavy particles, Xq is typically very small, at the collision velocities of 
Interest, compared with the effective limits of realistic, molecular scattering poten- 
tials; thus, a very large number of partial wavea need to be included before the total 
effective cross section is accounted for. Only for the scattering of low velocity 



Figure 10.2- Partial waves of a molecular 
beam-incident on a scattering center. 
Xj, - h/mu » I/Rq. 
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electrons,- where the rooraentura muo is small and 
of partial waves suffice in a practical problem. 


is large, will a small number 


10.6 S-WAVE SCATTERING FROM^ SPHERICAL POTENTIAL WELL 


Consider the spherical potential well shown in figure l(ii3, 

U(r) - -Uq , r < r^ 

• 0 , < r 


for the case where ro is smaller than the de Broglie Wavelength Xq. In 
only s—waves reach the potential well. Experimentally,, s^wave scattering 
dominant in low velocity electron scattering. The total wave function for 
and scattered waves is then 


4, - + 


gikor sin k^r, 

■' ■ , + f 

r k^r 


e^kpr 

r 


and the scattering amplitude f^ is 


f 

o 


1 


_ 1 ) 


The asymptotic form of the total wave function is 


il> ~ yT ®^“(kr + rip) 


and the total elastic scattering cross section is 


s . il- n„ 

k 

o 


The phase angle Tip for the s-wave is evaluated from the solution of Eq. 

+ Lk^ - U(r)]g ■ 0 
dr^- ° 


Inside the well, the solution whic^^ at the origin is 


where 
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g ■ A sin kr 
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(10.70) 

this case 
is often 
incident 

(10.71) 

(10.72) 

(10.73) 

(10.74) 

(10.38) . 

(10.75) 

(10.76) 

(10.77) 


The wave functl<^n and Its derivative outside the well are-now matched to the Wave ~ 
function Inside the well. 


glno 
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in 

e 'o cos(k r^ + ti^) » Ak cos kr^ 
Dividing Eq. (10.78) by (10.79), one obtains 


tan(k^ro 


— ^>^0 


(10.78) 

(10.79) 


(10.80) 


“k^r^ + arctanl-t— tan kr^j 
o a. Vk oi 


tan kt^j 


.t 




tany2m(E^ + U^)(r^/ft) 


r + arctan 
o 


1 + U /E 
o , o 


(10,81) 


Equation (10.81) gives the phase shift in terms of the incident beam energy Eq, the 
well depth Uq, and the well radius r^. 


The phase shift Hq vanishes as the velocity (and kQ) of the incident wave goes 
to zero, or as the potential Uq goes to zero; rio represents the difference in 
phase outside the potential well compared with the wave solution in the limit of a 
vanishing potential. The total scattering cross section has a finite limit at_ zero 
velocity, however. 


k r + n tan kr 

o o o k . o 


(10.82) 


S 



4tt 
k 2 


( 


-T— tan kr„ 
k o 



( tan kr \‘= 




(10.83) 


For values of krg “ ir/2, 3ir/2, 5it/2, etc., the phase shift does not go to zero as k 
vanishes, and the cross section becomes Infinite. This behavior is associated with 
the bound state energy levels that exist within the potential well. 

Figure 10.3 shows the wave function g(r), rather than R(r), in order to have 
constant amplitude. The phase difference Hq is just k times the distance between 
crests. For attractive potentials the phase shift is positive; the incoming wave is 
drawn into the scattering center. Repulsive potentials lead to negative rio and 
push the inceming wave away from the scattering center. 
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Typically the amplitude of the wave function g(r) Inalde the well Is small .com- 
pared with the amplitude outside the well. This situation Is usual when a short wave* 
length. Inalde Is to be joined to a long .wavelength outside. In this case the scatter- 
ing Is called potential scattering , and the wave function g(r) Is qualitatively as 
shown at the top of figure 10.4. However* for certain values of the kinetic energy*, 
or certain values of the radius Tq* the slope at the edge of the well Is about zero 
and the Inner and outer wavefunctlons 4nay be joined with about equal amplitude. The 
cross section then becomes very large and the scattering Is called resonant scattering 
Resonance Is typically quite sharp and .Is not a large factor In atomic- collisions* as 
It pertains to a very small portion of the total collision spectrum of velocities In 
a typical gas. Where the potential function extends a finite difference r^ greater 
than Xq* the partial waves for which 


r^ > /lU + 1) X^ - 


an + i; 


will need to be included. Thus, the maximum value of H which needs to be considered 


is about r^kj, . 




POTENTIAL 

SCATTERING 




1 

^0 

RESONANT 

SCATTERING 

_ /~ 

V / RESONANT 

1 

1 

^0 

SCATTERING 


Figure 10.3- S-wave scattering from a 
spherical potential well. g(r) 


wave for 

0 . 


g(r) wave for 


Figure 10.4- Amplitudes xf g(r) for 
potential scattering* near resonant, 
scattering, and resonant scattering. 


10.7 HARD SPHERE SCATTERING CROSS SECTION 


For a hard sphere* the partial waves Rj^(r) must all vanish_at the boundary 
r - Tq. From the asymptotic form of these functions given by Eq. (10.42) 


r> 1 


( 10 . 84 ) 
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the total scattering cross section. Is approximately 
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S ^ iJL 2 (2L± l).ilnilL^ 

k.^ 

a 


(10.85) 


where the upper limit of the siammatlon Is taken as koto, ^en a largo n^ber 6f_ 
partial waves Is involved, the summation may be approximately evaluated m the 

Integral . , 


k IT 

±L f ° °(21 + l)[j - I cosait - 2k^r^)]dl 


2it 


1^ + 1 


_ *^0^0 

’ ® iiL r ( 


(21 + 1) cos (ITT - 2k^rp)dl 


o '^0 
k«r, 


2irr^ 


“ Ic IT 

1 . _1 .1^ f ° °(21 + l)(cos liT cos 2k r - sin lir sin. 2k^r^)dl 

Vo k ^2 4 ( 10 , 

^ o o . 
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XVie integrals of 1 cos lit and 1 sin lit fro® 0 
are the order of 1 at the upper limit , that is 
cross section may be expressed 


2irr 


/ 1 

\1 

\ 0 

^)J 


to kr^ all yield quantities that 
kor^. Th\w, the total scattering 


(10.87) 


which in the limit of large korp becomes 2uro or just twice the classical scatter- 
ine cross section, Eq. (10.25). If the differential scattering coefficient of 
Eq (10.64) is plotted for a given value of kg, one finds that- this doubling Of t e 
fi;ssic;icroL section is due to a very large°spike in scattering that occurs near^ 

0 - 0, and that the differential scattering coefficient rapidly drops to a .nearly con 
stant value (fOr the hard sphere case) of rp/4, the same as the classical value. 
?irsltuaUOn iI sketched qualitatively in figure 10.5 ?h! 

bv quantum theory about 6 « 0 looks huge in terms, of. f^(6) as suggested b/ the 
broken vertical scale in figure 10.5. However,, recall that 
weighted by 2ir sin 6 before integrating to get the cross 

and 10.11)). The fraction of the beam which is. forward scattered is just equal, the 
fraction that is scattered throughout the remainder of the angular range. Thus, 
quantum scattering is just the classical result plus the forward scattering, except 
that the classical result for f^(6) gives, a smoothly averaged value (constant in the 
case of hard spheres) which lacks the detailed structure given by ‘"^®, f 
pattern Of superimposed partial waves. Qualitatively, this same result is found for 
Ly steeply repulsive scattering potential; that is, except for the narrow peak of 
scLtering in the forward direction, the classical result is ® 
of the quantum result. For attractive potentials, resonances such ®® 
tively in figure 10.4 are also possible; these provide narrow peaks. in the differen 

tial Lettering coefficients at selected .values of kp and 9 ''J^^^^^^hy^thesfLaks 
imposed on the classical like or potential .scattering .^cKgr ou nd... U sually these peaks 
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are so narrow that for most engineering purposes^, such as evaluating transport praper- 
tles, they do not contribute very much to. the- total orosa sedtlons when averaged over 
a range of collision velocities. 



Figure 10.5- Differential scattering coefficient f^(0) for hard sphere scattering; 

quantum solution; classical Solution. 


10.8 BORN APPROXIMATION FOR CALCULATING PHASE SHIFTS 


The Born approximation is one of the most used methods of evaluating partial wave 
shifts; it is valid in the limit where the collision energy is very large compared 
with the scattering potential. Unfortunately, this is not a realistically useful 
approximation for many engineering problems where low energy scattering is of impor-s. — 
tance; however, the Born approximation does give useful results for comparison with 
high energy molecular beam experiments. It also provides some useful insight into the 
scattering phenomenon. Since the scattering potential is defined to be very small, it 
is treated as a perturbation in this method. The Schroedinger equation may be 
expressed 


« U(r)i|;_ . (10.88) 

where U(r) is a very small quantity and the wave function asymptotically approaches 

-*■ e^^^ + e^^’^ (10.89) 

The scattering amplitude f(0) will be very small in this case, however,. and keeping 
only terms__of first order on the right side of Eq. (lO.SSj results in 

+ k^ij) ■ U(r)e^^^ ® F(x,y,z) (10.90) 
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A solution to Eq. (10.90) is 
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<|! 


G(x,y,z) - JJJ S--— F(x'-,y' ,z')dx’ dy^dz! — iiOjlU. 


where the function G is any solution to the homogeneous part of Eq. (10.90) . 

7^G + k^G- - 0 (10.92) 


and the second terra can be shown to be a solution to the Inhomogeneous, equation using 
Green' s theorem, which relates an outward flux over a surface to the production of 
that flux within the volume enclosed. 


/(»t- 




/ 


(tJ/V^K - K7^\|»)dT 


(10.93) 


For the present problem the function K is 

iklr - r' 


K 


4trlr - r' 

By differentiating Eq. (10.94) onefinds 


(10.94) 


7^K = -k^K 


(10.95) 


while from Eq. (10.90) 

Thus, the right-hand side of Eq. (10.93) is just 

- Kk^i|j t KF)dx ' 


(10.96) 



-/ 


KF dt 


(10.97) 


The integral on the left side of Eq. (10.93) can be 
performed over a surface about the singularity in 
K, that is, about the point r r* . The surface 
integration path in the r-domain is shown in 
figure 10.6. The contribution over the outer sur- 
face vanishes as r becomes very large, approaching 
infinity, because both K and ij; vanish there; the 
contribution along the surface of variable r and 
back again cancel one another and contribute nothing 
to the total; only the contribution over the inner 
surface r a remains. As a goes to zero, the 
integral 


/_ a-^o 


+ 0 


(10.98) 


'r=a 


Figure 10.6- Contour integral 
for finding solution of the 
Schroedinger equation in 
the Born approximation 
using Green' s theorem. 


vanishes because di|^/dn is a finite constant within 
this small region, K varies as a“^, but dS varies 


as a 


However the integral 
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f £ 

*r'*n 



r 


r’ I ■ -i|j 


(10.99) 


Approaches a finite limit equal to Thus 


1 ' “ 



which is Just the solution assumed in Eq. C10.91). 


(lO.lQO: 


Now returning to the problem of evaluating f(0), W6 note that r is the dis- 
tance from the Origin of the spherical scattering potential to the point where the 
Solution for the scattered beam intensity is desired, with component z, while r’ ii 
the radius vector variable of integration with the Component z' along the axis (see 
fig. 10.7). The solution for the wave function is 



(10.101 


figure 10.7- Coordinate transformation for the integration of Eq. (10.101). 


For very large values of r compared with the effective range of the scattering 
potential 

|r - r* I =■ r - 1^. • r* + (10. lO: 

where 1^, is a unit vector along the radius r. Thus 

[r-r'l + z' ^ r + (l^- T^.) • r' + . . . 


(10.10 


where la e unit vector along the z -axis. The difference between these two 
unit vectors has a magnitude 2 sin 0/2, and polar coordinates are chosen for the 
Integration 

dr* “ dr* sin a da d(j> 

such that the axis of symmetry is in the direction -of ^the difference vector (Tg-Tj.); 
or in other words the z* axis is parallel to (Ig figure 10.7, 

(I-z “ ^ sin. I r* cos o -(10.104) 


Using these definitions in Eq. (10.101), and keeping only terms of first order 




Ikz 


e^^^ f 2k sin(0/2)r cos a 
4ur J ® 


U(r)r^ 


dr Sin a da d^i 


(10.105) 


Comparing Eq. 
expressed, 


(10.105) with Eq. 


(10.89), we See,. 


amplitude may be 


f(0) 


_ X sin(0/2)r cos a ^(^^^.2 


dr sin ..a da d4> 


(10.106) 


The integration over ()) contributes a factor of 2it, vrhile the integral over a 
yields 



^2k sin(0/2)r cos a a da « 2 sln[2kr sin(9/2)] 

2kr sin(6/2) 


And a final expression for the Born approximation to f(0) is 


f(9) 



sin[2kr sin(0/2) 1 
2kr sin(0/2) 


U(r)r^ 


dr 


(10.107) 


(10.108) 


Recall that the energy U(r) is expressed in units of e^/2aQ or h^/2mao» and the 
radius r in units of a^ in this derivation. 

The Born approximation for coulomb scattering is obtained when 

U(r) = (10.109) 

However when this potential is simply substituted in Eq. (10.108), a meaningless 
definite integral is obtained that does not Converge to a constant. 

A 00 

f(0) = - tr g r ^(e ~ /2) J sin[2kr Sin(0/2)]dr (10.110) 


0i?JGIWAL PAG?' N 
POOR QUAun 


247 


Conaequently^ the potential is expressed as a. screened potential 
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(10.109a; 


U(r) 


2Z e 


-r/D 


where the parameter D Is the Debye shielding length ». which physically represents th( 
shielding of charge that always occurs In. any plasma of finite density. For this 
shielded potential, the definite Integral converges t.o-a constant result even In the 
limit as D approaches Infinity 



sin[2kr sin(e/2)]e“’^^^ dr 


2k sln(e/2) 

[2k sin(e/2)]2 + 1/D^ 








2k sin 



Thus, the scattering amplitude In the Born approximation Is 


f(0) 


Z 

2k^ sin^(9/2) 


and the polar scattering coefficient F(9) is In units of a^ 


(10.110a) 


( 10 . 111 ) 


F(9) 


2ir sin 9f^(9) 


irZ^ sin 9 
2k“ sin** (9/2) 

( 10 . 112 ) 


The total cross section is of course 


S 



F(9)d9 


(10,113) 


A plot of [sin 0/sin'*(9/2) ] is shown in 
figure 10.8. One can see the tremendous 
forward scattering spike caused by the long 
range small angle deflections. In any real 
situation, the Debye length D would have a 
finite value, of course, which would 
greatly reduce this forward spike. 



SCATTERING ANGLE, 0 . 


Figure 10.8- Born approximation to the 
polar scattering coefficient, F(9), 
for the coulomb scattering poten= 
tial, 2Z/r. 
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10.9 PHASE SHIFTS IN A SLOWLY VARYING FIELD 


Mttny pi'Acticttl problcma arc n6t adoqiiatcly treated by the Bern approximation! 
which la n aranll perturbation methods. In chemical reactions the most important colli- 
sions occur near, threshold where the perturbation potential may be very large compared 
with the Collision kinetic energy; In this case other approximations must be ^ievel- 
Oped. The most promising approach, from an engineer's point of view, seems to bo a 
semiclassical- approach such as outlined by Ford and Wheeler, (refs. 14 and 15) and 
applied by Stallcop (ref. 7) for thC calculation of elastic scattering cross sections _ 
for a class Of spherical potential, scattering centers with exponential repulsion and 
Inverse 6th and 4th power attractions, in terms of the dlatance between centers. 
Possibly this. method may some day be developed further, to include nonelasti' scatter- 
ing or chemical reaction. Again, the. work will become worthwhile when reliable poten- 
tial functions become available; thus the accurate evaluation of multiatom potentials 
discussed in chapter 9 is really central to a large class of chemical reaction 
problems.. _ 

The semiclassical approach used by Ford and Wheeler is built upon an approxima- 
tion developed by Jeffries (ref. 16) for the case where the potential U(r) does not 
vary appreciably in a distance comparable with the wavelength. The WKB (Wenzel-. 
Kramers-Brillouin) approximation is then used tO Obtain the phase shift (see, e.g._, 
Goldberger and Watson (ref. 2)) by the so-called JWKB method 


' 'bwKB * J* - ^*^c + i)f 


(10,114) 


where k^ is the wave vector of the incident wave, r^ is the classical turning point 
or distance of closest approach, and k(r) is the local wave number 


k(r) 




U(r) 

E 


/«. + 1/2 

V 


) 


(10.115) 


The approximation si(S. + 1) (?• + 1/2)^ has been used in Eq. (10.115). The turning 

point r^, is the largest value of r which satisfies the equation 


1 


U(r^) 

E 



(10.116i 


that Is, where the largest root in k(r) -• 0 occurs. The phase shifts are related to 
the classical deflection angle of Eq. (10.19) by 


2 


dn 

di 


0 


(10.117) 


when the. classical angular momentum for the miss distance b is equated to the quan- 
tiun mechanical angular momentum for the i partial wave 

b-(«!+-^)k,, (10,118) 
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For large values, of S, where the scattering potential la ainall compared with the 
colllaldn energy, U(r)/E « 1» a aeries expansion derived by Smith, Marchl, and 
Dedrlck (ref... 17) la useful. Using an expansion of this type. Mason and VanderallCe 
(ref» 18.) express the JWKB phase shift. 


00 

n - ^ f F(z)(z - 


(10.119) 


where 


n=o ' ' 


( 10 . 120 ) 


For the special case where the potential falls off as the mth Inverse power of r 

U(r) = D , m>2 (10.121) 

the Integration of Eq. (10.119) can be carried out analytically to , give 



The series of Eq. (10.122) converges absolutely when 



( 10 . 122 ) 


(10.123) 


For other potentials, the integrals generally need to be worked out numerically. 
For potentials with a maximum (such as fig. 9.1) the JWKB approximation for the phase 
shift becomes discontinuous when the collision energy E equals the barrier.' maximum, 
and it has doubtful accuracy for energies in this region. Stallcbp works out an 
approximation to the phase shift which can be applied uniformly to energies In regions 
of both the potential maximum and the potential minimum. Using this approximation, 
Stallcop calculates the scattering of by N for four different interaction poten- 
tials shown on figure 10.9(a) which lead to ground state N and N"*"; the resulting 
elastic scattering cross sections are shown in figure 10.9(b),. 

Many volumes would be required to describe in detail the multitude of approxima- 
tiona worked Out for semiclassical elastic scattering, but the above examples will at 
least serve to indicate the general theoretical approach and the kind of modifications 
required to get approximate answers. In this era of modern numerical computers, the 
analytic approximations no longer hold as much importance; one can after all, numeri- 
cally integrate Eq. (10.38) to find the asymptotic solution at large r to determine. 
the phase shifts for a given interaction potential U(r). The really important 
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lo^r 

STATE OF N; 


STATE 




(a) Potential energy curves for Na. 


CLASSICAL SCATTERING 
RAINBOW SCATTERING 

LABORATORY COLLISION 
ENERGY - 10 eV 


0 10 20 30 40 50 60 70 80 -90 

SCATTERING ANGLE IN LABORATORY 
SYSTEM, deg 

(b) Differential cross section for the elas- 
tic scattering of IT^ by N in the labora- 
tory system. 


Figure 10.9- Example of elastic scattering cross sections-obtained with the 

seraiclassical JWKB approximation. 

development, from the viewpoint of this book, would be to include inelastic effects 
to account for chemical-like reactive scattering. 


10.10 SCATTERING OF LIKE PARTICLES 


Up to this point we have been considering the scattering of unlike particles. If 
both particles are identical, it becomes impossible to distinguish whether the inci- 
dent particle or the target particle is in the scattered wave. Consequently, the wave 
function must be either symmetric or asymmetric with respect to exchange of the 
incident and target particles, depending upon whether the total spin is.even_ar odd. 

This interchange of pArticles is equivalent to a reversal of the rAdius vector; 
in the center of mass system this means that the angle 6 becemes ir - 0 and z 
becomes -z. The spatial part of the wave functlbn_ls_thus 


If. e^^* ± tf(9) ± f(ir - 0)] 


(10.124) 


where the (+) sign gives the symmetric function required when the total spin function 
is asymmetric, and the (-) algn gives the asymmetric function required by symmetric 
spin functions. 




If the total spin function of the particles Is asymmetric the Intensity of the 
scattered wave-la 


la - |f(6) + f(iT - 8)1=' - 
while if the total spin function Is synunetric 
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(10.125) 

la. “■ 1^(9) - f (tt - 0) 1^ 


(10.126) 

In classical theory the total intensity of _the scattered wave is just 


^cUMlcal - - 

0) 

(10.127a) 


but In quantum theory this becomes the . comp lex quantity 

Vantum “ - 8 )f*(ir - 0) ± [f(iT - 9)f*(9) + f(9)f*(Tr - 9 ).] 

(10.127b) 

In general there will exist a distribution of states and the total number of 
states Is (2S + 1) , where S Is. the total spin of each collision partner. If s Is 
half Integral there will be S(2S + 1) even total spin states and (S + 1)(2S.+ 1) odd 
total spin states. These particles are Fermi -Dirac particles, and the total observed 
Intensity of scattering .for Ferml-Dlrac particles Is a weighted sum of symmetric and 
antisymmetric scattered waves. 


T _S + 1,, S 

" 2S^ + 2sTT A (10- 128) 

On the other hand If the spin of each particle Is Integral, the particles are 
Bose— Einstein particles and the weighting factors are reversed;, there are then 
S(2S + 1) odd total spin functions and (S + 1)(2S + 1) even total spin functions. The 
observed Intensity of scattering of like bosons Is 


I 


BE 


I + 


S + 1 


2S + 1 ^s ^ 2S + 1 


(10.129) 


The differential cross section for scattering of distinguishable particles was 



l)(e2inji 


l)Pj^(cos 0) 


2 


(10.130) 


but for Indistinguishable particles, the cross section must be multiplied by 2, since 
the scattered waves representing the two collision parameters cannot be distinguished. 
However, only even or odd angular momentum states are involved in the sum, depending 
upon whether even or odd symmetry is required. 


Is(6) 



S (2A + l)(e^^'^.^ - 

I 

even 


l)Pj^(cos 0 i 


2 


(.10.131) 


Ia(9) 


1 . 

2k^ 


"odd 


m + l)(e 




l)Pj^(C0S 


e) 


(10. 132) 
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10.11 CONCLUDING REMARKS 


The foregoing diacuasion on quantum acatterlng thedry haa been Included primarily 
to indicate to the engineering uaer the nature 6f thia area of rate proceaa theory 
development; the approach uaed in aCattering theory will become really, intereating.aa 
far aa chemical-like rate proceaaea in gaa phaae are concerned when.it ia able to 
Incorporate inelaatiC acattsring potentiala and tranaitiona between different poten- 
tial surfacea. The primary intereat in acattering theory now exiata becauae it can 
explain some of the structure in scattered beam intensity as a function of scattering 
angle that ia obaerved in relatively high energy molecular. beam experimental. In 
addition to ita extenaion to inelaatic acattering, the theory alao needa to include, 
nonspherical potential acattering to really find full application to many .practical 
problema. 
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